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Intramolecular dynamic nuclear polarization via electron-nuclear double resonance
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Department of Physics, University of Virginia, Charlottesville, Virginia 22904-4714
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A fast and low power method is proposed and simulated for achieving substantial intramolecular dynamic
nuclear polarization, as high as 50% for protons and 17% for deuterons, by means of simultaneous nuclear and
allowed electronic magnetic resonance transitions.
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I. INTRODUCTION

Because electronic magnetic moments are orders of m
nitude greater than nuclear magnetic moments, for a gi
magnetic field strength and temperature, the polarization
electron spins far exceeds that of nuclear spins. Howe
strong nuclear spin polarization is often an important exp
mental condition. For example, the sensitivities of ma
kinds of measurement depend upon the extent of such p
ization ~see e.g.,@1–3#!, and nuclear fusion rates are affect
by polarization of the reacting nuclei@4#. Dynamic nuclear
polarization~DNP! processes enable experimenters to tra
fer electron spin polarization to nuclear spin systems@5#.
Among its applications, DNP is employed to polarize targ
for experiments on spin-dependent scattering by fundame
particles @6#, to increase the contrast in polarized neutr
small-angle scattering from frozen spin targets of biologi
origin @7#, and to increase magnetic resonance signals,
@7,8#. In this paper a method, combining electron-nucle
double resonance and DNP,~ENDOR-DNP! is proposed for
achieving as high as 50% polarization of protons and 17%
deuterons in far less time and with much lower microwa
power than present DNP methods. As currently used, D
depends upon forbidden electron paramagnetic reson
~EPR! transitions in a target containing a low concentrati
of paramagnetic centers~e.g., NH2 free radicals! each sur-
rounded by a ‘‘sea’’ of polarizable nuclei~e.g., protons in
frozen ammonia!; here electron spin–nuclear spin magne
dipole interactions give rise to the nuclear spin-state mix
~small in amount! responsible for the forbidden transition
The possibility of producing a significantly greater amou
of spin-state mixing, or interchange, in the excited electro
state by electron-nuclear double resonance@9# has apparently
been overlooked. Application of ENDOR would require,
addition to the microwave field already dedicated to excit
EPR transitions, a radio frequency magnetic field~with both
the microwave and rf fields polarized perpendicular to
large steady magnetic field!. Because of hyperfine interac
tions and the nuclear Zeeman effect acting together, sep
tions in energy between ‘‘adjacent’’~i.e., DmI51) nuclear
spin states of the excited electronic manifold differ fro
those of the ground electronic manifold~as in NH2 and ND2,
@10#!; these differences in splitting ensure that the rf fie
~employed to mix states within the excited manifold! will not
induce depolarizing transitions within the ground manifo
For I .1/2, quadrupole hyperfine shifts make the splittin
between adjacent pairs of each electronic manifold differe
1050-2947/2002/66~4!/043405~7!/$20.00 66 0434
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II. ENERGY LEVELS

A hyperfine-coupled system consisting of a single el
tron spin ~distant from other electron spins! and anI 51/2
nuclear spin~the I 51 case to be discussed later! in the pres-
ence of three applied magnetic fields is treated. One of
fields, B, is constant; one,Br f , is at the radio frequency
(v r f ) for the NMR transition between nuclear levels of th
excited electronic state; and one,Bmw , is at a microwave
frequency (vmw) for one of the allowed EPR transitions. Th
electronicg tensor is taken to be close to isotropic so that
spread in the EPR transitions associated with random or
tation of the sites is much narrower than the hyperfine sp
tings ~also taken essentially isotropic!. Figure 1 shows, sche
matically, the dependence of energy levels upon the stren
of the steady magnetic fieldB. The ordering in energy ofa
and b, the nuclear levels in the ground electronic state (ms
521/2), is for the proton withB.Bcross, whereBcross is
the applied field at which these levels are closest toge
~e.g., about 0.6 T in NH2) @10#. The ordering ofc andd, the
nuclear levels in the excited electronic state (ms511/2), for
the proton, is independent ofB. In Fig. 1 the relative energie
of the electronic Zeeman splitting (0.93 cm21 T21 for
gelectronic52.0) and the joint hyperfine-nuclear Zeema
splittings ~of the order of 1023 cm21 in free radicals! are
unrealistic; forB.Bcross the former energy greatly exceed
the latter. The« ’s are coefficients of nuclear spin-state mi
ing; for example,u«gndu2 is the population ratio ofmI5
21/2 to mI511/2 in level a and ofmI511/2 to mI5
21/2 in levelb. Ngnd5(11u«gndu2)21/2 is the normalization
coefficient for botha andb. For largeB, which is a favorable
experimental condition for the method explored here,u«u2 is
small and approximates the fractional population of the m
nor nuclear spin-state constituent.

