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Extended phase-matching conditions for improved entanglement generation
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Extended phase-matching conditions for spontaneous parametric down-conversion are examined. By aug-
menting the conventional phase-matching conditions, they permit the creation of a class of frequency-
entangled states that generalizes the usual twin-beam biphoton state. An experimental characterization of these
states is possible through interferometric coincidence counting.
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I. INTRODUCTION

Entanglement is the cornerstone of quantum informat
technology. Its wide-ranging applications include tests of
foundations of quantum mechanics, implementations
quantum algorithms, cryptographic communication pro
dures, measurement-accuracy enhancements, etc. Argu
the most important source of entanglement is spontane
parametric down-conversion~SPDC! in nonlinear optical
crystals. In the down-conversion process, a photon from
intense pump beam is absorbed in a nonlinear crystal
two different photons~conventionally called signal and idler!
are created. Energy conservation dictates that the frequen
of the signal and idler photons sum to that of the pu
photon. Frequency entanglement arises from quantum su
position of the various ways in which this energy constra
is fulfilled by signal and idler photons belonging to a certa
frequency interval. This interval is governed by phase mat
ing within the nonlinear crystal, a condition that is depend
on the crystal’s length and the refractive indices along
principal optical axes@1#.

In this paper we show how to obtain new kinds of fr
quency entanglement by generalizing the convention
used phase-matching condition. The resulting bipho
states, which were previoudly obtained by Erdmannet al.
@14#, can be characterized using two interferometric set
based on the Hong-Ou-Mandel and on the Mach-Zehn
interferometers, as described below. As will be shown,
extended conditions can be fulfilled with available crysta
They allow the use of long nonlinear crystals that impro
the generation efficiency. Furthermore, they allow the use
short-duration pump pulses that increase the experime
signal-idler generation rate compared to that of continuo
wave ~cw! pumping. These two advantages are not read
available with the conventional phase-matching conditi
on one hand the use of long type II phase-matched crys
narrows the spectrum over which the down-converted p
tons are entangled, and, on the other hand, the use of pu
pumping reduces the entanglement because the indi
guishability of the down-converted photons is adversely
fected@2–4#.

The paper is organized as follows. In Sec. II we introdu
our notation and give a brief derivation of the convention
phase-matching condition. In Sec. III we derive the exten
phase-matching conditions and analyze their role in obt
ing frequency entanglement. Section IV shows how one
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obtain polarization entanglement starting from the sta
found in Sec. III. In Sec. V two experimental setups that c
be used to characterize the frequency entanglement are
scribed and analyzed. The Appendix closes the paper w
the detailed visibility derivation for the interference expe
ments discussed in Sec. V.

II. BIPHOTON STATE VIA PARAMETRIC
DOWN-CONVERSION

In this paper we employ continuous Fock space form
ism, in which the photon annihilation operatoraj (v) that
destroys a photon of frequencyv in the j th mode obeys the
commutation relation

@aj~v!,ak
†~v8!#5d~v2v8!d jk . ~1!

To first order in the nonlinear interaction couplingx (2), the
state of the system at the output of a compensated do
conversion crystal is the biphoton state@1,14#

uC&5E dvs

2p E dv i

2p
A~vs ,v i !as

†~vs!ai
†~v i !u0&, ~2!

where as(v) and ai(v) are the annihilation operators fo
signal s and idler i modes, respectively, andu0& is the
vacuum state. In Eq.~2! the biphoton spectral amplitud
A(vs ,v i) determines the frequency spectrum of the biph
ton state: integrating its squared modulus over the freque
of one of the two modes yields the fluorescence spectrum
the other. If we neglect inconsequential normalization co
stants and assume collinear plane-wave propagat
A(vs ,v i) can be written as~employing the notation from
Ref. @5#!

A~vs ,v i !5a~vs ,v i !FL~vs ,v i !, ~3!

where

a~vs ,v i ![
Avsv i

ns~vs!ni~v i !
Ep~vs1v i !, ~4!

FL~vs ,v i ![
sin@Dk~vs ,v i !L/2#

Dk~vs ,v i !/2
. ~5!

