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Lepton pair production in heavy-ion collisions in perturbation theory
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We derive the first terms in the amplitude of lepton pair production in the Coulomb fields of two relativistic
heavy ions. Using the Sudakov technique, which simplifies the calculations in momentum space for the
processes at high energies, we get compact analytical expressions for the differential cross section of the
process under consideration in the lowest order in the fine-structure constant~Born approximation! valid for
any momentum transfer and in a wide kinematic region for produced particles. Exploiting the same technique,
we consider the next terms of the perturbation series~up to the fourth order in the fine-structure constant! and
investigate their energy dependence and limiting cases. It has been shown that taking into account all relevant
terms in the corresponding order, one obtains expressions that are gauge invariant and finite. We estimate the
contribution of the Coulomb corrections to the total cross section and discuss the cancellations of the different
terms in the total cross section.
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I. INTRODUCTION

The process of lepton pair production in collision of re
tivistic heavy ions has attracted increased interest in the
years, mainly connected with the operation of RHIC~relativ-
istic heavy ion collider! ~Lorentz factorg5E/M5100) and
LHC ~large hadron collider! (g53000). The total cross sec
tion of lepton pair production in the collision of two relativ
istic particles

A1B→e1e21A1B ~1!

in its lowest order in the fine-structure constanta5e2/4p
5 1

137 has been known long ago@1,2#. Over the last decade
lot of work has been done to investigate this process for
case whenA and B are heavy ions~see, e.g., Ref.@3# and
references therein!. When heavy ions collide at relativisti
velocities, their electromagnetic fields are Lorentz contrac
and the process~1! can be viewed as pair production in tw
external fields which can be represented by classical elec
magnetic potentials. Such an approach allows one@4,5# to
investigate the impact parameter dependence of this pro
and calculate its cross section with higher accuracy than
dicted by the widely exploited Weizsa¨cker-Williams ~WW!
approximation. These works are based on the Born appr
mation ~see Fig. 1!, but even in this case the obtained e
pressions are complex, so that certain ‘‘state of art’’ efforts
their computing are required@6#.

The topical problem is to take into account the Coulom
corrections~CC! to the amplitude of this process~see Figs. 2
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and 3!. In spite of the fact that CC are determined by t
powers of the fine-structure constanta, it enters the ampli-
tude in combination (aZ1)n1(aZ2)n2(aZ1Z2)n3, where
Z1 ,Z2 are the colliding ion charge numbers,n11n2>2 is
the number of exchanged photons between nuclei and
produced pair, andn3>0 is the number of photons ex
changed between the colliding nuclei. This general case
investigated in detail in series of papers~see Ref.@7# and
references therein!. For the heavy-ion collisions, the param
eter aZ is of the order of unity and the problem of takin
into account the effect of CC arises. The exact knowledge
the total yield of lepton pairs in heavy-ion collisions is a
important issue because the pair production has a huge b
ground in experiments with relativistic heavy ions. For e
ample, the total cross section for the process~1! at RHIC
energies is tens of kilobarns for heavy-ion collisions. At LH
energies, this quantity becomes hundreds of kilobarns
cording to the Racah formula@2#. Moreover, the intensive
pair production can destroy the ion beams circulating in
accelerator as a result of electron capture by a heavy ion~see,
e.g., Refs.@8,9#!.

Recently, the problem of CC in the process~1! has been
investigated in a number of papers@10–13# with the unex-

ius

r-

m FIG. 1. The lowest-order Feynman diagrams for the two-pho
pair production in the processA1B→A1B1e1e2.
©2002 The American Physical Society20-1
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pected result. The authors@11,12# solved the Dirac equation
for an electron in the Coulomb field of two highly relativist
nuclei. Having used the crossing symmetry property, th
connected the amplitude for electron scattering in the C
lomb fields of two heavy ions with the amplitude for pa
production @28#. As a result the total cross section of th
process~1! turns out to coincide with its Born approxima
tion, so that CC do not have any impact on the total lep
pair yield. The same result has been obtained in Ref.@13#, in
which the authors used the eikonal approximation for el
tron scattering at high energies. They took advantage of
common wisdom that the interaction of lepton pair with Co
lomb fields of two highly relativistic nuclei can be repr
sented as a product of the eikonal amplitudes for interac
of electron and positron with the nucleusA andB separately.
Such an approach allows one to take into account the co
bution of CC in the amplitude of the process~1! with the
above quoted result: the total cross section exactly coinc
with the Born term. These works induced a series of criti
papers@15,16#, where it was explained why this result was
unexpected and how assumptions made through its de
tion could affect this result.

As has been observed in Ref.@15#, the main contribution
to the CC in the process~1! comes from the case when on
of the colliding ions radiates a single photon and the p
duced pair interacts with another nucleus by means of
arbitrary number of photons. In fact, the contributions

FIG. 2. Gauge invariant set of Feynman diagrams for sp
triplet production which determines the matrix elementM (2)

(1) .