The symbolsf a , f b , f c , and f d will be used to designate
the fractional populations of the states such thatf a1 f b1 f c
1 f d51. At temperatureT, with kB the Boltzmann constant
the thermal equilibrium values aref b,eq / f a,eq5exp@2(Eb

2Ea)/kBT#, f c,eq / f a,eq5exp@2(Ec2Ea)/kBT#, f d,eq /
f a,eq5exp@2(Ed2Ea)/kBT#, and f a,eq51/(11 f b,eq /
f a,eq1 f c,eq / f a,eq1 f d,eq / f a,eq). At T'1 K, f a,eq' f b,eq
'0.5, andf c,eq' f d,eq'0.

In Fig. 1, the levels are shown as nuclear spin-st
mixed. Such mixing is treated in detail in@10#. Overlap of
the nuclear parts of the ground with the excited states aff
transition and relaxation rates. In the exposition below,
overlap between levelsa andd and betweenb andc is char-
©2002 The American Physical Society05-1
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FIG. 1. Schematic example o
the four energy levels of a
hyperfine-coupled system, con
sisting of a single electron spin
and anI 51/2 nuclear spin, as a
function of the strength of an ap
plied magnetic fieldB. Each of the
four levels is a nuclear spin-stat
mixture of umI521/2& and umI

511/2&, as shown, where the« ’s
are the mixing parameters and th
N’s are nomalization coefficients
As B and the nuclear Zeeman in
teraction increase, the« ’s →0 and
the N8s→1. The pair of lower
electronic Zeeman energy~the
ground levels! hasms521/2 and
the pair of higher electronic Zee
man energy~the excited levels!
has ms511/2. The ordering in
energy depicted within the pairs i
taken to be that for a proton in
NH2 subject toB.Bcross @10#.
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acterized by the parameterl2 (5lad
2 5lbc

2 ), as defined for
levelsa andd by

lad
2 [ z^anuclearudnuclear& z2

with

uanuclear& and udnuclear& normalized

and analogously for statesb andc. For the system of Fig. 1

lac
2 [ z^anuclearucnuclear& z25 z^bnuclearudnuclear& z2

[lbd
2

512l2.

As B increases beyondBcross, nuclear Zeeman interactio
becomes the dominant factor in nuclear spin quantization
that nuclear spin-state mixing (u«u2) diminishes monotoni-
cally, and theac and bd overlaps approach 1. For largeB,
e.g., protons in NH2 at B55 T, l2 is too small to have a
noticeable effect on the processes to be treated here.

III. RATE EQUATIONS

Also indicated in Fig. 1 are four kinds of rate process. T
rate constants for the four intramolecular processes arekE
andkN , the EPR and NMR transition probabilities;r E , the
electron spin-lattice relaxation rate; andr N , the nuclear spin-
lattice relaxation rate, which can be different for nucle
spins in the ground and excited electronic states. Which
lowed EPR transition is chosen is determined by the po
ization sought; thea to c transition shown in this figure pro
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duces down-field, i.e., negative, polarization. The four kin
of intramolecular process for nuclear spin 1/2 appear in
following rate equations, all first order and linear, for sta
a, b, andc:

d fa /dt5kE~12l2!~ f c2 f a!1r E@ f a,eq2 f a

1~12l2!~ f c2 f c,eq!1l2~ f d2 f d,eq!#

1r N,gnd~ f a,eq2 f a1 f b2 f b,eq!, ~1!

d fb /dt5r E@ f b,eq2 f b1l2~ f c2 f c,eq!

1~12l2!~ f d2 f d,eq!#1r N,gnd~ f a2 f a,eq

1 f b,eq2 f b!, ~2!

d fc /dt5kE~12l2!~ f a2 f c!1kN~ f d2 f c!

1r E@~12l2!~ f a2 f a,eq!1l2~ f b2 f b,eq1 f c,eq

2 f c#1r N,exc~ f c,eq2 f c1 f d,eq2 f d!. ~3!