The quantitya(vs ,v i) depends on the refractive indices,ns
andni , of the signal and idler modes in the nonlinear cryst
and on the pump fluorescence spectrum,uEp(v)u2, which is
centered atvp and has a bandwidthVp . The refractive in-
dices, together with the termAvsv i , can in general be con
sidered as constants over the effective spectrum, so
©2002 The American Physical Society13-1
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GIOVANNETTI et al. PHYSICAL REVIEW A 66, 043813 ~2002!
a(vs ,v i) is approximated by a function of the sum of th
signal and idler photon frequencies,vs1v i . On the other
hand, the quantityFL(vs ,v i) is the phase-matching func
tion, which depends on the nonlinear crystal lengthL and on
the phase mismatch

Dk~vs ,v i ![kp~vs1v i !2ks~vs!2ki~v i !, ~6!

wherekp,s,i(v)[vnp,s,i(v)/c denote the wave numbers o
the pump, signal, and idler photons, respectively. Notice
kp , ks , and ki are not all independent in the birefringe
crystals that are typically used for SPDC whereks(v)
5ki(v) for type I phase matching, andkp(v)5ks(v) @or
kp(v)5ki(v)] for type II phase matching.

For frequency entanglement generation, the SPDC cry
is usually operated at frequency degeneracy, in which
signal and idler spectra are centered around half the m
frequency of the pumpvp @2–4#. This is enforced by impos
ing the conventional phase-matching condition that requ
the crystal’s refractive indices to satisfy

np~vp!5
ns~vp/2!1ni~vp/2!

2
. ~7!

Employing Eq.~7! and approximating the functionDk of Eq.
~6! with a first-order Taylor expansion invs andv i around
vp/2, we obtain

Dk~vs ,v i !5~vs2vp/2!gs1~v i2vp/2!g i , ~8!

where gs[kp8(vp)2ks8(vp/2) and g i[kp8(vp)2ki8(vp/2).
With this result, the biphoton stateuC& of Eq. ~2! can be
written as

uCpm&5E dṽs

2p E dṽ i

2p
a~ṽs1ṽ i1vp!

3
sin@~gsṽs1g iṽ i !L/2#

~gsṽs1g iṽ i !/2

3uvp/21ṽs&suvp/21ṽ i& i , ~9!

whereṽs5vs2vp/2 andṽ i5v i2vp/2 represent the signa
and idler detunings from degeneracy, anduv&[a†(v)u0&.

If the crystal is pumped with monochromatic lightVp
→0, thena(v)→d(v2vp) and the stateuCpm& becomes

uTB&[E dṽ

2p

sin~2pṽ/V f !L

2pṽ/V f

uvp/21ṽ&suvp/22ṽ& i ,

~10!

where

V f5
4p

Lugs2g i u
, ~11!

and a normalization constant has been omitted. In this lim
the fluorescence spectra of the two photons are identical
have a bandwidthV f . In the case of type I phase matchin
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~for which gs5g i) the derivation of Eq.~9! would require
one to include second-order terms in the expansion~8!, be-
cause the first-order terms cancel@14#. In the following, for
the sake of simplicity, we limit our analysis to type II crysta
for which the linear approximation is sufficient. The biph
ton twin-beam stateuTB& is a maximally frequency-
entangled state in the sense that a frequency measureme
one photon exactly determines the outcome of a freque
measurement on the other photon. In particular, the frequ
cies of the signal and idler are anticorrelated: their sum
fixed and equal to the pump frequency.

Two experimental problems, connected with a finite pum
bandwidthVp and a finite crystal lengthL, arise when the
conventional phase-matching condition is used to gene
entanglement. If the pump spectrum is not perfectly mo
chromatic (Vp.0), a range of signal-idler sum frequencie
exist such that the maximal entanglement property is
graded and the spectra of the two down-converted pho
are no longer identical@3#. The drawback of nonidentica
signal and idler spectra turns out to be critical for ma
experiments that employ a pulsed pump, because the di
ence in the spectra introduces distinguishability that is de
mental to quantum interference@2–4,6#. On the other hand
it is clear from Eq.~11! that the use of long crystals reduce
the available bandwidth over which frequency entanglem
occurs. In the limit of a long crystal no entanglement s
vives because signal and idler are both monochromatic p
tons of frequencyvp/2. However, from the experimenta
point of view, a long crystal is preferable because it increa
down-conversion efficiency. Various experimental tec
niques aimed at preserving or recovering entanglement in
pulsed-pump regime have been studied@7#. In this paper, we
approach these problems by extending the conventio
phase-matching condition~7! in such a way that the signa
and idler spectra remain indistinguishable for any pu
bandwidth.