FIG. 3. Some Feynman diagrams for the four-photon pair p
duction in the processA1B→A1B1e1e2.
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such type can be obtained with the use of the common W
approximation that leads to the appearance of large lo
rithms in energy for such terms that cannot be canceled
the next order of CC where these logarithms are absent.
the other hand, it has been shown@16# that the change in the
order of integration in regularized integrals~the Coulomb
phase for electron scattering diverges, so it needs regula
tion! completely changes the final result.

In Ref. @12#, the two approaches employed in investig
tion of this problem were analyzed in detail, with the co
clusion that the perturbation approach in fact correspond
the exclusive process of the coherent production of lep
pairs in the collisions of relativistic ions@i.e., reaction~1!#.
As to the approach based on the retarded solutions of
Dirac equation, it gives the inclusive~in fact, it is the average
multiplicity in the terms of definitions@12#! cross section for
production of an arbitrary number of lepton pairs, i.e., in th
way one obtains the contribution of inclusive pair produ
tion. The reason for such an unexpected result, from
point of view, is the inapplicability of the crossing symmet
property to the higher-order~beyond the Born approxima
tion! terms, the fact that is known long ago~see, e.g., Ref.
@17#! Thus, the issue of calculation of the CC in the corre
way in the process~1! is an open task up to now, and it turn
out to be a more complicated problem than it seems a
glance. All this stimulated us to investigate the CC contrib
tion in the perturbative expansion of the amplitude for exc
sive process under discussion in more detail with an aim
understand how one can take into account the CC in hea
ion collisions in the framework of perturbative QED. Ou
approach in the investigating of exclusive process diff
from the one used in Ref.@12# where the summation ove
multiple pairs was implied.

Our paper is organized as follows. In the following se
tion, we present the amplitude for lepton pair creation in
collision of relativistic particles in the Born approximation
We are restricted by the kinematics in which the pair prod
tion does not influence the kinematics of the colliding p
ticles. Moreover, we supposed that transfer momenta
tween the produced pair and initial particles are mu
smaller in comparison with the energy of the initial particle
e.g., we consider the case of their quasielastic scattering
use the powerful Sudakov technique for the evaluation of
Feynman diagrams in the momentum representation, wh
allows one to obtain the results with power accuracy in
ergy. Compact analytic expressions have been obtained
the Born amplitude and differential cross section of the p
cess~1! which allows one to calculate it in a wide interval o
kinematic variables. In the limiting case of quasireal ph
tons, the well known results of the WW approximation c
be easily obtained from these expressions.

In Sec. III, we consider all possibilities for the pair pro
duction by three-photon exchange, the so-called amplitu
of the type M (2)

(1) . We present the general formula for i
contribution to the pair production amplitude and the r
evant cross section. Our result appears to be the genera
tion of the known result to the amplitude of the process
pair photoproduction in the odd charge state derived in R
@18#. We have carried out the numerical estimate for the r
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evant contribution to the total cross section in the m
~double logarithmic! approximation.

In Sec. IV, we present the results of the amplitude co
putation and the corresponding contributions to the cr
section from processes of the two-photon exchange betw
each ion and the created pair~fourth-order terms in the fine
structure constant!, and the case when one of the ions
attached to the pair by a single photon and another io
connected with a pair by three photons in all possible wa
In the last case, our result appears to be generalization o
known result in the case of photoproduction of the pair in
even charged state@19#. We show that in any order the ob
tained expressions are infrared finite. We analyze the m
contributions from the obtained CC to the total cross sec
and show that a number of remarkable cancellations betw
the different CC and their interference with the Born te
take place. In Sec. V, we shortly listed the main results
tained in the paper. In Appendix A, we give the results
analytic integration on loop momenta for spin-singlet a
spin-triplet parts of CC, which allows one to obtain the fi
CC in the analytic form. In Appendix B, we present the sp
structures that determine the fourth-order terms in the am
tude of the process under consideration.

II. THE BORN APPROXIMATION

We are interested in the exclusive coherent process
lepton pair production in the collision of two relativistic nu
clei with charge numbersZ1 ,Z2,

A~p1!1B~p2!→e1~q1!1e2~q2!1A~p18!1B~p28!.
~2!

We define the usual center-of-mass system~c.m.s.! total en-
ergy of colliding nucleis5(p11p2)254g1g2m1m2, where
mi andg i5Ei /mi are the masses and Lorentz factors of
colliding nuclei. Keeping in mind the fast decrease of t
g* g* →e1e2 cross section with the transfer momentu
i.e., the photon virtuality, and with the invariant mass of t
pair sp5(q11q2)2, we will work in the kinematics,

s5~p11p2!2@uq1
2u, uq2

2u, sp .

Later on we calculate the amplitudes neglecting the piece
the ordermi

2/s, so our results are valid for relativistic pa
ticles with power accuracy. The total cross section of
reaction~2! in the lowest order in the fine-structure consta
~Born approximation! is known long time ago@1,2#. Never-
theless, we carry out the derivation of the amplitude a
differential cross section in this approximation using t
Sudakov technique that is very useful for the calculation
Feynman diagrams~FD! for the processes at high energie
This allow us to illustrate the method and approximations
be used later on in the CC derivation. Moreover, we w
obtain compact analytic expressions that are valid not o
for heavy-ion collisions, but for lepton pair production in th
Coulomb fields of any relativistic particles~hadrons, lep-
tons!.