Because f a1 f b1 f c1 f d51, d fd /dt52(d fa /dt
1d fb /dt1d fc /dt), i.e., the rate equation forf d is not inde-
pendent of the set of equations~1!, ~2!, and~3!.

There is a fifth process, spin diffusion, which is respo
sible for the propagation of intramolecular nuclear polariz
tion into the surrounding medium. The rate of spin diffusi
depends upon the difference between intramolecular
neighboring polarization; because of the local magnetic fi
‘‘barrier’’ from the unpaired electron magnetic dipole@11#,
this rate is slower than the nuclear spin relaxation rate in
distant medium. Spin diffusion begins to be effective af
intramolecular polarization has developed; even after
5-2
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INTRAMOLECULAR DYNAMIC NUCLEAR POLARIZATION . . . PHYSICAL REVIEW A 66, 043405 ~2002!
steady state is reached, spin diffusion has little effect up
and will not be included with, the rate processes active
Eqs. ~1!–~3! above. Nor does the surrounding mediu
which is taken to have a low concentration of unpaired el
tron spins, affect the internal electron spin. Apart from t
applied magnetic fields and the ‘‘lattice’’~constant tempera
ture bath! interactions responsible for electron and nucle
spin relaxation, the molecule treated here is isolated.

The polarization from a static field is up~i.e., in the di-
rection of the field! if the nuclearg value is positive and
down for a negativeg value. With dynamic nuclear polariza
tion, one can choose to polarize up or down. If the latte
chosen, Eqs.~1!–~3! apply and result in population change
in all four states, the largest ina ~a decrease! with smaller
changes in the others~all increases!. In more detail, but sim-
plified with l2'0, one seeks to maximize the net fraction
polarization

p52~ f b1 f d2 f a2 f c!. ~4!

When the energy of the microwave photons is equal to
energy difference between statesa and c, there are allowed
EPR transitions between these states, and thea to c transition
starts the polarization sequence. Because the transition
lowed, high microwave power is not required. In the abse
of power saturation, the net EPR transition rate iskE(1
2l2)( f a2 f c), the negative of which is the first term in Eq
~1! above. Analogous tokE is kN , in Eq.~3! above, the NMR
transition probability.r E andr N characterize unmixed state
and sol2 and 12l2 are included to allow for the effects o
nuclear spin-state mixing.

The following five rate equations are for nuclear spin
The case treated is a deuteron withB.Bcross. The levels are
in order of increasing energy froma to e. Quadrupole inter-
action makes Ec2Eb.Eb2Ea and Ef2Ee.Ee2Ed .
Down polarization is chosen, which requires states e and
be connected by the NMR rf field.

d fa /dt5r E@ f a,eq2 f a1lad
2 ~ f a2 f a,eq!1lae

2 ~ f e2 f e,eq!

1la f
2 ~ f f2 f f ,eq#1r N,gnd~ f a,eq2 f a1 f b2 f b,eq!,

~5!

d fb /dt52kElbe
2 ~ f b2 f e!1r E@ f b,eq2 f b

1lbd
2 ~ f d2 f d,eq!1lbe

2 ~ f e2 f e,eq1lb f
2 ~ f f2 f f ,eq!#

1r N,gnd@ f a2 f a,eq

12~ f b,eq2 f b!1 f c2 f c,eq#, ~6!

d fc /dt5r E@ f c,eq2 f c1lcd
2 ~ f d2 f d,eq!1lce

2 ~ f e2 f e,eq!

1lc f
2 ~ f f2 f f ,eq#1r N,gnd~ f b,eq2 f b1 f c2 f c,eq!,

~7!

d fd /dt5r E@ f d,eq2 f d1lad
2 ~ f a2 f a,eq!1lbd

2 ~ f b2 f b,eq!

1lcd
2 ~ f c2 f c,eq#1r N,exc~ f d,eq2 f d1 f e2 f e,eq!

~8!
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d fe /dt5kElbe
2 ~ f b2 f e!2kN~ f e2 f f !

1r E@ f e,eq2 f e1lae
2 ~ f a2 f a,eq!1lbe

2 ~ f b2 f b,eq!

1lce
2 ~ f c2 f c,eq!#1r N,exc@ f d2 f d,eq12~ f e,eq2 f e!

1 f f2 f f ,eq#. ~9!

Becausef a1 f b1 f c1 f d1 f e1 f f51, d f f /dt is not indepen-
dent of Eqs.~5!–~9!.