III. EXTENDED PHASE-MATCHING CONDITIONS

Under the conventional phase-matching condition
frequency-degenerate SPDC, and in the linear dispersion
gime of Eq. ~8!, we have shown that the phase-matchi
function FL is characterized by the two parametersgs and
g i . Better physical insight may be gained by treatinggs and
g i as Cartesian coordinates and then converting to the po
coordinates representationgs5g cosu and g i5g sinu. The
parameteru controls the structure of the biphoton spectru
by governing the orientation of the symmetry axisṽ i5

2ṽstanu of the phase-matching functionFL(vs ,v i). The
parameterg controls the width ofFL and hence determine
the bandwidth of the biphoton state. As will be shown, it
the parameteru that effectively controls the ‘‘quality’’ of the
frequency entanglement of the down-converted photons,
determining their frequency correlations.

To enforce the indistinguishability of the down-convert
signal and idler spectra, it is necessary to symmetrize
biphoton spectral amplitudeA(vs ,v i) with respect tovs
andv i @3#. Given thata(vs ,v i) of Eq. ~4! can be approxi-
mated by a function ofvs1v i , Eq. ~3! suggests that we
need only to symmetrize the phase-matching funct
3-2
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EXTENDED PHASE-MATCHING CONDITIONS FOR . . . PHYSICAL REVIEW A 66, 043813 ~2002!
FL(vs ,v i) to guarantee thatA(vs ,v i) is symmetric invs
and v i . The simplest and best known way to achieve su
symmetry is to require type I phase-matched crystals
which ks(v)5ki(v). Interestingly, a whole new class o
states is obtained by adopting a different strategy: the s
metrization ofFL can also be achieved by requiringgs5
2g i ~i.e., u52p/4). This regime can be enforced if th
crystal, in addition to satisfying the conventional phas
matching condition~7!, also satisfies the group velocity con
dition @2,5,14#

kp8~vp!5
ks8~vp/2!1ki8~vp/2!

2
. ~12!

Equations~7! and~12! force the system to be phase match
over the entire fluorescence spectrum, not just at degene
Together they constitute the extended phase-matching co
tions that will be used in the rest of this paper@13#. Under
these constraints, the stateuC& now becomes

uCepm&5E dṽs

2p E dṽ i

2p
a~ṽs1ṽ i1vp!

3
sin@p~ṽs2ṽ i !/V f #L

p~ṽs2ṽ i !/V f

uvp/21ṽs&suvp/21ṽ i& i .

~13!

The biphoton spectral amplitude of this state is of the for

A~vs ,v i !5S~vs1v i !D~vs2v i !, ~14!

whereS[a is a function of the frequency sumvs1v i , and
D[FL is a function of the frequency differencevs2v i .
The symmetry properties of the extended-phase-matc
A(vs ,v i) are such that, independent of the pump bandwi
Vp , the symmetry axis of the pump spectral functiona(vs
1v i) ~with u5p/4) is orthogonal to the symmetry axis o
the phase-matching functionFL(vs2v i) ~with u52p/4).
In contrast, the symmetry axis ofFL(vs ,v i) for a conven-
tionally phase-matched stateuCpm& is not specified and can
take on any value ofu ~see Fig. 1!.

In the limit of a monochromatic pump,Vp→0, we again
obtain the twin-beam stateuTB& from uCepm&, suggesting
that the additional phase-matching constraint Eq.~12! does
not play a role in cw-pumped SPDC. However, even
pulsed pump, we may still obtain a maximally frequenc
entangled state fromuCepm& in the limit of infinite crystal
length L→` @5,14#. In this case, one obtains th
‘‘difference-beam’’ state in which the signal and idler fr
quencies are equal, i.e.,

uDB&[E dṽ

2p
a~2ṽ1vp!uvp/21ṽ&suvp/21ṽ& i ,

~15!

where the spectral function of the state is now determi
entirely by the pump spectral characteristics. As shown p
torially in Fig. 2, the properties of thisuDB& state are
complementary, via Fourier duality, to those of theuTB&
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state. A detailed comparison between the statesuTB& and
uDB& can be found in Ref.@5#. In this paper we will focus on
the properties of the class of statesuCepm& of Eq. ~13! to
which bothuTB& and uDB& belong.