The lowest-order FD describing the process~2! are de-
picted in Fig. 1. The corresponding amplitude reads
04272
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M (1)
(1)52 i

~4pa!2Z1Z2

q1
2q2

2 @ ū~p18!gmu~p1!ū~p28!gnu~p2!

3gmagnbū~q2!Tabv~q1!#, ~3!

Tab5gb

q̂12q̂11m

~q12q1!22m2
ga1ga

q̂22q̂11m

~q22q1!22m2
gb ,

q̂i5gmqi
m .

Using the Gribov decomposition of the metric tensorgmn

5gmn
' 1(2/s)(p1

mp2
n1p1

np2
m), it is easy to show that at high

energies the main contribution is given by its longitudin
part gmagnb→(2/s)2p1

np2
mp1

ap2
b . As a result, expression~3!

can be cast in the form

M (1)
(1)52 is

~8pa!2Z1Z2

q1
2q2

2
ū~q2!R(1)

(1)v~q1!N1N2 ,

R(1)
(1)5

1

s
p1

mp2
nTmn , N15

1

s
ū~p18! p̂2u~p1!, ~4!

N25
1

s
ū~p28!p̂1u~p2!.

For a spinless projectile and a target, as well as for collid
fermions, at definite chirality stateuN1u5uN2u51, so that
later on@29# we will setN15N251. It should be noted tha
if we consider the heavy-ion dimensions, it is sufficient
multiply the amplitude~4! by the colliding ion form factors
F(qi

2).
In what follows, we will use the standard Sudakov expa

sion of all the momenta in the two almost light-light vecto
p̃1 , p̃2 and in the two-dimensional transverse compon
q'p15q'p250,

q15a1p̃21b1p̃11q1' , q25a2p̃21b2p̃11q2' ,

q65a6p̃21b6p̃11q6' , ~5!

p̃15p12p2

p1
2

s
, p̃25p22p1

p2
2

s
, p̃1

25 p̃2
25OS m6

s2 D ,

s'2p1p2'2p̃1p̃2 .

From the on-mass shell condition, for instancep18
25(p1

2q1)25m1
2 , p28

25(p22q2)25m2
2, one can easily see tha

b1;a2;(m/As), a1;b2;(q2/s), which allows one to
neglect, where it is possible, the values ofa1 , b2 which
greatly simplify calculations and allow the results to be o
tained with power accuracy. In this approximation, we ha

q1'b1p̃11q1' , q2'a2p̃21q2' , ~6!
0-3
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2q1
25

q1
21b1

2m1
2

12b1
, 2q2

25
q2

21a2
2m2

2

12a2
,

sp5~q11q2!25~q11q2!2'a2b1s2~q11q2!2.

Hereafterqi always stands forqi' , etc. The conservation
laws provide the relations among the introduced variab
and thus the limits on theb1 , a2 variation,

b15b21b1 , a25a21a1 , q11q25q21q1 ,
~7!

sp1~q11q2!2

s
,b1;a2,1.

As we shall see later, the production amplitudes tak
simple form in terms of the following variables:

z65b6 /b1 , z2512z1 , k65q62z6q1 . ~8!

In what follows, we will work in the kinematics, where

m2

s
!a2'b1!1,

which gives the main contribution to the total cross sect
~see, e.g., Ref.@7#!. In the cms frame of colliding beams, th
corresponds to the production of low-energy pairs emitted
arbitrary angles. As a result, expression~4! can be repre-
sented as

M (1)
(1)52 is

~8pa!2

~q1
21b1

2m1
2!~q2

21a2
2m2

2!

3Z1Z2ū~q2!R(1)
(1)v~q1!. ~9!

It is convenient to use the gauge invariant conditionq1
mTmn

50 which, in view of Eq.~5!, entails

p1
nTnm52

q1'
n

b1
Tnm[2

uq1u
b1

e1
nTnm , e1

n5
q1

n

uq1u
, ~10!

providing the important propertyR(1)
(1)→0 at q1→0. Substi-

tuting this relation into Eq.~4! and after a bit of Dirac alge
bra, we find

R(1)
(1)5

uq1u
sb1

@mê1R11ê1Q̂112z1Q1e112uq1uz1z2R1# p̂2 ,

~11a!

R15S~k2!2S~k1!, Q15k2S~k2!1k1S~k1!,

S~k!5
1

k21z1z2q1
21m2

. ~11b!

In Eq. ~11a!, replacingq15q11q22q2, it is easy to see
that it also vanishes whenq2→0.

For completeness, we cite here an alternative expres
for the amplitude that can be obtained if one uses the ga
invariant constraint by another photonq2

mTmn50,
04272
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R(1)
(1)5

uq2u
sa2

@mê2R181ê2Q̂1812y1Q18e212uq2uy1y2R18# p̂1 ,

~12!