IV. RATE PARAMETERS

The rate equations~1!–~3! can be solved to obtain th
time courses and steady-state values of the fractional po
lations f a , f b , f c , and f d , and Eqs.~5!–~9! solved for f a
throughf f . For this purpose, realistic values ofkE , kN , r E ,
r N,gnd , andr N,exc are required.

In order to be able to treat the kinetics of any DN
method quantitatively, it is necessary to knowr E(T,B).
However, apart from indirect estimates ofF-center relaxation
times in irradiated LiH@12#, measurements ofr E at the low
temperatures and strong fields treated in the present exp
tion have not been reported. There is useful literature on
temperature dependence ofr E for free radicals in magnetic
fields of about 0.36 T. For this field and in the temperatu
range 5–20 K,r E for methyl radicals trapped in various ma
trices is proportional to the absolute temperature, with
constant of proportionality in the range 34 to 121 K21 s21

@13#. In a recent study, the relaxation rate of the nitroxi
free radical tempol, doped into a diamagnetic host, w
found to be the same at fields of 0.34 and 3.4 T between
and 250 K, a temperature range in which the rate is clos
proportional toT2 @14#. From 50 to 14 K, where data take
only at B50.34 T are presented in@14#, the dependence
of r E upon T decreases with decreasingT; at 14 K,
r E5126 s21. A 1 mM solution of another nitroxide free
radical, 4-amino TEMPO ~4-amino-2,2,6,6,-tetramethyl
piperdine-1-oxyl!, dissolved in a 60:40 glycerol/water solu
tion, hasr E'13 s21 at T510 K andB55 T @15#. In Ref.
@6# the relaxation time of electron spins in irradiated amm
nia at 1 K and 5 T is said to be ‘‘short ('1023 s),’’ but the
source of this information is not mentioned. In order to de
onstrate the kinetic and steady-state behavior of ENDO
DNP in the absence of tighter constraints uponr E , the latter
rate parameter will be given values of 1, 200, and 100021

in the exposition below.
The contribution of paramagnetic ‘‘impurities’’ to the re

laxation rate of nuclear spins in solids is well understood
its application to systems where the operative dipolar in
action is between electron and nuclear spins that are dis
from each other@16#. In the case at hand, however, the ele
tron spin and nuclear spin are in the same molecule.
off-diagonal operator for the distant dipolar coupling em
ployed in the formulation of extramolecular spin-lattice r
laxation@16# is replaced byHmix , Eq. ~2! of @10#, the corre-
sponding off-diagonal part of the intramolecular electr
dipole–nuclear dipole Hamiltonian. The resulting expre
sions are
5-3
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FIG. 2. Polarization of a proton in NH2 as a function ofkN for several values ofkE when ~a! r E51 s21, ~b! r E5200 s21, ~c! r E

51000 s21. T51 K andB55 T.
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r N5~8/3!r EuHmixu2/~\vN!2 for I N51/2 ~10a!

and r N5~4/3!r EuHmixu2/~\vN!2 for I N51.
~10b!

Here, vN is the frequency for a NMR transition betwee
adjacent nuclear levels of either the ground or excited e
tronic state. For example, in NH2 and ND2 at B
55 T, r N /r E,1022 for both electronic states.

Once the temperature and field strength are fixed, the
no experimental control overr E , r N,gnd , and r N,exc, but
there is control ofkE and kN . Consideration of the EPR
transition probabilitykE starts with the following expressio
for purely monochromatic microwave radiation:

kE~vmw!5~mBBmw!2g~vmw2vc!\
2

57.7331021Bmw
2 g~vmw2vc! ~T s!22, ~11!

wheremB is the Bohr magneton,g(vmw2vc) the normal-
ized EPR spin-packet line shape function, andvc the center
frequency. While there are formulas relatingBmw

2 to incident
microwave power, resonant cavity dimensions, andQ, it is
more reliable to measureBmw

2 directly by the method of per
turbing spheres@17#, especially when the cavity encloses
Dewar tail and/or other apparatus of significant volume.Bmw
will normally be 1025 T or less. With the definition

Dvsp[half-width of the spin-packet function

and the relation*g(v2vc)dv51, the average value of th
spin-packet function is estimated to be

^g~vmw2vc!&0.5/Dvsp . ~12!

The energy differenceEc2Ea is lifetime broadened by
the processes, acting in parallel, which populate and dep
the two states involved. The lifetimet andDvsp expressed
in terms of rates defined above~where constants of the orde
of 1, e.g., 12l2, multiplying them are omitted! are

Dvsp51/t'kE1kN1r E1r N . ~13!