The statesuCepm& comprise a family of frequency
entangled states each of which can be uniquely identified
the value of the two bandwidth parametersV f of Eq. ~11!
andVp . The parameterV f derives from the phase-matchin
function FL and is determined by the crystal properti
alone. It sets the bandwidth of the frequency-difference p
of the biphoton state. On the other hand, the parameterVp ,
comes solely from the pump spectral functiona and deter-
mines the bandwidth of the frequency-sum part of the bip
ton state. The ideal cases ofuTB& and uDB& are the maxi-
mally entangled extrema of this family of states. For finiteL
and nonzeroVp , the stateuCepm& retains frequency en
tanglement even though it is no longer maximally entangl
Hence, a measurement of the frequency of one photon

FIG. 1. Plots of the biphoton spectral amplitudeuA(vs ,v i)u for
different values of the crystal lengthL and pump bandwidthVp . In
each plot the white line is the symmetry axis ofFL(vs ,v i) and the
black line is the symmetry axis ofa(vs1v i), which is chosen
according to Eq.~27!. ~a! Conventional phase-matching conditio
~7!: the two symmetry axes are in general neither orthogonal
coincident.~The parameters for this plot areu5p/20, L51 cm,
Vp5431013 s21.! ~b! Extended phase-matching conditions~7!
and ~12!: the two symmetry axes are orthogonal. (u52p/4, L
51 cm, Vp5431013 s21.! ~c! uTB&-like state ~10!: signal and
idler photon frequencies are strongly anticorrelated. TheuTB& state
is reached by using either the conventional phase-matching co
tion or the extended ones in the limit of small bandwidthVp . (L
50.1 cm,Vp51.631012 s21.! ~d! uDB&-like state~15!: signal and
idler frequencies are strongly positive correlated. TheuDB& state
canonly be obtained under the extended phase-matching condit
in the limit of very long crystals. (L55 cm, Vp5431013 s21.!
For all the plotsvp5231015 s21 andg5831025 ps/mm.
3-3
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tially determines the frequency of the other. Neverthele
the spectra of the two photons are the same and the
maintains optimal visibility in quantum interference expe
ments for all values of the pump bandwidthVp . This aspect
will be thoroughly analyzed in Sec. V, where some interfe
metric measurements to characterize these states are
scribed.

The extended phase-matching conditions~7! and ~12!
have been obtained from the first-order Taylor-series exp
sion given in Eq.~8!. This approximation for the functionFL
of Eq. ~5! is valid if the second-order correction t
Dk(vs ,v i) introduces a contributiondk such thatdkL/2 is
much smaller thanp/2. In vector notation, this second-ord
term is given by 1

2 (vW 2vW 0)•H(vW 0)•(vW 2vW 0) where vW

5(vs ,v i), vW 05(vp/2,vp/2), andH(vW 0) is the Hessian ma
trix of the function Dk(vW ) evaluated atvW 0. The second-
order contribution can be shown to be smaller thanumuVp

2/2,
wherem is the maximum-magnitude eigenvalue ofH(vW 0).
Hence, to ensure the validity of the first-order expansion
Eq. ~8! over the entire pump spectrumVp , we must require
thatL!8p/(umuVp

2). An example of a nonlinear crystal tha
satisfies this requirements for extended phase matching
been given in Ref.@5#.

When the second-order contribution cannot be neglec
we can still obtain a biphoton spectral function of the fo
~14!. This can be achieved by augmenting Eqs.~7! and ~12!
with the requirement that

ks9~vp/2!5ki9~vp/2!52kp9~vp!. ~16!

FIG. 2. Pictorial representation of the time domain descript
of parametric down-conversion. In the crystal, the signal and id
photons are created simultaneously within a coherence time o
pump. Left box: In theuTB& state generation, a cw pump~repre-
sented by the sine wave in the figure! is used and its~ideally infi-
nite! coherence time is much longer than the average time tha
generated photons need to traverse the crystal (;L/c). The two
photons in theuTB& state aretime correlatedand, by Fourier dual-
ity, frequency anticorrelated. Right box: In theuDB& state genera-
tion, a narrow pump pulse and a long~ideally infinite! nonlinear
crystal are required. In this case, the different dispersion that
two photons see while crossing the long nonlinear crystal after t
generation tends to separate them. At the output of the crystal
separation depends on the position at which they were created
extended phase-matching conditions, however, guarantee tha
mean ‘‘position’’ of the two photons coincides with that of th
pump pulse. Hence, the two photons in theuDB& state aretime
anticorrelatedand frequency correlated.
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If contributions of order greater than or equal to three
non-negligible, then there is no way to impose the form
Eq. ~14! to the spectral functionA(vs ,v i). It is still pos-
sible, however, to force the maximum of the phase-match
function FL(vs ,v i) to lie in the regionvs5v i , as in the
case of theuDB& state. This is obtained by requiring that th
nth order terms obey

]nkp

]vn
~vp!5

1

2n F ]nks

]vn
~vp/2!1

]nki

]vn
~vp/2!G . ~17!

