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Spin squeezing and entanglement in spinor condensates

Özgür E. Müstecaplıog˘lu, M. Zhang, and L. You
School of Physics, Georgia Institute of Technology, Atlanta, Georgia 30332

~Received 3 March 2002; published 20 September 2002!

We analyze quantum correlation properties of a spinor-1 (f 51) Bose-Einstein condensate using the Gell-
Mann realization of SU~3! symmetry. We show that previously discussed phenomena of condensate fragmen-
tation and spin mixing can be explained in terms of the hypercharge symmetry. The ground state of a spinor-1
condensate is found to be fragmented for ferromagnetic interactions. The notion of two-bosonic-mode squeez-
ing is generalized to the two-spin (U-V) squeezing within the SU~3! formalism. Spin squeezing in the isospin
subspace~T! is found and is numerically investigated. We also provide results for the stationary states of
spinor-1 condensates.
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I. INTRODUCTION

The availability of atomic Bose-Einstein condensa
~BEC! with spin degrees of freedom has stimulated mu
recent interest because of their applications in quantum
formation physics. Atomic spinor-1 condensates~hyperfine
spin f 51 for each atom! were first realized by transferrin
spin-polarized BEC prepared in a magnetic trap into a
off-resonant optical trap@1# and more recently in an all op
tical trap @2#. Spinor-1 condensate can be treated as a th
component order parameter, one for each Zeem
component of the hyperfine manifold. Early theoretical stu
ies have clarified rotationally invariant descriptions includi
elastic s-wave collisions@3–7#. Recent investigations revea
that such a system also possesses complex ground-
structures and can exhibit novel dynamical effects@7–9#,
such as fragmentation@10#, spin mixing, and entanglemen
@3,7,11#. This paper contains further analysis of such qu
tum correlation properties of a spinor-1 condensate@11,12#.

For a spin-half (f 51/2) atomic system, a rotationally in
variant Hamiltonian is known not to induce spin squeez
as the total spin is conserved@13#. For a spinor-1 condensate
it was found that its Hamiltonian becomes rotationally
variant if the single~spatial!-mode approximation is made t
its order parameters, i.e., assumingcmf

(rW)5f(rW)amf
with

the same mode functionf(rW) @3,7#. (amf
is the annihilation

operator for atoms in Zeeman statemf56,0.! However,
various nonlinear processes do occur within different s
spaces of the full SU~3! structure of a spinor-1 condensat
In this paper, we verify the existence of spin squeezing in
isospin subgroup@12#.

Historically, atomic squeezed states were first conside
for a system of two-level atoms. Even in this simple SU~2!
case, it was found that some operational definitions of s
squeezing can become system dependent. Depending o
context in which the concept of squeezing is applied, diff
ent definitions arise@14#. Squeezing in atomic variables wa
first introduced through reduced fluctuations in the atom
~Pauli! operators of the system@15# such that atomic reso
nance fluorescence in the far-field zone is squeezed. In
case, it is useful and convenient to define the atomic squ
ing parameter according to
1050-2947/2002/66~3!/033611~9!/$20.00 66 0336
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jh5DJi /Au^Jj&/2u, i 5” j P~x,y,z!. ~1!

This definition can be essentially read off from the Heise
berg uncertainty relationDJiDJj>u^Jk&/2u for the collective
angular-momentum components of the two-level atom
system.

When in a squeezed statejh,1, the quantum fluctuation
of one collective angular-momentum component becom
lower than the Heisenberg limited value at the cost of
creased fluctuation in the other component. The general f
ily of two-level atomic states satisfying this criterion wa
found to be Bloch states, or SU~2! coherent states. Thes
‘‘squeezed states’’@in the sense of Eq.~1!# are obtained by
simply rotating the collective~Dicke! stateuJ,6J& in space
@16#. When it comes to taking advantage of atomic squee
states in spectroscopy, it turned out to be that it is possibl
determine more useful set of states with new squeezing c
ditions @17#. In particular, for Ramsey oscillatory field spe
troscopy, a new squeezing parameter@17#,

jR5A2JDJ' /u^JW &u ~2!

is called for withJ' the angular-momentum component no
mal to the^JW &, i.e., in the direction of the unit vectornW along
which D(nW •JW ) is minimized. The squeezing conditionjR
,1 is not straightforwardly determined by the Heisenbe
uncertainty relation. Instead, it is defined by requiring t
improvement of signal-to-noise ratio in a typical Rams
spectroscopy. It was later shown that the same criterio
also applicable for improving the phase sensitivity of
Mach-Zehnder interferometer@14#. jR[1 for Bloch states or
SU~2! coherent states.