R185S8~ l2!2S8~ l1!, Q185 l1S8~ l1!1 l2S8~ l2!,

S8~ l!5
1

l21y1y2q2
21m2

, l65q62y6q2 ,

y65
a6

a2
, y11y251.

The two factors

uq1u

q1
21m1

2b1
2

,
uq2u

q2
21m2

2a2
2

are the familiar bremsstrahlung amplitudes for the phot
with transverse momentaq1,2, which determine the luminos
ity of gg collisions @8#. The square ofū(q2)R(1)

(1)v(q1) ~up
to the well-known kinematic factors! gives the cross section
of the processg* g* →e1e2.

After a lengthy but straightforward calculation, we obta

1

4 ( uū~q2!R(1)
(1)v~q1!u2

5
1

4
Sp~ q̂21m!R(1)

(1)* ~ q̂12m!R(1)
(1)

5
1

2
z1z2q1

2@~m214z1z2q1
2!R1

21~z1
2 1z2

2 !Q1
2

14z1z2~z12z2!R1q1Q1#. ~13!

One should note the rapid decrease of right-hand side
Eq. ~13! and cross section foruq1

2u, which reflect the nature
of R1(k) and Q1(k). The different terms in this expressio
have a transparent physical meaning in terms of the tra
verse and scalar~often called longitudinal! polarizations of
the virtual photong1* ; and there is a one-to-one correspo
dence with the discussion of the helicity structure function
diffractive DIS~deep inelastic scattering! and diffractive pro-
duction of vector mesons@20#. Namely, in expression~13!
the first term proportional tom2 corresponds to the pair pro
duction by the transverse photon with the sum of lepton
licities l1l̄561; the term (z1

2 1z2
2 )Q1

2 provided the ex-

citation of the pair withl1l̄50 by the transverse photons
The term}4z1z2q1

2R1
2 in Eq. ~13! describes the pair pro

duction by scalar photons, whereas the last term in Eq.~13!
is the ST ~LT! interference that vanishes upon the pha
space integration byz1 andz2 .

Due to the exact conservation of the helicity of relativis
electrons in the Coulomb scattering, the above structure
the amplitude~11a! and its square~13! will also be retained
in higher order. This important property will be widely use
later on in constructing the terms of higher orders in t
fine-structure constant.
0-4
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The differential cross section of the process~2! is con-
nected with the full amplitude by the relation

ds5
1

8s ( uM u2dG. ~14!

The summation is carried over the final particle polariz
tions. The phase-space volume for four particles in the fi
state can be expressed through the variables introdu
above and phase volume of the final leptons,

dG65
d3q1

2E1

d3q2

2E2
d4~q11q22q12q2!, ~15!

in the following way:

dG5
1

~2p!8

d3p18

2E18

d3p28

2E28

d3q2

2E2

d3q1

2E1
d4~p11p22p182p28

2q12q2!

5
dsp

4~2p!8s~12a2!~12b1!

db1

b1
d2q1d2q2dG6 . ~16!

In obtaining this expression, we used the following relatio
for the final particles momenta:

d3q

E
52d~q22m2!d4q5sdadbd2qd~sab2q22m2!.

The above expressions allow one to calculate the differen
cross section of the process under consideration in the B
approximation with power accuracy in energy.

The total cross section of the pair production in the
ementary processg1* g2* →e1e2 drops rapidly as soon a
one of the photons is off-mass shell, which imposes the
per limit of integration over the photon transfer momen
q1

2,q2
2&m2. This limits are much smaller than the chara

teristic momentum where the form factors are at work,

uq1,2u2&me
2!

6

^Rch
2 &A

'
10

RA
2

'
0.25

A2/3
GeV2,

whereRA;1.2A1/3 fm is the nuclear radius, so that the effe
of nuclear form factors can be safely neglected in corresp
dence with Ref.@21#. ~It is not the case for the production o
muon pairs or hadronic states though.!

For this reason the total cross section in the case of e
tron pair production can be evaluated like the nucleus
proximation, i.e., using the above cited expressions. It can
shown, see details in Ref.@22#, that integrating the expres
sion for the differential cross section~14! using the relations
~9!, ~13!, and~16!, one obtains the famous Racah formula@2#
for the total cross section

s5
a4Z1

2Z2
2

pm2

28

27
@L322.2L213.84L21.636#, ~17!

whereL5 ln(g1g2).
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The total cross section of the process under considera
in the Born approximation is a growing function of the in
variant energy~as the third power of logarithm in energy!.
This is the direct consequence of the fact that both phot
are quasireal, which brings to second power of logarithm
Eq. ~17! and one power comes from the common, for
orders integration by the rapidity variableb1.