In the rest of the paper we will focus on cases in which
first-order approximation holds.

IV. POLARIZATION ENTANGLEMENT

Because the two photons ofuCepm& are indistinguishable
in frequency, it would be very useful to entangle them
polarization. A number of configurations can be utilized
achieve this goal. For example, one can adopt a met
analogous to the one presented in Ref.@8#, in which the
outputs from two coherently-pumped optical parametric a
plifiers are entangled with a polarizing beam splitter. He
we discuss a different scheme, based on the one present
Ref. @9#, that employs a single crystal. It generates the
sired polarization-entangled state only 50% of the time, bu
simple post-selection measurement allows one to discard
cases in which the polarization-entangled biphoton stat
not present.

In a type II phase-matched crystal the down-conver
photons have orthogonal polarizations, sayl for the signal
and↔ for the idler. If these photons are fed into one port
a 50-50 beam splitter, then each of the two photons~which
are distinguishable in polarization! has an equal chance o
being transmitted or reflected. The state after the beam s
ter is given by

uCout&5
1

2E dvs

2p E dv i

2p
A~vs ,v i !@cl

†~vs!b↔
† ~v i !

1bl
†~vs!c↔

† ~v i !1bl
†~vs!b↔

† ~v i !

1cl
†~vs!c↔

† ~v i !#u0&, ~18!

whereb andc are the output modes of the beam splitter.
the two output ports of the beam splitter, detectors with m
surement intervals longer than the largest signal-idler ti
separation are used to measure the desired coincidences
though the two photons will not in general arrive exactly
the same time@5#. This post-selection scheme discards t
cases in which both photons of a pair exit from the sa
beam-splitter output port, i.e., the last two terms of Eq.~18!.
The post-selected, filtered output is the Bell state

uC (1)&5
1

A2
@ ul&u↔&1u↔&ul&]. ~19!
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EXTENDED PHASE-MATCHING CONDITIONS FOR . . . PHYSICAL REVIEW A 66, 043813 ~2002!
The other three Bell states can be similarly obtained by
propriate addition of a polarization rotator and/or ap-rad
phase shifter acting on one of the polarizations in one of
beam splitter output arms.

V. EXPERIMENTAL ENTANGLEMENT
CHARACTERIZATION

In this section we show how the frequency entanglem
of the family of statesuCepm& can be characterized exper
mentally. The setups we describe are sketched in Fig. 3
are based on the Hong-Ou-Mandel~HOM! interferometer
@10# and on the Mach-Zehnder~MZ! interferometer@11#. The
photodetectors 1 and 2 at the output of the interferome
measure the photo-coincidence rateP(t) over a long-time
~i.e., longer than the time duration of the biphoton! detection
window. The rateP is monitored for different values of th
time delayt between the two arms of the interferomete
that can be varied by moving the 50-50 output beam split
From the Mandel formula for photodetection@1#, we find

FIG. 3. Schematic representation of proposed experiments.
upper setup implements a Hong-Ou-Mandel interferometer that~un-
der the extended phase-matching conditions! is sensitive to fre-
quency anticorrelation of the down-converted photons. The lo
setup is a Mach-Zehnder interferometer that is sensitive to pos
frequency correlation. In both experiments the coincidences at
tectors 1 and 2 are measured for different values of the rela
delay t between the two interferometer arms. The pump sou
produces a coherent pulse of mean frequencyvp and bandwidthVp

that can be varied to create different types of entanglement.
configurations shown refer to type II phase-matched parame
down-converter~PDC! crystals for which a polarizing beam splitte
~PBS! separates the signal and idler photons and the half wave p
~HWP! guarantees that the polarizations in the two output bea
are the same.
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P}E
T
dt1E

T
dt2^C inuE1

(2)~ t1!E2
(2)~ t2!

