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Holographic nature of three-wave mixing
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Three-wave interactions occurring in conditions of type I phase matching in a uniaxial crystal are considered
in the general case of noncollinear wave propagation. It is demonstrated that, if one among the interacting
fields at v i ( i 51,2,3) is virtually unaffected in amplitude by the interaction, the remaining two fields at
v j ( j Þ i ) are holographic replicas of each other, the constant field acting as the reference field in holography.
Experiments are presented in which a holographic image of an object consisting in a pointlike light source is
obtained by either up- or down-conversion for any choice of the object- and reference-field frequencies among
v1 , v2, andv3.
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INTRODUCTION

Nowadays, the fast response achieved by real-time h
graphic techniques and the high space resolution inhere
holography are extensively used in different scientific a
technical fields such as information processing and opt
computing @1–4#. Some of these techniques adopt thir
order nonlinear media endowed with particularly fast
sponse as the recording materials. Recently, we demonst
the generation of real-time holograms through a seco
order nonlinear interaction, namely, noncollinear seco
harmonic generation@5–8#. In our case the recording an
reconstruction stages occur simultaneously and the time
sponse can be as short as tens of femtoseconds@9,10#. As far
as we know, before our workx (2) effects were never used t
obtain holographic wave-front transformations and only s
dom for wave-front transformations performed for other p
poses; namely, to enhance the detectability of a weak co
ent image-bearing signal embedded in random noise@11–
13#, to improve the beam quality of laser sources@14–20#,
and to generate spatial solitons@21#. In this paper we show
that within the parametric approximation any three-wave
teraction occurring in type I phase matching~PM I! among
waves that propagate noncollinearly to each other insta
neously produces a holographic image of the incident ob
field. The object field at the entrance of the nonlinear crys
is thought of in terms of its plane-wave expansion, wh
allows a rather straightforward description of the nonline
interaction. We substantiate our theory with experiments
which the object field emitted by a pointlike source is any
the three interacting fields~that is, at any of the frequencie
v1 , v2 , v3, with v35v21v1) and the holographic field is
generated at either the sum or the difference frequency.

I. THEORY

We consider the interaction among three amplitu
modulated plane waves,E1(r,t) and E2(r,t) with ordinary
polarization andE3(r,t) with extraordinary polarization, in a
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x (2) nonlinear uniaxial crystal. As depicted in Fig. 1 th
waves propagate in the (y,z) plane at different anglesq1 ,
q2 and q3 to the directionz, which is perpendicular to the
crystal entrance face. Note that the extraordinarily polariz
field E3 is not transverse. With reference to the figure,
can write the fields interacting at positionr[(x,y,z) in any
plane at fixedx as follows:

E1~r,t !5
x̂

2 HA2h0\v1

n1
a1~r!

3exp@2 i ~k1cosq1z1k1sinq1y2v1t !#1c.c.J ,

E2~r,t !5
x̂

2 HA2h0\v2

n2
a2~r!

3exp@2 i ~k2cosq2z1k2sinq2y2v2t !#1c.c.J ,

FIG. 1. Noncollinear three-wave interaction in a type I uniax
crystal. (X,Y,Z): crystal reference frame withZ parallel to the op-
tical axis; (x,y,z): laboratory reference frame with the (x,y) plane
coinciding with the crystal entrance face;a: tuning angle.
©2002 The American Physical Society05-1
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E3~r,t !5
1

2 HA2h0\v3

n3
@ ŷa3y~r!1 ẑa3z~r!#

3exp@2 i ~k3cosq3z1k3sinq3y2v3t !#1c.c.J ,

~1!

in which h0 is the vacuum impedance, andaj (r)
5uaj (r)uexp@iLj(r)# are the complex envelopes of the inte
acting fields with wave vectorskj5njv j /c and frequencies
v1 , v2, andv3 (nj are the corresponding indices of refra
tion!. For frequencies satisfying energy conservation (v3
5v21v1), the classical Maxwell equations describing t
noncollinear interaction in the geometry depicted in Fig
yield the set of equations~see the Appendix!

sinq1

]a1~r!

]y
1cosq1

]a1~r!