An independent refinement ofjh was suggested by Kita
gawa and Ueda@13# to make it independent of angula
momentum coordinate system or specific measurem
schemes. They emphasized that collective spin squee
should reflect quantum correlations between individ
atomic spins and defined a squeezing parameter

jq5DJ' /AJ/2 ~3!

to measure such correlations.@The factorJ/2 in the denomi-
nator represents the variance of a Bloch state, which co
©2002 The American Physical Society11-1
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from simply adding up the variance of each individual sp
~1/2!#. When quantum correlations exist among differe
atomic spins, the variance of certain component of the c
lective spin can become lower thanJ/2. This leads naturally
to the criterionjq,1 for spin squeezing. Instead of simp
rotation of Dicke states, more complicated ‘‘axis twisting
schemes are required to generate squeezed states sati
this criteria@19#. We note that this definition is directly re
lated to the spectroscopic definition asjR5(J/u^Jz&u)jq .

More recently, a particular type of quantum correlatio
namely the multiparticle entanglement, becomes impor
for quantum information physics. To relate atomic squeez
to entanglement, a more stringent criterion for atom
squeezing which combines the quantum correlation de
tion with the inseparability requirement of system dens
matrix is given by@18#

je
25

~2J!D~nW 1•JW !2

^nW 2•JW &21^nW 3•JW &2
,1, ~4!

with the nW i being mutually orthogonal unit vectors.je is in
fact identical tojR along the direction̂ nW 1•JW &50. It was
proven rigorously that whenje,1, the total state of theN
two-level atoms becomes inseparable, i.e., entangled
general sense. All three definitions above apply to a tw
component~two level! atomic system. Many complication
arise when attempt is made to extend spin squeezing
spinor-1 SU~3! system. Under certain restrictive condition
je has been used recently to discuss a two-mode entan
ment in a spinor-1 condensate@11#.

A related problem to spin squeezing is its efficient ge
eration and detection. In accordance with their respec
definitions for SU~2! systems, several physical mechanis
have been proposed along this direction. Kitegawa and U
considered a model HamiltonianHKU5\xJz

2 that can be
realized via the Coulomb interaction between electrons in
two arms of an interferometer@13#. Barnett and Dupertuis
suggested that spin squeezing can be achieved in a two-
system described byHBD5 i\(g* J11J212H.c.) @20#. The
use of a pseudospin two-component atomic condensate
tem has also been suggested@18#. Recently, two different
groups considered atomic~spin! squeezing and entangleme
in a spinor-1 condensate, under the assumption that on
the components is highly populated such that quantum p
erties are important only among the remaining two spars
populated components@11,12#. Our aim in this study is to
remove such a restrictive condition, and consider the
quantum correlations within a spinor-1 condensate.

Let us consider a general three-component system lab
by i , j P$1,2,0%. For spectroscopic and interferometric a
plications the observables of interest are the relative num
of particles Ni2Nj ~particle partitioning! and the corre-
sponding phase differencesf i2f j with their measurement
limited by noises dNi j 5^@D(Ni2Nj )#2&1/2 and df i j
5^@D(f i2f j )#2&1/2. For a two-component system, the pa
ticle partitioning becomes the collective angular-moment
projection asN12N252Jz in the standard Schwinger rep
resentation; the relative phase becomes the correspon
03361
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azimuthal phasefz[f12f2 , which is conjugate toJz .
Quantum mechanically they satisfy@Jz ,fz#5 i . Thus from
dJzdfz>1 and dN1252^DJz