3E2
(1)~ t2!E1

(1)~ t1!uC in&, ~20!

where uC in& is the state of the field at the interferomet
input, T is the measurement interval of the detectors, a
Ej

(6) refers to the negative and positive components of
electric field at thej th detector. WhenuC in& is a biphoton
state such as Eq.~2!, the expression~20! in the limit of long
detection windowT→` becomes

P}E dv1

2p E dv2

2p
u^0ua1~v1!a2~v2!uC in&u2, ~21!

wherea1 anda2 are the photon annihilation operators at t
two detectors. In terms of the annihilation operators of
signal and idler, these are given by

a1~v!5@as~v!eivt1ai~v!#/A2,
~22!

a2~v!5@as~v!2ai~v!e2 ivt#/A2

for the HOM interferometer setup and by

a1~v!5@as~v!~eivt11!1ai~v!~eivt21!#/2,
~23!

a2~v!5@as~v!~12e2 ivt!1ai~v!~11e2 ivt!#/2

for the MZ interferometer setup.
If the biphoton spectral amplitudeA(vs ,v i) is symmetric

in its arguments, as in the case ofuCepm&, Eq. ~21! becomes

P6~t!}E dv1

2p E dv2

2p
uA~v1 ,v2!u2$16cos@~v16v2!t#%,

~24!

where the minus signs apply to the HOM interferometer, a
the plus signs apply to the MZ interferometer. Using E
~14!, one can show that the two interferometers are sensi
to different parts of the biphoton spectrum,

P2~t!}E dv

2p
uD~v!u2@12cos~vt!#, ~25!

P1~t!}E dv

2p
uS~v!u2@11cos~vt!#, ~26!

i.e., the HOM measures the difference-frequency part of
biphoton spectrum of the stateuCepm&, and the MZ measures
the sum-frequency part.

Consider first the HOM interferometer. Equation~25!
yields the usual triangular Mandel dip for type II phas
matching~shown in Fig. 4! centered att50 with a ~base-to-
base! width of 4p/V f , which is determined by the crysta
length L. Note that the pump bandwidthVp does not play
any role in determining the functionP2(t), which is a
unique characteristic of the stateuCepm& because of the ex
tended phase-matching conditions. It is well known@2–4#
that, under the conventional phase-matching condition~7!
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only, the visibility of the Mandel dip decreases when t
pump bandwidth is increased. The Mandel dip can be in
preted as the result of destructive quantum interference
tween the different paths that lead to coincidences at
detectors@12#. If we are limited to the conventional phas
matching condition in type II phase-matched crystals,
two down-converted photons are distinguishable~for Vp
.0) because their spectra are different@3#. In contrast, the
extended phase-matching conditions ensure that the
spectra are equal~independent ofVp), thus maintaining in-
distinguishability of the two photons for all values ofVp . In
this case, the visibility is not lost when the pump bandwid
Vp is increased@14#. This is evident from Fig. 5, where th
visibilities of experiments employing different phas
matching conditions are compared. A detailed analysis of
visibility is presented in the Appendix.

Consider now the MZ interferometer. Equation~26! gives
a peak centered att50 with a width that is proportional to
1/Vp and is determined by the pump spectrum. This pea
modulated by fringes of frequencyvp and is totally indepen-
dent of the crystal properties. An example is given in Fig.
For Gaussian pump spectrum

ua~v!u2}exp@2~v2vp!2/Vp
2#, ~27!

FIG. 4. Example of quantum signatures of the experimental
sults for auCepm& input state.~a! Mandel dip in the coincidence rat
P2(t) at the output of a HOM interferometer. The characteris
triangular shape of width}1/V f comes from the sinx/x form of the
biphoton spectrum in Eq.~13!. ~b! Fringes and fringe envelope i
the coincidence rateP1(t) at the output of the MZ interferomete
The Gaussian envelope of width}1/Vp derives from the Gaussia
spectral profile~27! of the pump beam. The parameters in the pl
aregL5831022 ps, vp5231015 s21, andVp5431013 s21.
04381
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the coincidence function becomes

P1~t!}11exp~2Vp
2t2/4!cos~vpt!. ~28!

Similar fringes in coincidence counts have been experim
tally observed under the conventional phase-matching co
tion in Ref. @11#. Analogous to the case of the HOM inte
ferometer, if one drops the extended phase-match
conditions in favor of the conventional phase-matching c
dition ~7!, the visibility of the MZ peak decreases whenL is
increased. This effect is derived in the Appendix and illu
trated in Fig. 5. Similar to the HOM dip, it is possible t
interpret the loss of visibility in terms of loss of indistin
guishability of the two down-converted photons.