]z

5 i @g1a3y~r!1g2a3z~r!#a2* ~r!

3exp@2 i ~Dkiz1Dk'y!#,

sinq2

]a2~r!

]y
1cosq2

]a2~r!

]z

5 i @g1a3y~r!1g2a3z~r!#a1* ~r!

3exp@2 i ~Dkiz1Dk'y!#,

sinq3

]a3y~r!

]y
1cosq3

]a3y~r!

]z

5 ig1a1~r!a2~r!exp@ i ~Dkiz1Dk'y!#,

sinq3

]a3z~r!

]y
1cosq3

]a3z~r!

]z

5 ig2a1~r!a2~r!exp@ i ~Dkiz1Dk'y!#, ~2!

where the~real! coupling constantsg1 andg2 are

g1,25d1,2A2\v1v2v3h0
3

n1n2n3
. ~3!

The coupling constantsd1,2 are defined in the Appendix
and

Dki5k3cosq32k1cosq12k2cosq2 ,

Dk'5k3sinq32k1sinq12k2sinq2 , ~4!

are the phase mismatch components along thez andy direc-
tions.

In analogy with holography, we take only two nonvanis
ing fields entering the crystal atz50, one of which, accord-
ing to the parametric approximation, is assumed to propa
with constant envelope during the interaction~reference
field! and the other is emitted/diffused by the object. Mo
over, the solutions of interest, which we use to interpret
03380
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experimental results, are those for negligible phase m
match. The structure of the coupled equations in system~2!
is such that three different choices of boundary conditions
z50 are relevant. Note that the fields at the crystal entra
are always assumed to be transverse and, in the case
nonvanishingE3 field entering the crystal~see Fig. 1!; this
assumption implies

2
a3y~0!

cosq3
5

a3z~0!

sinq3
[a3~0!. ~5!

By using Eqs.~A8! and ~3!, Eq. ~5! yields

g1a3y~0!1g2a3z~0!

5~d22cosa1d31sina!A2\v1v2v3h0
3

n1n2n3
a3~0!

[ge f fa3~0!, ~6!

which will be useful later@see Eq.~17!#. The three sets of
interesting boundary conditions are as follows.

~1! Sum-frequency generation

a1~0!Þ0, a2~z!5a2~0!, and a3~0!50, ~7!

where field 1 is taken as the object field, field 2 as the re
ence field~with constant envelope!, and field 3 a generated
field.

~2! Difference-frequency generation~DFG, object field at
high frequencyv3)

a1~0!50, a2~z!5a2~0!, and a3~0!Þ0 ~8!

with field 3 as the object field, field 2 as the reference fie
and field 1 as the generated field.

~3! Difference-frequency generation~DFG, object field at
low frequencyv1)

a1~0!Þ0, a2~0!50, and a3~z!5a3~0! ~9!

with field 1 as the object field, field 3 as the reference fie
and field 2 as the generated field. The three cases wil
discussed separately, forDki5Dk'50, since the generate
fields produce different kinds of holographic images.

~1! The general solution to system~2! for the amplitude of
the holographic field generated at the sum frequency is

a3y,3z~y,z!5
g1,2

g
a1~0!sinH gua2~0!u

sin~q12q3!

3@~cosq32cosq1!y2~sinq32sinq1!z#J
3expH i FL2~0!1

p

2 G J , ~10!

where

g5Ag1
2 1g2

2 . ~11!
5-2
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HOLOGRAPHIC NATURE OF THREE-WAVE MIXING PHYSICAL REVIEW A66, 033805 ~2002!
According to the definitions in Eq.~1!, the holographic field
can be written as

E3~y,z,t !5A2h0\v3

n3

ŷg11 ẑg2

2g

3a1~0!sinF gua2~0!u
cos@~q32q1!/2# S sin

q31q1

2
y

1cos
q31q1

2
zD GexpH i FL2~0!1

p

2 G J
3exp@2 i ~k3cosq3z1k3sinq3y2v3t !#1c.c.

~12!

and by defining the unit vectorŵ in the direction of (ŷg1

1 ẑ g2), as

E3~y,z,t !5
ŵ

2
A2h0\v3

n3
$a3~y,z!