2&1/2, we find df12

'^DJy
2&1/2/u^Jx&u @19#. Therefore, for spin squeezed state

one achieves higher angular resolution and reduced par
partitioning noise. In a three-component system, we
similarly associate the three number differenceNi2Nj with
three subspace pseudospins~each of spin-1/2)UW , TW , andVW
such that N12N252T3 , N12N052V3, and N22N0
52U3. The phase differences can then be similarly e
pressed in terms of componentsUx,y , Vx,y , andTx,y . When
demanding noise reduction in such a SU~3! system, we need
to consider squeezing in the three spin-1/2 subsystems.
may naively expect that results from the above discus
SU~2! squeezing can be applied to each of the three s
systems, and collectively, one can simply demand thatje
,1 to be satisfied simultaneously. In reality this does n
work as the three spin-1/2 subsystems do not commute
each other. This is also the fundamental reason that mak
difficult to generate and detect quantum correlations in a
SU~3! system. Furthermore, due to the above noncommu
nature, the three SU~2! subspins cannot be squeezed ind
pendently of each other. Previous discussions of a spin
condensate entanglement are always limited to just
SU~2! subspace, usually in the limitN0;N, i.e., one mode is
highly populated. Approximately, this limit destroys the u
derlying noncommutative algebra among (U,V,T) and sim-
plifies the problem to that of a usual two-mode SU~2! sys-
tem.

One of the major results of this paper is that the effect
Hamiltonian of a general spinor-1 condensate can be dec
posed as

H5\xKUT3
21\xBD~U1V11H.c.!, ~5!

which involves both the Kitagawa-Ueda~KU! and Barnett-
Dupertuis ~BD! type of spin squeezing simultaneously.
other words, all three fictitious spins can indeed be fou
squeezed in a spinor-1 condensate, as the above two dis
nonlinearities commute with each other, and theref
squeeze all three SU~2! subspaces simultaneously. We fin
that the BD-type interaction dominates whenN0 is large;
while in the opposite limit the KU-type squeezing govern
For intermediate values ofN0 it is necessary to consider
generalized spin squeezing for the three-mode spinor-1
tem. To achieve this, we provide a criterion for theU-V
two-spin squeezing based on reduced quantum fluctuat
imposed by the BD-type nonlinearity. When such a condit
is satisfied, the state of a spinor-1 condensate a
macroscopic-coherent quantum object becomes useful
three-mode spectroscopic and interferometric applicatio
We further show that this condition also corresponds to
two-mode entanglement in terms of the Holstein-Primak
bosonic modes, and it reduces to previous results in the l
N0 limit @11,12#. Squeezing inT spin is particularly useful
for quantum information applications based on collect
~Dicke! statesuJ,Jz&. These states are in fact stationary in
spinor-1 condensate and can be manipulated via exte
1-2
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control fields @7#. Since Jz5N12N252T3, such
T-squeezed states ensure well-defined Dicke states.

In our study of spin squeezing in a spinor-1 condensat
outlined in this paper, we present a systematic approach
recognizing the (U,V,T) pseudospin subspaces as the G
Mann ~quark! realization of the SU~3! algebra@21#. Similar
recognitions are found useful in the recent discussions
quantum and semiclassical dynamics of three coupled ato
condensates@22#, where the BD-type two-spin squeezin
nonlinearity was absent. Earlier investigations of three-le
atomic systems also made efficient use of the density ma
and expressed atomic Hamiltonians in terms SU~3! genera-
tors @23,24#. The main difference between our approach~on
spinor-1 BEC! and those of earlier studies are the envelop
Weyl-Heisenberg algebra of the bosonic operators, wh
leads to subsequently much larger Hilbert space of the
tem. In addition to spin squeezing, we also investigate o
quantum correlation effects, e.g., condensate fragmenta
with the theoretical framework. We show that previous the
ries based upon the SO~2! rotational symmetry group canno
give a decomposition of angular-momentum operator w
nonlinearities that could easily be considered for s
squeezing.