Results of simulations, described below with examples
Fig. 2, show that proton polarization comes close to its li
04340
c-

is

te

n
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iting value whenkE'104 s21 and kN'103 s21. It follows
from Eq. ~13! that Dvsp'kE'104 s21. Because this width
is comparable with the spectral purity~bandwidth! of the
radiation of microwave sources in general use~see, e.g.,
@18#!, the microwave radiation is spread out over the s
packet and

kE5^kE~vmw!&

57.7331021Bmw
2 ^g~vmw2vc!&~T s!22

57.7331021Bmw
2 ~0.5/Dvsp! ~T s!22 ~14!

or

Bmw
2 52.6310222kEDvsp ~T s!2. ~15!

There is no problem in generating microwave fields th
producekE’s as fast as 104 s21; to Dvsp'kE'104 s21 cor-
respondsBmw

2 '2.6310214 T2 or (1.631023 G)2. In ex-
perimental terms, a microwave magnetic field
(Bmw,max)

253310210 T2 can be generated with 0.12mW
of power entering a 22.5 GHz~‘‘ K band,’’ 0.8 T for free
radical resonance! good quality, full wavelength cavity. The
power needed decreases with decreasing cavity volume,
cavity volume per wavelength decreases with increasing
crowave frequency; e.g., (Bmw,max)

253310210 T2 requires
'0.05mW in a full wavelength cavity at 35 GHz~‘‘ Q
band,’’ 1.25 T!. Greater powers are required when larg
sample volumes~more wavelengths! are needed. In very suc
cessful experiments on electron scattering from DNP po
ized protons or deuterons in a 5 T constant magnetic fi
the target material is not in a resonant cavity@6#; direct and
intense 140GHz microwave radiation is employed to exc
one forbidden EPR transition or the other. The same confi
ration could be used to excite allowed transitions in t
ENDOR-DNP method proposed here, but much less po
would be needed.

There is also no problem with spectral resolution—be
able to excite one transition~e.g.,a to c) with only negligible
microwave power within a spin packet of the other (b to d).
For example, toDvsp5104 s21 corresponds an energy les
than 1026 cm21, more than 100 times smaller than th
smallest hyperfine splitting in the NH2 radical @10#. Anisot-
5-4
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ropy in the hyperfine splitting or the electronicg tensor is
likely to have a greater effect upon spectral resolution th
does spin-packet width.

Consideration ofkN is similar to that ofkE except for two
quantitative differences. First, because nuclear magnetic
poles are'103 times smaller than electronic magnetic d
poles, the production of NMR transition rates compara
with EPR rates requires NMR rf fields much greater th
EPR microwave fields. Further, there are substantial dif
ences among nuclei; e.g., the proton, with spinI P51/2, has
nuclearg value 5.5857 and the deuteron, with spinI D51,
has nuclearg value 0.857 44. Also, the bandwidths of
sources are generally narrower than those of microw
sources; it suffices to takeg(v r f 2vc) at its center.@Here
g(v r f 2vc) is the normalized NMR spin-packet line sha
function with vc the central NMR frequency.# Choosing
again the allowed EPR transition to be betweena andc, one
sees that the relevant NMR transition is betweenc andd. It
follows that, through statec, the major source of line broad
ening of the NMR energy differenceEd2Ec is the same as
that of the EPR differenceEc2Ea , and the same spin packe
width Dvsp'kE applies to the NMR transition. For nucleu
j of spin I j andg valuegj ,

kN5s2~gjmnBr f !
2/~Dvsp\

2!, ~16!

wheres251 for I j51/2, 2 for I j51, etc., as required by
I 6; mn is the nuclear magneton, andg(v r f 2vc50)
51/Dvsp . It follows that

kN~proton!57.1631016~Br f
2 /Dvsp!~T s!22 ~17a!

and

Br f
2 ~proton!51.40310217kEkN~T s!2. ~17b!

To reach close to maximum polarization,kE'104 s21 and
kN'103 s21, in which caseBr f

2 (proton)'1.40310210 T2 or
(0.12 G)2. ENDOR spectrometer technology effective
deals with the small skin depths at NMR frequencies, dep
which severely reduce cavity wall penetration by rf magne
fields. In one example, rf fields of 6 G peak to peak have
been produced by coils secured to the outside ofX-band
cavity walls @19,20#.