3exp@2 i ~k3cosq3z1k3sinq3y2v3t !#1c.c.%

~13!

in which

a3~y,z!5 a1~0!sinF gua2~0!u
cos@~q32q1!/2#

3S sin
q31q1

2
y1cos

q31q1

2
zD G

3expH i FL2~0!1
p

2 G J . ~14!

From the expression in Eq.~14!, we see that the amplitude o
the holographic fielda3(y,z) at any position inside the crys
tal is directly proportional to the amplitude of the object fie
a1(0) at the entrance of the crystal through a complex fu
tion of the position along thez axis ~see Fig. 1!. That is, the
field E3(z,t) generated at the sum frequency indeed rec
structs a holographic image@5,6,22,23#. Moreover, since the
proportionality in Eq.~14! is direct, the holographic image o
a real object is virtual, and vice versa@23#. The virtual nature
of the holographic image of a real object implies the dis
vantage that at least a lens is necessary to make the h
graphic image detectable and usable, for instance, insid
full-optical logic circuit @5–8,24#.

~2! In this case of DFG, the solution to system~2! for the
holographic field amplitude is

a1~y,z!5
ge f f

g
a3~0!sinH gua2~0!u

sin~q12q3!
@~cosq32cosq1!y

2~sinq32sinq1!z#J expH i F2L2~0!1
p

2 G J
~15!

and hence
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E1~y,z,t !5
x̂

2
A2h0\v1

n1
a3~0!sinF gua2~0!u

cos@~q32q1!/2#

3S sin
q31q1

2
y1cos

q31q1

2
zD G

3expH i F2L2~0!1
p

2 G J exp@2 i ~k1cosq1z

1k1sinq1y2v1t !#1c.c. ~16!

As in the previous case, the holographic field amplitude
Eq. ~15! is directly proportional to the amplitude of the ob
ject field at the entrance of the crystal. Thus, this kind
DFG also produces a virtual holographic image of a r
object, and vice versa. By applying case 1 and case 2
cascade one could then realize an all-optical circuit. In fa
if we start with an input~object field! at a given frequency
~say v1) and perform a sum-frequency generation with
reference field atv2, we get a virtual holographic image a
v3 as the output. If we now down-convert the virtual ima
at v3 by using the same reference field atv2 , we get a real
holographic image of the initial object, again atv1, which
eventually can be reused as the input of another all-opt
circuit. Since the object entering this down-conversion s
is actually a virtual image atv3 carried by a nontransvers
field @field E3 in Eq. ~13!#, the output of this step would stil
be represented by Eq.~16! but without the substitution de
fined in Eq.~6!.

~3! In the other case of DFG, the expression for the ho
graphic field amplitude is

a2~y,z!5a1* ~0!sinhH ge f fua3~0!u
sin~q12q2!

@~cosq22cosq1!y

2~sinq22sinq1!z#J expH i FL3~0!1
p

2 G J ~17!

from which

E2~y,z,t !5
x̂

2
A2h0\v2

n2
a1* ~0!sinhF ge f fua3~0!u

cos@~q12q1!/2#

3S sin
q11q2

2
y1cos

q11q2

2
zD G

3expH i FL3~0!1
p

2 G J exp@2 i ~k2cosq2z

1k2sinq2y2v2t !#1c.c. ~18!

At variance with the previous situations, Eq.~17! shows that
the holographic field amplitudea2(y,z) is proportional to the
phase-conjugated complex amplitudea1* (0) of the object
field. Thus, this DFG produces a holographic field that
constructs an image of the same nature as that of the ob
~real from real and virtual from virtual! @23#. This has the
obvious advantage of making it straightforward to detect
holographic image of a real object. Moreover, in the deg
erate casev25v15v3/2, the real holographic image can b
5-3
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MARIA BONDANI AND ALESSANDRA ANDREONI PHYSICAL REVIEW A 66, 033805 ~2002!
reused in an all-optical circuit. Finally, we note that the an
lytical solution in Eq.~18! constitutes a substantial genera
zation of the results obtained by numerical integration of
coupled nonlinear equations in@19# for degenerate parame
ric amplification in collinear propagation geometry.