Before proceeding to calculation of proper Coulomb c
rections, let us make the following remark. Lepton pair c
ated by two photons is produced in even charge, i.e., s
singlet state. The exchange of the odd number of phot
between the Coulomb fields of heavy ions and the produ
leptons will lead to a pair creation in odd charge, i.e., sp
triplet state that does not interfere with the Born amplitud
Nevertheless, later on we have to take into account only
interference of the Born amplitude with the amplitude whe
the four-photon exchanges take place between leptons
colliding particles~see Fig. 3!. Now we can go to the main
topic of the present work, calculations of CC. We begin w
the simplest case that is provided by three-photon excha
between the produced lepton pair and colliding particles.

III. THE COULOMB CORRECTIONS TO THE PAIR
PRODUCTION IN C-ODD STATE

We start with the discussion of the pair production whi
proceeds via the exchange of the odd number of phot
between the colliding particles and produced pair. The a
plitude relevant to the first CC of this type consists of tw
parts M (12)5M (2)

(1)1M (1)
(2) where the amplitudeM (2)

(1) corre-
sponds to the case when lepton pair is attached to the co
ing particleA by one photon and connected withB through
two photons in all possible ways. The case when two p
tons are attached toA ~one toB) is described by the term
M (1)

(2) . As will be shown later, this term can be obtained fro
another one by a simple substitution; so it is enough to c
sider one of them.

The amplitudeM (2)
(1) is described by six Feynman dia

grams that are depicted in Fig. 2. The only essential diff
ence from the Born approximation is the additional phot
exchange with four-momentumk5a p̃21b p̃11k' , in
which the integration has been carried out in the amplitu
To integrate over the Sudakov variablesa andb, we use 12
FD instead of six, which are relevant to this amplitude, a
introduce the statistical factor 1/2!. This trick permits us
provide the eikonal-type integration overb using the identity

E dsb

2p i S 1

sb1 i0
1

1

2sb1 i0D51. ~18!

The convergence of the integration overa is provided by all
six FDs obtained by permutation of all absorption points
exchanged photons by the pair. Closing thea integration
contour to the upper half plane, one can see that only fou
them are relevant. The result is~the details can be found in
appendixes of Ref.@18#!
0-5
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M (2)
(1)5s

~4pa!3Z1Z2
2

2p~q1
21m1

2b1
2!

ū~q2!R(2)
(1)v~q1!, ~19!

R(2)
(1)5

uq1u
sb1

E d2k

p

1

k2~q22k!2
@mê1R2~k!1ê1Q̂2~k!

12z1Q2~k!e112uq1uz1z2R2~k!# p̂2

[
uq1u
sb1

@mê1R(2)
(1)1ê1Q̂(2)

(1)12z1Q(2)
(1)e1

12uq1uz1z2R(2)
(1)# p̂2 ,

with

R2~k!5S~k2!1S~k1!2S~k22k!2S~k12k!, ~20!

Q2~k!5k2S~k2!2k1S~k1!2~k22k!S~k22k!

1~k12k!S~k12k!.

It is easily seen that these structures vanish when an
the photon momenta tends to zero. This property lead
infrared finiteness of expression~19!.

Next, one can see that the spin structure of the first CC
precisely the same as in the Born case. This is the di
result of lepton helicity conservation and, as was shown
Refs.@19,23#, is valid to all orders of perturbation series fo
the case when one considers the single-photon exchang
tween the pair and projectileA with any number of ex-
changes with targetB and vice versa. Using the relation
from Appendix A, one can perform the integration in E
~19! and obtain the analytical expression forR(2)

(1) . In the
general case, this expression is rather cumbersome; th
fore, we will present in Appendix A only the result of inte
gration for the case when the single photon, which is
tached to projectileA, is real (q1→0). The square of
amplitude theM (2)

(1) can be obtained by analogy with th
Born case,

1

4 ( uū~q2!R(2)
(1)v~q1!u25

1

2
z1z2q1

2$~m214z1z2q1
2!

3~R(2)
(1)!21~z1

2 1z2
2 !@~Q(2)

(1)!2

14z1z2~z12z2!

3R(2)
(1)q1Q(2)

(1)#%. ~21!

The amplitudeM (1)
(2) ~two-photon exchange between lepto

pair and the nucleusA1) is readily obtained fromM (2)
(1) by the

following substitutions:

b1↔a2 , z6↔y6 , q1↔q2 , e1↔e2 , p̂2↔ p̂1 .
~22!

Let us estimate the considered CC contribution to the t
cross section. This can be easily done if one restricts him
to the terms growing with energy as the main power of
logarithm,
04272
of
to

is
ct
n

be-

re-

t-

al
lf

e

E
b1min

1 db1

b1
E d2q1

p

q1
2f ~q1

2!

~q1
21m1

2b1
2!2

'L2f ~0!1O~L !,

~23!

b1min5
1

g1g2
.

So that to the leading logarithmical accuracy

sodd
tot 5

a6Z1
2Z2

2~Z1
21Z2

2!L2

pm2
P,

~24!

P5E d2q2

p E d2q1

p Fm4~R(2)
(1)!21

2

3
m2~Q(2)

(1)!2G
q150

.