For the deuteron

kN~deuteron!51.6931015~Br f
2 /Dvsp!~T s!22 ~18a!

andBr f
2 ~deuteron!55.92310216kNkE~T s!2. ~18b!

V. STEADY STATE AND KINETICS

Upon settingd fa /dt5d fb /dt5d fc /dt50 in Eqs. ~1!–
~3! for nuclear spin 1/2, one arrives at a set of three algeb
equations, the solution of which gives the steady-state va
of f a , f b , and f c as functions of the rate parameters, t
overlap, andf a,eq , f b,eq , f c,eq , andf d,eq . Because the latte
thermal equilibrium values depend strongly upon both
temperature and magnetic field strength, so do the ste
state values of the four fractional populations. With t
04340
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steady-state values, one immediately obtainsf d,ss512 f a,ss
2 f b,ss2 f c,ss. The fractional polarization~continuing with
nuclear spin down! is

p52~ f b,ss1 f d,ss2 f a,ss2 f c,ss!. ~19!

In the examples given below, the hyperfine energies of
ground and excited electronic levels are taken to be thos
NH2 @10#. For T51 K and B55 T, Fig. 2 showsp as a
function of kN for several values ofkE when r E51 s21 ~a!,
200 s21 ~b! and 1000 s21 ~c!; r N is calculated from Eq.
~10a! with uHmixu2 averaged overc at u560 ° as in Fig. 1 of
@10#. The maximum attainablep is seen to be 1/2 atT
51 K andB55 T, at whichT andB, f a,eq' f b,eq'0.5 and
f c,eq' f d,eq'0.0. Also, atB55 T, l2'0. The fraction 1/2
is readily arrived at by considering the steady-state equat
when kE ,kN@r E@r N,gnd . With d fa /dt50, kE@r E ,r N in
Eq. ~1! requires f a' f c . With d fc /dt50 and f a' f c , kN
@r E ,r N in Eq. ~3! requires f d' f c . With d fb /dt50, r E
@r Ngnd in Eq. ~2! requiresf b2 f d' f b,eq2 f d,eq'0.5, given
T51 K, B55 T. Under these conditions, the population
statea undergoes a major decrease while that ofb increases
somewhat; significant populations appear in statesc and d
but their nuclear spins are equal and opposite. Had the
lowed EPR transitionb to d been chosen together with thed
to c NMR transition, there would be a limiting positive po
larization of 1/2. Whether up or down nuclear polarization
sought, in the steady state essentially half of the equilibri
electron spin polarization can be transferred to the nuc
spins.

By means analogous to those used above for the pro
one predicts that fractional spin polarization of a deuteron
ND2 as great as 1/6 can be produced by ENDOR-DNP T
steady-state fractional polarization associated with Eqs.~5!–
~9! is

net polarization52~ f c,ss1 f f ,ss2 f a,ss2 f d,ss! ~20!

and is shown in Fig. 3 as a function ofkN for several values
of kE when r E5200 s21.

Formulation of the time course of polarization is simp
fied with little effect upon all but the end of the kineti

FIG. 3. Polarization of a deuteron in ND2 as a function ofkN for
several values ofkE when r E5200 s21. T51 K andB55 T.
5-5
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curves by neglecting the much slowerr N terms and then
rewriting the differential equations in terms of differen
populationsx, y, andz:

x[ f d2 f a , y[ f d2 f c , and z[ f c2 f b . ~21!

dx/dt, dy/dt, anddz/dt are readily expressed in terms ofx,
y, andz from the original rate equations~1!–~3!. The alge-
braic path then chosen was to expressy, dy/dt, x, anddx/dt
as functions ofz, dz/dt, d2z/dt2, and d3z/dt3. One then
arrives at the following third order linear differential equ
tion for z:

d3z/dt312~kE1kN12r E!d2z/dt2

1@4rE~kE1r E!13kN~kE12r E!#dz/dt14kN~kE

1r E!r E~z1 f b,ss2 f c,ss!50 ~22!

to which belongs the auxiliary equation

r 312~kE1kN12r E!r 21@4r E~kE1r E!

13kN~kE12r E!#r 14kN~kE1r E!r E50. ~23!