We analyze the space-dependent phases of the fields
tained above to determine how the wave front of the ob
field transforms into the wave front of the correspondi
holographic field in each of the cases examined. By defin
the space-dependent phasesw j (r) of the fieldsEj (r,t) so that
Ej (r,t)5Ej (r,0)exp$i@wj(r)1v j t#%, in phase matching (k3
5k11k2) for the holographic field in Eq.~13! generated at
the sum frequency with the help of Eq.~14! we find for

case 1,

w3~r!5L1~0!1L2~0!1
p

2
2k3•r, ~19!

and for the two fields obtained by DFG in Eq.~16! and in Eq.
~18!

case 2,

w1~r!52L2~0!1L3~0!1
p

2
2k1•r, ~20!

case 3,

w2~r!52L1~0!1L3~0!1
p

2
2k2•r. ~21!

Apart from the constant phase shiftp/2, Eqs.~19!–~21! can
be rewritten as

w3~r!5w1~r!1w2~r!, ~198!

w1~r!5w3~r!2w2~r!, ~208!

w2~r!5w3~r!2w1~r!. ~218!

From now on we will discuss the degenerate casev15v2
(5v) which, due to type I phase matching, impliesk1
5k2. It is convenient to define the eikonalsL j (r) so that
w j (r)52kjL j (r). For our plane waves we haveL j (r)
5 k̂j•r being k̂j unit vectors parallel to the wave vectors a
we can rewrite Eqs.~22–24! as follows:

case 1,

L3~r!5
L1~r!1L2~r!

2cos@~q22q1!/2#
, ~22!

case 2,

L1~r!52cos~q32q2!L3~r!2L2~r!, ~23!

case 3,

L2~r!52cos~q32q1!L3~r!2L1~r!. ~24!

Equations~22!–~24! can be used in the case of non-plan
wave fronts by taking the unit vectorsk̂j at each pointr on
the wave front parallel to the propagation direction at t
03380
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point and q j5q j (r). We assume as known the constan
phase surfaces~wave fronts! of the two fields in the right-
hand sides of each of these equations and use them to d
mine the shape of the wave front of the third field~s!. We
consider object fields with spherical wave fronts and ref
ence fields represented by plane waves and discuss the
plications of Eqs.~22!–~24! as to the shapes of the generat
wave fronts in cases 1, 2, and 3 separately. Note that, f
spherical object wave front of radiusR, the eikonal with
respect to an origin taken at the wave-front center isL5R
and that, for a plane reference wave front,L is simply its
distance from the origin. With reference to panel~1! of Fig.
2, in case 1 the object and reference wave fronts,W1 and
W2, respectively, withL15R and L25OH crossing atP
generate a second-harmonic field with wave vectork3 along
the bisector of the anglePÔH5q22q1(P) and eikonal
L3(P) given by Eq. ~22!. Since L3(P)cos$@q22q1(P)#/2%
represents the distance of the midpointM of segmentHC
from the originO, Eq. ~22! allows one to find the wave fron
W3 of the second-harmonic generated~SHG! holographic
field via a simple geometrical construction at other directio
also.

This is shown on the left-hand side of panel~1! in Fig. 2.
To find the positionQ of W3 along the direction ofk̂1, the
bisector of the angle betweenk̂1 and k̂2 must be drawn and
intercepted by the perpendicular tok̂2 from M. From this
intercept the perpendicular to the bisector is drawn andQ is
located where it crosses the straight line with directionk̂1. If
the actual object wave front transformed intoW3 is only a
small region of the spherical wave frontW1 , W3 is virtually
spherical with radius 2R since all k̂3 unit vectors, not only
the one at pointP, cross each other at pointO, whereOO8
5OC5R. Therefore the hologram of a point source gen
ated at 2v according to case 1 produces a pointlike image
a distance which is twice that of the object from the crys
BaBO3 ~BBO!. The SHG hologram of an extended obje
would be not only located at double distance but also
larged by a factor of 2 along the average propagation dir
tion of the wave frontW3, while the transverse dimension
of object and holographic replica would obviously be t
same@6#.