Using the expressions forR(2)
(1) and Q(2)

(1) from Appendix A,
we calculated this quantity with the resultP'3,6. We want
to emphasize that the general expression~19! contains the
leading logarithm contribution as well as the nonleadi
ones, omitting only those terms that are suppressed by
factor m2/s and vanish in the high-energy limit.

The considered caseq1→0 corresponds to the WW ap
proximation, i.e., to the case when the scattered ionA is not
detected and will scatter at very small angles. We see tha
the case with a semi-inclusive setup~when the scattered ion
is fixed!, we have a much more complicated picture th
nevertheless can be described by the above cited express

The contribution from the interference of the amplitud
M (2)

(1) and M (1)
(2) is enhanced only by the first power of larg

logarithmL due to the boost effect and its impact on the to
cross section will be considered further. Here we only c
this interference contribution to the odd charge part of
total cross section in the general form

sodd
int 5

a6Z1
3Z2

3L

p2 E d2q1

pq1
2

d2q2

pq2
2E dspE dG6

1

4
Sp~ q̂21m!

3R(1)
(2)~ q̂12m!R(2)

(1) . ~25!

IV. THE COULOMB CORRECTIONS TO THE PAIR
PRODUCTION IN C-EVEN STATE

The lowest CC to the pair production in theC-even state
are provided by the four-photon exchange between the
liding ions and the produced pair in all possible ways. Co
ventionally, one can divide them into two sets. The first o
is determined by FD, some of which are depicted in Fi
3~a!,3~b!. The corresponding amplitude denoted byM13

5M (3)
(1)1M (1)

(3) represents the sum of all possible single
tachments to one of the colliding ions with three-photon e
changes between lepton pair and another ion. The secon
is determined by FD depicted in Fig. 3~c! and includes all
double photon exchanges between lepton pair and every
liding ion. We write this amplitude asM (2)

(2) . Using the same
approximations and technique as above for the amplit
M (3)

(1) , we obtain
0-6
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M (3)
(1)5

is

3!

~4pa!4Z1Z2
3

~2p!2~q1
21b1

2m1
2!

ū~q2!R(3)
(1)v~q1!, ~26!

R(3)
(1)5

uq1u
sb1

E d2k1

p

d2k2

p

1

k1
2k2

2~q22k12k2!2
@mê1R3~k!

1ê1Q̂3~k!12z1Q3~k!e112uq1uz1z2R3~k!# p̂2

[
uq1u
sb1

@mê1R(3)
(1)1ê1Q̂(3)

(1)12z1Q(3)
(1)e1

12uq1uz1z2R(3)
(1)# p̂2 ,

which are in close analogy with the amplitudes of diffracti
DIS

R3~k1 ,k2!52S~k2!1S~k22k1!1S~k22k2!

1S~k22q21k11k2!2@k2↔k1#, ~27!

Q3~k1 ,k2!5k2S~k2!2~k22k1!S~k22k1!

2~k22k2!S~k22k2!2~k22q21k11k2!

3S~k22q21k11k2!2@k2↔k1#.

One can see that as in the case of the third-order CC con
ered above, the fourth-order amplitude of first kind~i.e., with
one single attachment! has the same spin structure as t
Born one and can be obtained from it by a simple repla
ment (R1 ,Q1)↔(R3 ,Q3). To get the amplitudeM (1)

(3) , it is
sufficient to make the replacement~22! in the above expres
sions. It is easy to check that the amplitudeM12 vanishes
when any of the photon momentaq1 or q2 goes to zero.
Finally, in the WW limit q1 ,q2→0, one obtains from Eqs
~26!,~27! the expression that coincides with the respect
one from Ref.@24#.

The main contribution to the total cross section com
from the interference ofM13 with the Born amplitudeM (1)

(1) .
To the leading logarithmic accuracy this interference can
read as

s (1)
(3)1s (3)

(1)52
4a6~Z1Z2!2~Z1

21Z2
2!L2

3pm2
P1 , ~28!

P15E d2q2

p

d2q2

p

m2

q2
Fm2R1R(3)

(1)1
2

3
Q1Q(3)

(1)G
q150

.

Comparing this expression with the cross section in the c
of C-odd CC~24!, one can see that both the terms are of
same order in the fine-structure constant and have the s
energy dependence. Moreover, we remark thatP15P. In-
deed, the productR1R(3)

(1) contains 16 terms and making th
proper shifts of the integration variables, one can establis
one-to-one correspondence to 16 terms in (R(2)

(1))2. Similarly,
04272
id-

-

e

s

e

se
e
me

a

the same can be done with the vector productsQ1Q(3)
(1) and

(Q(2)
(1))2. This can be regarded as a manifestation of the w

known Abramovski, Grivov, and Kancheli rules@25#. Really,
the two-photon exchange production of lepton pair can
viewed as a diffraction excitation of the photon, whereas
three-photon exchange can be viewed as absorption co
tion to the one-photon exchange. Furthermore, the total c
section for pair photoproduction in the Coulomb field rea
@26#

sgZ→e1e2Z~s!5
28Z2a3

9m2 F ln
s

m2
2

109

42
2~Za!2

3 (
n51

`
1

n~n21~Za!2!
G , ~29!

which for the relevant order gives

P'P15
28

9
z~3!'3.74, z~3!5 (

n51

`
1

n3
51.202.