II. SU„3… FORMULATION FOR SPINOR-1 BEC

We shall treat the spinor-1 BEC under the single-mo
approximation@7#. It should be noted that the validity of it i
now reasonably well understood@7,11,25#, and for ferromag-
netic interactions, it is in fact exact as shown recently@25#.
Under the single-mode approximation@7#, a spinor-1 con-
densate is described by the Hamiltonian

H5mN2ls8N~N11!1la8~L222N!, ~6!

whereN5n11n21n0 is the total number of atoms and th
collective angular momentum~L! with the familiar raising
~lowering! operatorL15A2(a1

† a01a0
†a2) (L25L1

† ), Lz

5n12n2 , andni5ai
†ai . m is the chemical potential.ls,a8

are renormalized interaction coefficients, related to vari
s-wave scattering lengths andf(rW) @3,7#. a6,0 can form a
similar Schwinger representation of SU~3! in the following
manner:

T15a1
† a2 , T35

1

2
~n12n2!, ~7!

S V1

U1
D 5a6

† a0 , S V3

U3
D 5

1

2
~n62n0!, ~8!

N5n11n21n0 , ~9!

Y5
1

3
~n11n222n0!. ~10!

The linear combinationsX66X7 (X5T,U,V) together
with T3 andY resemble the set of eight generators of SU~3!
in spherical representation.T6,3 , U6,3 , and V6,3 fulfill
commutation relations @X1 ,X2#52X3 and @X3 ,X6#
03361
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56X6 of the su~2! algebra. Let us emphasize that we callT
operators the isospin andY operators the hypercharge on
because of their formal resemblance@21#. U andV subalge-
bras will be calledU andV spin, respectively. We then hav
L15A2(V11U2), Lz52T3, and

L254T3
21

1

2
~N2e1!~N2e2!22~Y2Y0!21GY ,

~11!

GY52~V1U11H.c.!, ~12!

with e6523/26A2, andY052N/621/4. For N@1 this
gives Y0'2N/6, which corresponds ton05N/2. Using
@T3 ,V6#56V6/2 and @T3 ,U6#57U6/2, we find
@T3 ,GY#50 consistent with@H,Lz#50. Hence the Hamil-
tonian ~6! separates into three commuting partsH5HN@N#
1HT@T3#1HY@Y#. To our knowledge, this decompositio
has not been discussed before. In Ref.@22#, a model ofH
5x(T3

213Y2) has been considered for both the quantu
and the semiclassical dynamics ofY as well as for SU~3!
coherent states. We note that the decomposition~11! differs
from the Casimir relation for the two-mode case@26#. In fact,
with the spin singlet pair operatorA5(a0

222a1a2)/A3 as
defined by Koashi and Ueda@8#, we find L25N(N11)
2A†A. We note that, neitherH}L222N @7# nor H}N(N
21)2A†A @4# can lead to any simple recognition of th
nonlinear coupling among the various spin components.

By denoting the simultaneous eigenstates of commu
operators (N,Y,T3) as uN,T3 ,Y&, we find

S V1

U1
D uN,T3 ,Y&5AS N

3
2YD S N

3
6T31

Y

2
11D

3UN,T36
1

2
,Y11L ,

i.e., GY only couples next-nearest neighbors along theY axis
through off-axial hopping as depicted in Fig. 1@27#. Perhaps
it is not surprising that operatorsT6 , U6 , andV6 are sim-
ply the off-diagonal elements of the single-particle dens

FIG. 1. The action ofGY in T3-Y space. Any point is coupled
only to its next-nearest neighbors alongT3 axis through a two step
processV1U1 on theY line with T3 unchanged in the end. Not
that V1 and U1 commute with each other and the conjugate p
cess is also shown.
1-3
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operatorrmn5am
† an , while N, T3, andY are related to the

diagonal elements.T6 , V7 , andU6 all raise and lower the
T3 value by~1 or 1/2!.