The situation in case 2 is depicted in Fig. 2, panel~2!.
HereL35R andL25OH and the object and reference wav
fronts crossing at pointP areW3 andW2, respectively. Equa-
tion ~23! which allows one to find the wave frontW1 of the
field generated by DFG is identical to Eq.~22! once it is
taken into account thatq35(q21q1)/2. Thus pointN on
W3 is the midpoint of segmentHD and, within the same
approximation as above, the wave frontW1 is spherical and
centered at pointO8, where OO85R/2. This DFG holo-
graphic image is then nearer to the crystal BBO and lon
tudinally compressed by a factor of 2 compared to the obj

In case 3,L15R andL35OH as shown in Fig. 2, pane
~3!. Since Eq.~24! can be written as

L2~r!

cos~q22q3!
2L3~r!52F L1~r!

cos~q32q1!
2L3~r!G ~25!
5-4
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FIG. 2. Wave frontsWi( i 51,2,3) ~dotted lines!, generated by three-wave interactions in response to plane and spherical input

fronts~full lines!; k̂i are unit vectors parallel to the corresponding wave vectors. Panel~1!: wave-front transformation in case 1~see text!. The
input wave frontsW1 and W2 ~object and reference, both atv) cross atP and generate, atP, a SHG wave-frontW3 ~hologram at 2v)

directed along the bisector of the anglePÔH5q22q1(P) and having eikonalL3(P) given by Eq.~22!. The geometrical construction show
how to find the other points of the holographic wave frontW3. If the wave front transformed intoW3 is only a small region of the spherica
wave frontW1 , W3 is virtually spherical with radius 2R. Panel~2!: wave-front transformation in case 2~see text!. The input wave frontsW3

~object at 2v) and W2 ~reference atv) cross atP and generate, atP, a DFG wave frontW1 ~hologram atv) propagating at the angle
q152q32q2. Within the same approximation as above, the wave frontW1 is spherical with radiusR/2. Panel~3!: wave-front transfor-
mation in case 3~see text!. The input wave frontW1 ~object atv) andW3 ~reference at 2v) generate a DFG wave frontW2 ~hologram at
v) propagating symmetrically toW1 with respect toW3. In this case the spherical wave frontW1 transforms into a perfectly spherical wav
front W2 with identical radiusR. ~See text for details.!
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for any point Q of the object wave-frontW1 the distance
HQ8 represents the magnitude of the right-hand side in
~25! and the corresponding pointS of the DFG holographic
wave frontW2 is located at the position shown in panel~3!.
In fact, the triangleSS8O8 is the mirror image of triangle
QQ8O with respect to the plane wave frontW3 and the
distanceHS8 represents the first member of Eq.~25!. In this
case the spherical wave frontW1 emitted atO transforms
into a perfectly spherical wave frontW2 with identical radius
R converging toO8. The holographic image of any object
thus a one-to-one replica of the object. Moreover, the spa
resolution of the holographic image is rigorously identical
that of the object, of course if the image and object are
served through pupils of equal apertures. This is only
proximately true in the two previous cases in which the
constructed wave fronts~SHGW3 in case 1 and DFGW1 in
case 2 are spherical only under restricting hypotheses!. Note
that in all cases the transverse dimensions of the hologra
images are identical to those of the objects but only in
last case are the real/virtual nature, the longitudinal size
position~hence the whole shape!, and the frequency all con
served on passing from the object to its holographic rep
generated by the three-wave interaction.

II. EXPERIMENTS

We already checked the results in case 1 by perform
experiments on real objects in the degenerate condition
second-harmonic generation, i.e., SHG holograms for wh
v15v2(5v) @5–8,24,25#. In this paper we present exper
ments in which holograms of pointlike sources of light a
obtained by difference-frequency generation according
both cases 2 and 3 above. We still work at degeneracy
03380
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use either the fundamental or the frequency-doubled ou
of our pulsed laser as the reference field in the two ca
The frequency-doubled output of aQ-switched amplified
neodymium-doped yttrium aluminum garnet~Nd:YAG! laser
~model Quanta-Ray GCR-4, Spectra-Physics Inc., Moun
View, CA! was separated from the nonconverted output b
prism and both beams were suitably space filtered
shaped into collimated beams of about 2 mm diameter.
though a single beam atv was necessary for either of th
two cases of DFG, the infrared beam was split into tw
beams of similar intensity for aligning purposes. The pol
izations were as in Fig. 1, the (y,z) plane being horizontal.
The holograms obtained via DFG were produced in a n
linearb-BaB2O4 ~BBO! crystal, cut at 22.8° for 2v genera-
tion at normal incidence in collinear PM I, with 535 mm2