By means of numerical calculations, we were convinced t
the equalityP'P1 is fulfilled within several percent accu
racy, which is presumably the artifact of numerical calcu
tion.

Now we can estimate the relevant contribution of the fi
CC to the total lepton pair yield~17!. Using expressions~24!
and ~28!, one can write the total lowest CC to the pair cr
ation to the leading logarithmic accuracy,

Dsodd5sodd
tot 1s (1)

(3)1s (3)
(1)52

a6~Z1Z2!2~Z1
21Z2

2!L2

3pm2
P.

~30!

In the case of Au-Au collisions at RHIC, the considered co
tribution is approximately 10%.

Returning to the second set of the fourth-order CC~two-
photon exchange between the pair and every heavy ion!, we
calculated all respective terms in accordance with the
@see Fig. 3~c!# and obtained the matrix elementM (2)

(2) in the
following form:

M (2)
(2)5 isa424~Z1Z2p!2ū~q2!R(2)

(2)v~q1!, ~31!

R(2)
(2)5E d2k1

p E d2k2

p

1

k1
2~q12k1!2

1

k2
2~q22k2!2

3~11Pud!R(2)
(2) .

The structureR(2)
(2) has the so-called up-down symmetry th

is decoded in the permutation operatorPud acting as follows:
0-7
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PudF~p1 ,p2 ,a,b,q1 ,k1 ,q2 ,k2!

5F~p2 ,p1 ,b,a,q2 ,k2 ,q1 ,k1!. ~32!

The quantityR(2)
(2) is the sum of all terms corresponding to a

possible FD. Its explicit expression is given in Appendix
It can be shown that the quantity (11Pud)R(2)

(2) tends to
zero in four kinematic limitsk1→0, k2→0, (q12k1)→0,
and (q22k2)→0, which is the consequence of the gau
invariance. This property provides its convergence. Unfo
nately, we did not succeed in trying to write down the res
for spin structures in this case as it has be done above fo
terms where there is a single attachment of the exchan
photon to one of the colliding ions.

Nevertheless, we cite here the leading contribution to
C-even state pair creation cross section, which comes f
the interference of this amplitude and the Born term,

seven
int 5

a6~Z1Z2!3L

p2 E d2q1

pq1
2

d2q2

pq2
2E dsp

3E dG6

1

4
Sp~q21m!R(2)

(2)~q12m!R̃(1)
(1) .

~33!

This expression is of the same order in the fine-struct
constant as the considered above interference between
Born amplitude and the first set of the fourth-order term@see
Eq. ~28!#, but it has one power less in its energy dependen

On the other hand, the first power dependence onL and
the same order ina has a contribution to the total cros
section arising from the interference between the amplitu
M (2)

(1) andM (1)
(2) @see Eq.~25!#, which corresponds to the pa

production in theC-odd state. From very general argumen
these contributions have to cancel each other within the lo
rithmical accuracy. The relevant~sixth order ina) elastic
amplitudeF for AB scattering at zero angle~see Fig. 4! has
the following structure:

FIG. 4. Differents-channel cuts for forward elastic scattering
sixth order of perturbation theory.
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F~AB→AB!; ln s2 ip. ~34!

The logarithmic energy dependence of the real part of
amplitude is due to the boost freedom of a light-light sc
tering block, whereas thes-channel discontinuity of this am
plitude has no logarithmic enhancement at all. Therefore
the total cross section of the pair production, the terms p
portional to (Z1Z2a2)3L are absent. It is interesting to chec
this statement by straightforward calculations, that will
done elsewhere. Moreover, the contributions of the fo
(Z1a)2k11(Z2a)2l 11 are absent in the total cross section
any orders of perturbation theory by the same reason. T
statement is in the complete agreement with the results
cently obtained for the Coulomb corrections@27#.

V. CONCLUDING REMARKS

In this work, we have considered lepton pair production
the Coulomb field of two highly relativistic heavy ions. Us
ing the powerful technique of Sudakov variables which
lows one to obtain the results that are correct with the po
accuracy in energy, we get the first terms in perturbat
expansion of the amplitude~up to the fourth order in the
fine-structure constant! and show that they are finite an
gauge invariant. We have obtained simple analytic expr
sions for the Born amplitude and relevant cross sect
which allow one to calculate lepton pair yield in a wid
interval of kinematic variables. It is shown that the terms
the amplitude, which correspond to FD with at least o
single exchange between the created pair and one of the
have the same spin structure in all orders ina, and we pro-
posed simple rules to build them.