As an example, we consider the simple case of theT3
50 block along the line in Fig. 1 of the Hamiltonian~6! for
la8,0, the ferromagnetic case~as in 87Rb @2#!. The polar
case ofla8.0 ~as in 23Na BEC @1#! has been discussed i
Ref. @3#. Dropping the constantHN@N# and writing in the
units of ula8u, the Hamiltonian becomes

H52~Y2Y0!222tY~ uY12&^Yu1H.c.!, ~13!

where tY5(N/32Y)(N/31Y/211). Following the tight-
binding procedure for the restricted two-mode case (1 and
2) discussed in Ref.@9#, its eigenstates can be found b
determining thec(Y) of uc&5(Yc(Y)uY& through a differ-
ence equation

Ec~Y!52~Y2Y0!2c~Y!22@ tY22c~Y22!1tYc~Y12!#.
~14!

In the continuum limit and up to the first order inO(uYu/N),
the equivalent differential form becomes

S E

8Y0
2

11D c522
]2c

]Y2
2

1

Y0

]c

]Y
1

~Y2Y0!2

4Y0
2

c. ~15!

Its ground state is therefore

uc&5(
Y

expS 2
A2~Y2Y0!2

8uY0u
1

Y2Y0

4uY0u D
~puY0u/A2!1/4

uY&, ~16!

which gives a diagonal̂ rmn& with ^n0&5N/2 and ^n6&
5N/4, i.e., a fragmented state@9,10#. To check the validity
of this approximate analytical result, we also solved the sa
problem for N5103 within the T350 block by an exact
diagonalization procedure. The results are compared in
2. We see that the analytical result agrees well with the ex

FIG. 2. The ground-state expansion coefficientsc(Y)[c(n0)
as a function ofn0 for N51000 atoms in theT350 block. The
solid curve is the approximate analytical result Eq.~15! while the
other curves are obtained by an exact diagonalization procedu
03361
e
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ct

numerical result. Since the Hamiltonian is block diagonal
evenn0 and oddn0 spaces, we find two degenerate grou
states with even and oddn0 components, respectively. Thes
ground-state pairs have opposite phases as seen in Fi
The approximate result here applies for a value of evenN,
which leads to an evenn0 within the T350 block. Hence,
only the evenn0 block of the Hamiltonian should be consid
ered when compared with the Fig. 2. We will also sho
below that under the single-mode approximation, the ex
ground state forN@1 is generally a fragmented state wi
^n0&5N/2. We note the structural resemblance to the Sch¨-
dinger cat state~superposition of two macroscopic quantu
states! separated in the angular momentumLz , found in two-
component BECs with Josephson-type coupling@28,29#.

In a spinor-1 condensate as considered here, we find
the dynamical behavior can be characterized byY5N/3
2n0, which can be expressed asY52(U31V3)/3. Since the
azimuthal phases are conjugate to angular-momentumz pro-
jection operators, the catlike ground states predicted here
semble the angular-momentum cat states of a tw
component condensate in its conjugate phase spaces. Fi
we note that the symmetry pointY0 can be adjusted by ex
ternal control fields that contribute terms proportional ton6,0
to the Hamiltonian, and can be absorbed into the (Y2Y0)2

term through a newY0 asn65N/31Y/26T3 andn05N/3
2Y.

We have now seen that the Hamiltonian of the syst
effectively describes a one-dimensional dynamics along
Y axis, similar to that of a diffusive random walk process b
now with an attractor~for la8,0)Y0. Hence, we expectY0 to
influence population dynamics in a similar manner as it
fects the fragmentation. ForT350, it is known that popula-
tions oscillate around time-averaged valuesn05N/2 and
n65N/4, which are the same as the results we found for
fragmented ground states. We conclude that steady-state
ues of population oscillations as well as fragmentation
determined by the hypercharge symmetry pointY0, which
can be shifted by external fields.

III. TWO-SPIN AND ISOSPIN SQUEEZING

The form of GY suggests the existence of two-mod
squeezing as was also noted recently by Duanet al. @11#,
who studied a spinor-1 condensate initially prepared in
Fock state with onlymf50 state populated. During the tim
when the total number of excitations into statesmf561 are
negligible, the spin-mixing term (GY) in the Hamiltonian
simply reduces to a two-mode squeezing nonlinearity
^n0&(a1

† a2
† 1H.c.). This creates a continuous variable-ty

entanglement, or mode entanglement in the second quan
tion form. In order to relate continuous variable-type e
tanglement to measurable spectroscopic spin squeezing
particle entanglement, Ref.@11# first showed that in the low
excitation limit, the two-mode entanglement criterion c
also be expressed in terms of spin squeezing parameter
Lx,y .