cross section and 2 mm thickness~Fujian Castech Crystals
Inc., Fuzhou, China!. Before each experiment the two beam
at v were aligned so as to cross at the crystal position
forming an angle of;11° to each other and the BBO wa
angle-tuned to generate the noncollinear second harm
beam. The output at 2v from the laser was then superim
posed on it until a down-converted beam was observed u
blanking one of the two beams atv ~slave beam atv). In
each experiment, the beam playing the role of the refere
beam was enlarged by a telescope formed by two lense
focal lengths230 mm and1100 mm so as to widely illu-
minate the BBO crystal, whose cross section~slant for
achieving noncollinear PM I, see Fig. 1! determined the ef-
fective pupil of our optical systems.

The setup for the experiment in case 2 is sketched in F
3. The telescope was set on the beam atv while the objectO
at 2v was the focal spot of lensl 1 ( f 15100 mm). The
charge-coupled device~CCD! camera to be used as the d
5-5
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MARIA BONDANI AND ALESSANDRA ANDREONI PHYSICAL REVIEW A 66, 033805 ~2002!
tector ~model PE2015, Pulnix Europe, Basingstoke, U.K!
was previously centered on the slave beam atv. Since ac-
cording to Eq.~15! the field generated by the BBO atv
reconstructs a virtual imageO8, a lens (l 2 in Fig. 3, f 2
5150 mm) was inserted to obtain a real image on the C
sensor.

Figure 4 shows the setup for the experiment in case
which the reference beam, enlarged by the telescope, wa
one at 2v while the objectO was the focal spot of lensl 1
( f 15100 mm) set on the beam atv. In this case, as ex
pected from the result in Eq.~17!, the imageO8 is real and
hence directly detectable by the CCD.

In the experiment in case 2 the pointlike objectO was
formed by l 1 at a distancedO529.5 cm from the crysta
BBO, and the distance betweenl 2 and BBO crystal wasl
516 cm~see Fig. 3!. The experiment was performed by u
ing 2.8 mJ pulses in the green object beam and 38.6
pulses in the ir reference beam. The imageO9 formed byl 2
was detected on focus when the CCD was located at a
tancex529.5 cm froml 2. Figure 5 shows this image as a
intensity map with full width at half maximum~FWHM!
diameter of;110 mm, in the vertical direction. By calculat
ing the distance from the BBO crystal at which the ho
graphic imageO8 is located (dO8 in Fig. 3!, we find dO8
51/(1/f 221/x)2 l >14.5 cm, an experimental value th
matches very well the valuedO/2>14.7 cm expected from
Eq. ~26! and Fig. 2, panel~2!. As to the shape ofO8 in the

FIG. 3. Setup for the experiment of DFG in case 2.M: 100%
reflectance mirror; BS:;50% beam splitter; telescope: 3.33;
BBO: b2BaB2O4 crystal; CCD: camera; dashed beam: slave be
for prealigning the CCD. Lensl 1 ( f 15100 mm) forms the pointlike
object sourceO. Lensl 2 ( f 25150 mm) forms the real imageO9 of
the virtual imageO8 created by the DFG wave frontW1.

FIG. 4. Setup for the experiment of DFG in case 3. Lensl 1

( f 15100 mm) forms the pointlike object sourceO. O8 is the real
image created by the DFG wave frontW2. Other symbols as in
Fig. 3.
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transverse (x,y) plane, to be compared with that ofO, we
first note that it is equal to that ofO9 in Fig. 5, due to the 1:1
magnification of the imaging through lensl 2. Moreover,O
has a FWHM diameter of;67 mm, which is the focal spot
of a 2 mmdiameter beam at 532 nm throughl 1, and emits a
wave front W3 ~see Fig. 3! fully covering the BBO cross
section. For infinite cross section the holographic virtual i
ageO8 should also have FWHM diameter equal to;67 mm
since the down-converted wave frontW1 has double curva-
ture and double wavelength as compared toW3. Actually
this is true only as long as the approximation ofW1 by a
spherical wave front is acceptable.