- FIG. 5. ~a! Plot of the Mandel-dip visibilityVHOM of Eq. ~A4!,
which measures the dip depth in the HOM interferometer as a fu
tion of the pump bandwidthVp . Here g5831025 ps/mm, L
50.1 cm. ~b! Plot of the MZ-peak visibilityVMZ of Eq. ~A8!,
which measures the amplitude of the modulation of the fringes
Fig. 4 as a function of the crystal lengthL. As discussed in the
Appendix, the MZ visibility is always greater than 33%~dotted
line!. Hereg5831025 ps/mm, Vp5431013 s21. For both plots
different curves refer to different phase-matching conditions:
tended phase-matching conditionu52p/4 ~upper dashed line!;
conventional phase-matching condition~lower solid lines for, from
top to bottom,u52p/5, u52p/6, u50, u5p/5). In both the
HOM and MZ cases, under the conventional phase-matching c
dition the visibility decreases for increasing pump bandwidth@2–4#
or crystal length. In contrast, there is no loss of visibility when t
extended phase-matching conditions (u52p/4) are employed.
3-6
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As shown in Sec. III, each element of the family of sta
can be uniquely determined once the phase-matching b
width V f of Eq. ~11! and the pump bandwidthVp are speci-
fied. It follows from the above analysis that the HOM inte
ferometer cannot distinguish amonguCepm& states with a
fixed V f but differentVp . It can only be used to discrimi
nate among states with differentV f . However, the MZ in-
terferometer cannot distinguish among states with a fixedVp
but differentV f . It can only discriminate among states wi
different pump bandwidthsVp . In order to obtain a com-
plete characterization of the family of statesuCepm&, one
needs to perform both HOM and MZ interferometric expe
ments. However, if one limits the analysis to the extrem
cases of the statesuTB& and uDB&, either one of the two
experiments is sufficient to distinguish between the t
states because they are generated with different pump b
widths and different crystal lengths.

Before concluding, some final remarks are in order. T
unique characteristics of theuCepm& states originate from the
symmetry properties imposed by the extended pha
matching conditions. These conditions allow the quant
correlations of the state to be more resilient. However, e
for the conventionally phase-matched stateuCpm& analogous
properties could be obtained, if one were able to devise
propriate interferometric setups that somehow compen
for the difference between the signal and idler spectra~e.g.,
by stretching the bandwidth of one of them!. In this respect
we can say that the fundamental difference between
uCepm& and uCpm& states is in the fact that the former r
quires simpler and more easily realizable setups for dem
strating nonclassical features of the quantum states.

VI. CONCLUSIONS

We have discussed spontaneous parametric do
conversion in the regimes of continuous-wave pumping
pulsed pumping. By adding to the conventional crys
phase-matching condition~7! the constraint~12!, it is pos-
sible to enforce certain symmetry properties on the bipho
spectral functionA(vs ,v i) @14#. This allows one to create
down-converted pair of photons with identical specta th
under accessible experimental conditions, constitutes a m
mally entangled biphoton whose component photons h
coincident frequencies. We have proposed and analyzed
experimental arrangements, based on the HOM and MZ
terferometers, for characterizing the states that exit an
tended phase-matched crystal. In particular, we have sh
that extended-phase-mactched states retain maximal vis
ity on both the interferometers for all the pump spectra. As
the case of the conventional phase matching, it is also p
sible to create polarization entanglement by exploiting
frequency entanglement: we have described a post-sele
entangling procedure.
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APPENDIX: VISIBILITY OF HOM AND MZ
INTERFEROMETERS

In this appendix we derive the expressions for the visib
ity functions VHOM and VMZ of the two experiments tha
were discussed in Sec. V.

We have already analyzed extended-phase-matched
tals. In the case of conventionally phase-matched crys
where Eq.~12! does not hold, the expressions for the pho
coincidence ratesP6(t) of Eqs.~25! and~26! are no longer
valid. However, starting from Eq.~21!, one can obtain the
rate for the Hong-Ou-Mandel interferometer as

P2~t!}E dṽ1

2p E dṽ2

2p
ua~ṽ11ṽ21vp!u2ufL~gsṽ21g iṽ1!