In order to use the two-level SU~2! definition for spin
squeezing ofLx,y , new pseudospinsJ6 were introduced
within the the two-level subsystemsu11&6u21& and u0&.
They found that whenLz'0, the system Hamiltonian be

.

1-4
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comes effectively H5la8(L
222N)'la8(Lx

21Ly
2);(J1x

2

1J2y
2 ), which causes each spin-1/2 subsystem to

squeezed via the single-axis twisting scheme. For the in
pendent single-axis twisting scheme to work efficiently
achieving substantial spin squeezing, the commuta
@J1x/y ,J2x/y#5(T22T1)/4}Ty , needs to be small. Hence
squeezing in the isospin is essential to achieve this two-m
squeezing goal. Without it, large quantum fluctuations inTy
would destroy the two-mode squeezing.

Unfortunately, both the relationship between the tw
mode squeezing and spin squeezing as well as the inte
tation in terms of a dual single-axis twisting fails to be a
equate for higher excitations under more realistic situatio
Indeed, for the extreme opposite case ofn0!n6;N/2, the
Hamiltonian describes a single-mode amplitude squeezin
it reduces toGY;(a0

†21H.c.). Anywhere in between thes
two extreme limits, we propose a different type of squeezi
two-spin squeezing, as a generalization of single-s
squeezing by taking into account quantum correlations
mode-entanglement applications.

We first note that the two extreme types of squeezing
GY can be handled at arbitrary levels of excitation by int
ducing a new two-spin squeezing operator via

K15V1U1;H a1
† a2

† , n0@n6

a0
2 , n0!n6 ,

~17!

K25K1
† , ~18!

with @K2 ,K1#52K3. The squeezing mechanism in Ham
tonian ~6! is now understood to be a generalized BD-ty
squeezing via theV1U11H.c. nonlinearity inGY . This is
significantly more complicated than the two-bosonic-mo
squeezing as the two spinsU and V have a noncommuting
algebra. The mode entanglement of approximate bos
modesa68 5a6a0

†/A^n0& of Ref. @11# can in fact be general
ized to mode entanglement between exactly boso
Holstein-Primakoff modes@30#, ax5u,v defined throughX1

5ax
†ASx2Nx andX35Nx2Sx/2, in the spinSx/2 realization

of corresponding su~2! algebras ofU and V spins withNx

5ax
†ax . The squeezing treatment with the exact boso

modesaU andaV remains to be more complicated than t
usual two-bosonic-mode squeezing as it also suffers from
underlying noncommutative algebra. This representation
duces to the usual SU~1,1! two-mode squeezing or amplitud
squeezing in the appropriaten0 limits. At low excitations
whenn0'N, we haveX3'2N/2, Sx'^n0&, andNx'0. In
this case,X2'A^n0&ax and GY52^n0&(av

†au
†1H.c.) dem-

onstrates the two-mode@SU~1,1!# squeezing as in Ref.@11#.
In the largen0 scheme of Ref.@11#, such modes are sparse
populated, sincea81

† a18 5n1(11n0)/n0. In the opposite
case of largen6 , we are in the strong excitation regime wi
Nv'1, Sv/u'^n6&, which gives effective modes to b
a6

† a0 /An6 with large occupations.
In order to define two-spin squeezing introduced via theK

operators in a similar way to the two-mode bosonic sque
ing, we introduce Hermitian quadrature operators
03361
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Xu
a5~eiaU21H.c.!/A2, ~19!

Xv
a5~eiaV21H.c.!/A2, ~20!

Q1
a 5~Xv

a1Xu
a!/2, ~21!

Q2
a1p/25~Xv

a1p/22Xu
a1p/2!/2. ~22!