As shown in Fig. 5 we find;113 mm in the vertical
direction. In the horizontal direction we find a little mor
maybe because of the narrower aperture due to the tilt of
crystal that is necessary for achieving PM I among nonc
linear wave vectors.

In the experiment in case 3 the pointlike objectO was
formed byl 1 at a distancedO527 cm from the crystal BBO,
which within the experimental accuracy (,5 mm) was
equal to the distancedO8 ~BBO crystal to CCD camera; se
Fig. 4! at which the holographic imageO8 was detected in
focus, in agreement with the result in panel~3! of Fig. 2.
This experiment was performed by using 27.3 mJ pulse
the ir object beam and 1.8 mJ pulses in the green refere
beam.

The detected real imageO8 is displayed in Fig. 6 as an
intensity map. The FWHM diameter of the image
;160 mm in the vertical direction and;200 mm in the
horizontal one. In this case,O being the focal spot of a 2 mm
diameter beam at 1064 nm throughl 1, its FWHM diameter is
;135 mm and the object wave frontW1 when it impinges
on the crystal is almost as extended as wasW3 in the previ-
ous case. Again we find a DFG holographic spot image o
slightly bigger than the object spot. The last experime
shows that the phase-conjugate version of any input w
front can be obtained, a result that remarkably strength
the pioneering experimental work of Avizoniset al. @14#.

CONCLUSIONS

We considered the parametric interaction in ax (2) nonlin-
ear material~uniaxial crystal BBO! of three noncollinearly

FIG. 5. ImageO9 detected on focus by the CCD camera in ca
2 ~average of 50 repetitions!.
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propagating waves satisfying a type I phase-matching co
tion. We analytically solved the equations governing the
teraction of fields at different frequencies for all initial co
ditions ~three cases! of relevance to demonstrate that a
sum or difference frequency interaction generates a fi
which is a holographic replica of the input field that plays t
role of the object field. An analysis of the wave fronts p
formed through their eikonals allowed us to determine
position and shape of the image reconstructed by the ge
ated wave front. The three cases, at degeneracy, were ex
mentally verified by adopting a pointlike source as the o
ject. The distance of holographic image to crystal w
respect to the distance of object to crystal scales exactl
expected from theory in each case. As to the transverse s
of the holographic images, in the case of SHG hologra
~case 1 in this paper! we already published a series of e
periments demonstrating full agreement with the the
above @5–8,24,25#. Here, in two cases of DFG~with the
object field at 2v and reference atv in case 2 and vice vers
in case 3! we find agreement of the holographic spot siz
with the expected values. The agreement is better in the la
case, a result that also agrees with our theoretical treatm
In fact, case 3 is the only one in which the shape of the w
front reconstructed by the interaction is rigorously identi
to that~spherical! of the object wave front@see Eq.~28! and
panel ~3! in Fig. 2#. The noticeable fact that this type o
difference frequency generation in a phase-matched inte
tion occurring in noncollinear geometry provides exa
phase-conjugated replicas of wave fronts with arbitr
shapes allows applications that go beyond those of real-
holography ~e.g., see@25#!. Moreover, the technique de
scribed in this paper can be applied, as it is, to phase co
gation of ultrashort pulses because we demonstrated its
eration in BBO, a material in which group-velocity matchin
is achieved from blue to ir wavelengths via suitable nonc
linear interaction geometries and the group-velocity disp
sion is so negligible as to allow efficient conversion of puls
with tens of femtoseconds duration@9,10,26,27#.
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FIG. 6. ImageO9 detected on focus by the CCD camera in ca
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APPENDIX

According to Eq.~1! the total field inside the crystal is

E5E11E21E35~E11E2!x̂1E3yŷ1E3zẑ ~A1!

and satisfies the wave equation

¹2E2
1

c2

]2E

]t2
5m0

]2PNL

]t2
. ~A2!