2fL~gsṽ11g iṽ2!ei (ṽ12ṽ2)tu2, ~A1!

wherefL(x)52 sin(xL/2)/x. For a Gaussian pump spectru
ua(v)u2 of the form ~27!, Eq. ~A1! reduces to

FIG. 6. Plots of the expected coincidence rates for differ
phase-matching conditions. The two left plots refer to the HO
interferometer setup; the two right plots refer to the MZ interfero
eter setup. The parameters in the plots areu5p/5 for the two top
plots and u52p/6 for the two bottom plots; g58
31025 ps/mm; vp5231015 s21; Vp5431013 s21; L52 cm.
The coincidence rates for the extended phase-matching caseu5
2p/4) were plotted in Fig. 4. The degradation of the HOM dip
evident from the left plots. The presence of the functionF2 in Eq.
~A6! is responsible for the fringe modulation in the plots on t
right, as compared with theuCepm& case shown in Fig. 4 for which
F250 prevails.
3-7
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P2~t!}H 12
Ap

2
j erfS 12utu/tu

j D for utu,tu ,

1 for utu.tu ,
~A2!

where erf(x)5(2/Ap)*0
xdye2y2

is the error function and

j[4/~VpgLucosu1sinuu!,
~A3!

tu[gLucosu2sinuu/2.

For j→`, P2(t) reduces to the familiar triangular-shape
Mandel dip plotted in Fig. 4. This limit can be achieved f
vanishing pump bandwidthVp→0, i.e., when auTB& state is
fed into the interferometer. Another way to obtain the sa
-

04381
e

limit is to employ the extended phase-matching conditio
(u52p/4). This implies that an extended-phase-match
crystal will always show perfect visibility for any value o
the pump bandwidthVp . The visibility is defined as the
depth of the dip of Eq.~A2!, i.e.,

VHOM[
P2~`!2P2~0!

P2~`!1P2~0!
5

Ap

2
j erf~1/j!

22
Ap

2
j erf~1/j!

. ~A4!

It is plotted as a function ofVp for different values ofu in
Fig. 5.

The case of the Mach-Zehnder interferometer is ana
gous, but now Eq.~21! becomes
-

ally.
d
, the
P1~t!}E dṽ1

2p E dṽ2

2p
ua~ṽ11ṽ21vp!u2UfL~gsṽ21g iṽ1!sinF S ṽ11

vp

2 D t

2GsinF S ṽ21
vp

2 D t

2G
2fL~gsṽ11g iṽ2!cosF S ṽ11

vp

2 D t

2GcosF S ṽ21
vp

2 D t

2GU2

. ~A5!

Considering again a Gaussian pump spectrum, Eq.~A5! reduces to

P1~t!}11cos~vpt!F1~t!1F2~t!, ~A6!

where

F1~t![
1

2 H e2(Vpt/2)21ApjFerfS 1

4j
2

Vpt

2 D1erfS 1

4j
1

Vpt

2 D G J ,

F2~t![
1

2 H L~t/tu!expF2S Vpt

2 D 2S cosu1sinu

cosu2sinu D 2G22ApjB~t/tu!erfS 12utu/tu

4j D J , ~A7!

with L(x)512uxu and B(x)51 for uxu,1, and L(x)5B(x)50 elsewhere. The functionF1 gives an envelope for an
oscillation at the pump frequencyvp , while F2 is a contribution that disappears both for theuTB& state and for extended
phase-matched crystals, i.e., in the limit ofj→`. Notice that in this case Eq.~A6! reduces to Eq.~28!. In Fig. 6 some example
plots of coincidence graphs are given for different values of the phase-matching parameteru. As a measure of fringe visibility
for the MZ interferometer, we use the quantity

VMZ[
P1~0!2P1~p/vp!

P1~0!1P1~p/vp!
5

11@F1~p/vp!2F2~p/vp!#

32@F1~p/vp!2F2~p/vp!#
, ~A8!

which is plotted as a function of the crystal lengthL for different values ofu in Fig. 5. In Eq.~A8! the fringe maximum is
estimated byP1(0), and thefringe minimum is estimated byP1(p/vp); these quantities are easily measured experiment
Note that for all interesting casesF1(p/vp)>F2(p/vp), so that Eq.~A8! implies VMZ>33%. This lower bound is reache
in the limit of very long crystalsL→` if uÞ2p/4 as shown in Fig. 5. Analogous to the Hong-Ou-Mandel interferometer
Mach-Zehnder visibility is always maximum for extended phase-matched crystals (u52p/4).
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