From JW 65VW 2UW and J635(3Y/26Tx)/2, we find Q6
a

5nW (a)•JW 6 with nW (a)5(cosa, sina, 0). If U and V were
not correlated, their respective quantum noises would c
tribute to that ofJ6 additively. Existence of quantum corre
lations between theU andV spins would reduce the quantum
fluctuation inJ6 . Thus, the (J6) spin squeezing is achieve
by two-spin (U-V) squeezing. From@U2 ,V2#50, we find
that

~DQ1
a !21~DQ2

a1p/2!25 (
a5u,v

@~DXa
a!21~DXa

a1p/2!2#

1C uv
a , ~23!

with the U-V correlation function

C uv
a 5e22ia^V1 ,U1&/21c.c. ~24!

denote the correlations amongU-V spins to the quadrature
noise, which reduces the uncertainty bound when two-s
squeezing occurs. We find a lower bound for the quadra
noise (a5u,v@(DXa

a)21(DXa
a1p/2)2#, by noting that

@Xv
a ,Xv

a1p/2#52iV3 , @Xu
a ,Xu

a1p/2#522iU 3, and u^U3&u
1u^V3&u>u^U31V3&u53u^Y&u/2. We finally find

~DQ1
a !21~DQ2

a1p/2!2>3u^Y&u/41C uv
a . ~25!

Therefore, taking into consideration the important spin-s
correlation between different particles similar to the spin-1
case@19#, we can introduce theU-V squeezing condition as

juv
a 5

D~Q1
a !21~DQ2

a1p/2!2

u^Y&u
,3/4, ~26!

similar to the continuous variable system@31#. This is the
central result of this paper on the two-spin squeezing i
spinor-1 condensate.

The significance of spin-spin correlation function to sp
squeezing and entanglement for a two-mode system was
viously discussed in Ref.@32#, where they showed that
negative, finite correlation parameter causes spin squee
and entanglement of the atomic states. With the Holste
Primakoff relations, it is straightforward to show this cond
tion contracts into (j1

a )21(j2
a1p/2)2,2 whenn0→N. Thus

Eq. ~26! generalizes the two-mode entanglement criter
(j1

a )21(j2
a1p/2)2,2 at low excitations@11# to arbitrary lev-

els of excitation for two-spin squeezing. For completene
we note the squeezing parameter forJ6 spins are@11#
1-5
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~j6
a !25

N^~DQ6
a !2&

^Q6
a1p/2&21^J63&

2
, ~27!

while the Heisenberg uncertainty relation giv
DQ6

a DQ6
a1p/2>u^J63&u/2. For many-particle entanglemen

of three-level atoms, the criterion is given by eitherj6,1.
TheU-V squeezing discussed above displays existenc

nonlinear interactions within/amongT, U, andV subspace of
Eq. ~6!. One may also contemplate for a one-axis isos
twisting ~throughT3

2) of the particular form ofL2 ~11!. How-
ever, the dynamics of spinor-1 BEC becomes considera
more complicated because of off-axis hopping proces
along the hypercharge axis~as in Fig. 1!. Due to the non-
commutativity of subspin systems (U,V,T), squeezing and
entanglement appear even without essentially any axis tw
ing. In fact, even whenT350, squeezing within the isospi
subgroup can still happen as theU-V two-spin squeezing
interaction would redistribute the noise also for the isos
subspace, in addition to theU-V spin space. To appreciat
this fact, let us consider the rotation operator involving on
U-V spins and employ the SU~2! disentangling theorem to
obtain

R@z#5ezL12z* L25ehL1~11uhu2!Lze2h* L2, ~28!

with h5z tanz/uzu. Using @V1 ,U2#5T1 and @V1 ,T1#
5@U2 ,T1#50, we find

ehL15ehA2V1ehA2U2e2hT1 /A2. ~29!

Hence, we arrive at

R@z#5eA2hV1eA2hU2RT@h#e2A2h* U1e2A2h* V2, ~30!

with a rotation operator within isospin space viaRT

5exp(2hT1 /A2)(11uhu2)2T3exp(2h*T2 /A2). This result
reflects the nature of Euler-angle rotations in three dim
sions for a spin-1 system. We thus conclude that squeezin
JW 6 through redistributing the noise via rotations is alwa
accompanied by a redistribution of the noise in the isos
subspace.