In every order of perturbation theory, we have analyz
the obtained CC isolating the leading energy terms, a
showed that the remarkable cancellations among the di
ent terms in the total cross section take place. Finally,
numerical estimates of the main contribution from the CC
the total cross section have been carried out.
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APPENDIX A

We give here the result of two-dimensional integration
loop momenta for scalar and vector structures determin
the first CC,
0-8
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I ~q2!5E d2k

p

1

~k21l2!„~q2k!21l2
…„~q22k!21m2

…

5
1

q2 F 1

^q2&
1

1

^q1&G lnq2

l2
1

1

D F q2
2

^q2&
1

q1
2

^q1&
21G lnm2

q2

1A1 ln
^q2&

m2
1A2 ln

^q1&

m2
, ~A1!

A152
q•q2

q2 F 1

D
1

1

^q2&^q1&G1
1

D F q2
2

^q2&
1

q1
2

^q1&

2
m2q•q1

^q2&^q1&G , ~A2!

A252
q•q1

q2 F 1

D
1

1

^q2&^q1&G1
1

D F q2
2

^q2&
1

q1
2

^q1&

2
m2q•q2

^q2&^q1&G ,
I ~q2!5E d2k

p

k

~k21l2!„~q2k!21l2
…„~q22k!21m2

…

5
q

q2^q1&
ln

^q1&

l2
2

1

D
q1F ln

^q2&

q2
1 ln

^q1&

m2 G
1

1

D
qF q1

2

^q1&
ln

^q1&

m2
2

^q2&2q2

q2
ln

^q2&

q2 G , ~A3!

where we use the notation̂a&5a21m2 and besides

D5^q2&^q1&2m2q2, q5q11q2 .

Using these integrals and expression~20!, for scalar combi-
nation which enters intoM (2)

(1) we obtain
04272
R(2)
(1)5E d2k

p

R2~k!

k2~q2k!2

5
2

D S 12
q2

2

^q2&
2

q1
2

^q1& D ln
^q2&^q1&

m2q2

1
2

q2 S 1

^q1&
2

1

^q2& D ln
^q2&

^q1&
, ~A4!

R2~k!5
1

^q2&
2

1

^k2q2&
1

1

^q1&
2

1

^k2q1&
.

For the case of the vector structures, we obtain

Q(2)
(1)5E d2k

p

Q2~k!

k2~q2k!2

5~q22q1!Fm2

D S 1

^q2&
1

1

^q1& D ln
^q2&^q1&

m2q2

1
1

q2 S 1

^q2&
2

1

^q1& D ln
^q2&

^q1&G ~A5!

1
q

q2 F ~^q1&2^q2&!S 1

D
ln

^q1&^q2&

m2q2

2
1

^q1&^q2&
ln

m2

q2 D 12S 1

^q1&
ln

^q1&

m2

2
1

^q2&
ln

^q2&

m2 D G ,

Q2~k!5
q2

^q2&
1

k2q2

^k2q2&
2

q1

^q1&
2

k2q1

^k2q1&
.

APPENDIX B

The explicit expression forR(2)
(2) is

R(2)
(2)5R12431R13241R24311R31241R13421R1423, ~B1!

with the following spin structures that determine the fourth-order amplitude of the second class@see Eq.~33!#:

R12435
1

s

p̂1~ q̂22q̂11m! p̂2

b1

b2
^q2&1^q22q1&

,

R132452
1

s2

p̂1~ q̂22 k̂11m! p̂2~ q̂22 k̂12 k̂21m! p̂1~2q̂11q̂22 k̂21m!p̂2

b1

b2
^q2&^q22k12k2&1^q22k1&^2q11q22k2&

,

R24315
1

s2

p̂1~ q̂22q̂11 k̂11m! p̂2~2q̂11 k̂11m! p̂1

a2^2q11k1&1a1^q22q11k1&
,

0-9
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R312452
1

s2

p̂2~ q̂22 k̂21m!p̂1~2q̂1q̂22 k̂21m! p̂2

b1^2q21k2&1b2^q22q12k2&
,

R142352
1

s2

p̂1~ q̂22 k̂11m! p̂2~2q̂11q̂11 k̂22 k̂11m! p̂1~2q̂11 k̂21m! p̂2

b1

b2
^q2&^2q11q11k12k2&1^q22k1&^2q11k2&

,

R241352
1

s2

p̂1~ q̂22q̂11 k̂11m! p̂2~2q̂11 k̂11 k̂21m! p̂1~2q̂11 k̂21m! p̂2

b1

b2
^q2&^2q11k21k1&1^2q11k2&^q22q11k1&

, ~B2!

when one used relationsa6b65^q6&.
The symmetry property is caused by the charge conjugation symmetry of the amplitude. There are 24 FD contrib

M (2)
(2) . Instead of them it is convenient to consider 24(2)(2)596 FD, which take as well the permutations of emission a

absorption points of exchanged photons to the nuclei. The result must be divided by(2!)2. This trick provides the convergenc
of a1 ,b2 integrals. All the 24 FD, describing the interaction of four virtual photons with the pair components, are re
providing the convergence ofb1 , a2 integrations. When closing the contour of integration, say in the upper planes, on
of them become relevant. The algorithm of the building structuresRi jkl can be generalized to the case of loop num
exceeding 2.
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