Exact solutions show that, under the conditionskE>kN
.r E , the roots of Eq.~22! are, to a very good approxima
tion,

r 1,252kE1kN1ar E6@kE
22kEkN1kN

2 1r E~kN1r E!#1/2

and

r 3528kNr E/3~2kN1r E!, ~24!

wherea[2(4kN13r E)/3(2kN1r E).
The solution forz is

z~ t !5A exp~r 1t !1B exp~r 2t !1C exp~r 3t !1Dt1E.
~25!

t→` corresponds to the steady state, which shows thaD
50 @from bothz(`) being finite anddz/dt(`)50] and

E5z~`!5 f c,ss2 f b,ss. ~26!

From Eqs. ~21!, ~25!, and ~26!, z(0)5A1B1C1E
5 f c,eq2 f b,eq or

A1B1C5 f c,eq2 f b,eq2~ f c,ss2 f b,ss!. ~27!

Proceeding in a similar manner withdz/dt andd2z/dt2 at
t50, one finds

r 1A1r 2B1r 3C5kN~ f d,eq2 f c,eq! ~28!

and

r 1
2A1r 2

2B1r 3
2C52kEkN~ f d,eq2 f a,eq!22kN

2 ~ f d,eq2 f c,eq!

22kNr E~ f d,eq2 f c,eq!. ~29!

After solving the three equations~27!–~29! for A, B, andC,
one obtainsz(t) and its derivatives, and thenx(t) andy(t).
The fractional populations at arbitrary time follow from wri
04340
ing them in terms ofx, y, andz. Note that, because the sma
r N terms are not included in this kinetic analysis, andz(`) is
the only difference population from the steady-state res
which is used as a boundary condition, the values off a(`),
f b(`), f c(`), and f d(`) will be slightly different from
those obtained from the steady-state formulation~as in the
example presented in the next paragraph!.

Figure 4 shows the time courses of the populations of
four states of a proton in NH2 whenr E5200 s21 @as in Fig.
2~b!# with kE(104 s21) andkN(103 s21) chosen to result in a
steady-state polarization close to the limiting value of 1
For this case, the values off a(`) from the kinetic and state
formulations differ by 0.66%, those off b(`) by 0.19%,
those off c(`) by 0.96%, and those off d(`) by 1.19%.

VI. DISCUSSION

Formulation of ENDOR-mediated DNP, for an ideal sy
tem, and simulations based upon this formulation are
ported above.~Real systems can differ from the ideal on
there can be several paramagnetic nuclei, not necessari
the same kind or in the same electronic environment, and
electron spin can be delocalized into orbitals of several
oms.! The proposed method is computationally demonstra
to have the potential for producing useful nuclear polari
tion, approaching 50% for spin 1/2, quickly and with lo
microwave power. Considerations that have arisen in
course of this research, together with the results, call
future research.

~1! Knowledge of electron spin-lattice relaxation times
essential for quantification of the kinetics of any DN
method, and the required measurements have not yet

FIG. 4. Time courses of the populations of the four hyperfi
states of a proton in NH2. The rate constants arekE51.0
3104 s21, kN51.03103 s21, and r E5200 s21. T51 K and B
55 T.
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carried out under appropriate conditions of very low te
peratures and very high magnetic field strengths.

~2! In order to realize the potential of the propos
method, instrumentation with this lowT and highB capabil-
ity needs to be modified to accommodate precisely c
trolled ~with regard to both frequency and power! microwave
and radiofrequency fields, and simultaneous measureme
intramolecular nuclear polarization;~properties of the system
to be polarized may impose specific instrumentation requ
ments!.

~3! Because bulk polarization is useful in many applic
tions, once the ENDOR-DNP method is functioning, sp
diffusion from polarized intramolecular sites requires inve
tigation.

While reduced from values possible at the 1 K and 5 T
conditions employed above, considerable polarizations
be obtained by ENDOR-DNP at higher temperatures
weaker fields. For example, atT54.2 K andB51 T, the
J.

m

er,

r-
l-
t,
od

.
O
.

04340
-

-

of

-

-

-

n
d

proton polarization in NH2 would be 2.4% forr E5840 s21

~taken 4.2 times faster than at 1 K! with, as above,kE51.0
3104 s21 and kN51.03103 s21. If, at this T and B, the
microwave and rf powers were both increased by a facto
ten, the polarization would be 5.2%. These polarizatio
which can be up or down, are 100 and just over 200 tim
greater than the polarization~up! of free protons at 4.2 K and
1 T, the static value being 0.0243%. Corresponding increa
over the static method are predicted for deuteron polariza
by ENDOR-DNP.
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