It is convenient to consider a system of coordinates (X,Y,Z)
intrinsic to the crystal, withZ along the optical axis andX
parallel tox, because the calculation of the nonlinear pol
ization PNL becomes straightforward:

S ~PNL!X

~PNL!Y

~PNL!Z

D 52S 0 0 0 0 d31 2d22

2d22 d22 0 d31 0 0

d31 d31 d33 0 0 0
D

3S EX
2

EY
2

EZ
2

2EYEZ

2EXEZ

2EXEY

D , ~A3!

where the matrix contains the nonlinear coupling coefficie
@28#. According to Fig. 1, we have

EX5E•X̂5E11E2 ,

EY5E•Ŷ5E3y ŷ•Ŷ1E3zẑ•Ŷ

5E3ycos~a2q3!1E3zsin~a2q3!,

EZ5E•Ẑ5E3y ŷ•Ẑ1E3zẑ•Ẑ

52E3ysin~a2q3!1E3zcos~a2q3!. ~A4!

Once the components of nonlinear polarization in the re
ence frame (X,Y,Z) are obtained, the direct substitution o
Eq. ~A4! into Eq. ~A3! gives the components in the labor
tory frame (x,y,z):

PNL• x̂5~PNL!XX̂• x̂5~PNL!X ,

PNL• ŷ5~PNL!YŶ• ŷ1~PNL!ZẐ• ŷ

5~PNL!Ycos~a2q3!2~PNL!Zsin~a2q3!,

e
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PNL• ẑ5~PNL!YŶ• ẑ1~PNL!ZẐ• ẑ

5~PNL!Ysin~a2q3!1~PNL!Zcos~a2q3!.

~A5!

We now consider the components of Eq.~A2! in the frame
(x,y,z) and obtain the following system of equations:

¹2~E11E2!2
1

c2

]2~E11E2!

]t2
5m0

]2PNL• x̂

]t2
,

¹2E3y2
1

c2

]2E3y

]t2
5m0

]2PNL• ŷ

]t2
,

¹2E3z2
1

c2

]2E3z

]t2
5m0

]2PNL• ẑ

]t2
.

~A6!

The second members of these equations contain a numb
terms at different frequencies, while each term in the fi
members depends on only one of the frequenciesv1 ,v2 ,v3.
Thus by equating the terms at the same frequency we g

¹2E12
1

c2

]2E1

]t2
54v1

2@d1E3y1d2E3z#E2* ,

¹2E22
1

c2

]2E2

]t2
54v2

2@d1E3y1d2E3z#E1* ,

¹2E3y2
1

c2

]2E3y

]t2
54v3

2d1E1E2 ,

¹2E3z2
1

c2

]2E3z

]t2
54v3

2d2E1E2 , ~A7!

where we have defined
R.

ec

.

-

-

-

n

03380
of
t

d15d22cos~a2q3!1d31sin~a2q3!,

d25d22sin~a2q3!2d31cos~a2q3!. ~A8!

We now proceed to evaluate the first members of Eq.~A7!
for the fields in Eq.~1!:

¹2E12
1

c2

]2E1

]t2
5

1

2
A2h0\v1

n1
exp@2 i ~k1cosq1z

1k1sinq1y2v1t !#H ]2a1~r!

]y2

22ik1sinq1

]a1~r!

]y
2k1

2sin2q1a1~r!

1
]2a1~r!

]z2
22ik1cosq1

]a1~r!

]z

2k1
2cos2q1a1~r!1k1

2a1~r!J 1c.c.

5
1

2
A2h0\v1

n1
exp@2 i ~k1cosq1z

1k1sinq1y2v1t !#H 22ik1sinq1

3
]a1~r!

]y
22ik1cosq1

]a1~r!

]z J 1c.c.,

~A9!

where we choose to neglect the second derivatives. By
peating the same procedure for the other fields, we obtain
system in Eq.~2!. We checkeda posteriorithat the analytical
solutionsaj (r) to system~2! allow such a ‘‘slowly varying
envelope’’ approximation in all cases.
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