Squeezing and many-particle entanglement via the iso
can be checked using the usual spin squeezing criter
which for both T squeezing and the above derivedU-V
squeezing are independent of their respective initial con
tions. Hence, we have now greater freedom to conside
suitably prepared spinor-1 condensate to achieve ma
particle and/or mode entanglement for quantum informat
applications as well as various type of spin squeezing
atom interferometry and spectroscopy applications in
long-time limit with more macroscopic populations in allf
51 three-component states can occur. In the limiting c
discussed before eithern0;N or n6;N is required to be
large, the quantum states~modes! of interest are always
sparsely populated. More generally, one can use Ra
coupled laser pulses on a spinor-1 condensate to gen
states with arbitrary populations in each mode and with
bitrary initial phases. This allows then for the considerat
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of stationary states in the fully quantum-mechanical fram
work for their use in squeezing-entanglement application

IV. RESULTS AND DISCUSSIONS

We now present some results on the numerical invest
tion of isospin squeezing. If the condensate atom numbeN
is fixed, a generic state uc(0)&5(a0a0

†1a2a2
†

1a1a1
† )Nu0,0,0&/AN!, can be prepared with Raman puls

@1#, where u0,0,0& is the vacuum in the Fock basi
un0 ,n2 ,n1& and a j5ua j ueid j complex. Using m5n1

2n2 , we can write

uc~0!&5(
mk

cNmk~aW !U2k,
N2m

2
2k,

N1m

2
2kL ,

where aW 5(a0 ,a2 ,a1), k50,1, . . . ,(N2umu)/2 for even
N1m, 2k51,3, . . . ,(N2umu) for odd N1m, and

cNmk5ACN
2kCN22k

@~N2m!/2#2ka0
2ka2

[ ~N2m!/2]2ka1
[(N1m)/2]2k ,

whereCn
m5(m

n ) denotes the binomial coefficient. The bas
transformation coefficients between angular momentum
Fock states are available from Ref.@35#, written in more
compact forms as

u lm&5(
k

GlmkU2k,
N2m

2
2k,

N1m

2
2kL , ~31!

with

Glmk52ksl(
r

~21!r

4r FNlm

kr G
and the symbolic notation

FNlm

kr G5AC2r
r C2k

2r Cl
2k22rCN22k

l 22k12rCN2 l 22r
(N2 l )/22r

3C l 22k12r
( l 2m)/22k1r /ACN22k

(N2m)/22kC2l
l 2m. ~32!

We note l 5N,N22, . . . ,N22@N/2# with @n#5n,n21/2
for n5 even, odd, and r 5max@0,k2( l
2umu)/2#, . . . ,min@k,(N2l)/2#, m50,61, . . . ,6 l . k
50,1, . . . ,(N2umu)/2 for l 1m5 even and 2k
51,3, . . . ,(N2umu) for l 1m5 odd. The normalization is
given by

1

sl
2 5 (

j 50

(N2 l )/2
1

4 j
C2 j

j C(N1 l )/22 j
l . ~33!

Simpler analytic results exist for special cases, e.g.,

GNmk52kACN
2kCN22k

(N2m)/22k/AC2N
N2m, ~34!

which takes an asymptotic formGN0k.ACN
2k/2N21 whenN

@1. We also find
1-6
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^n0&5
1

2N21 (
k50

N/2

CN
2k~2k!5N/2, ~35!

the same result as obtained previously from Eq.~16!.
These expressions allow us to express the initial stat

uc(0)&5( lmc lm(0)u lm&, with

c lm~0!5LNm~a2 ,a1!(
k

hk~aW !GNmkGlmk , ~36!

LNm5AC2N
N2ma2

(N2m)/2a1
N1m/2 , ~37!

andh5a0
2/(2a2a1). Whenh51, it becomes an eigensta

of Hamiltonian~6! as (kGNmkGlmk→dNl . This generalizes
the stationary state of Ref.@7# into the quantum regime. Th
condition for stationarity becomes 2d05d21d1 and ua2u
1ua1u51 ~sinceua0u21ua2u21ua1u2[1). For the special
case ofd j50 anda25a1 , we obtaina0

251/2, in complete
agreement with earlier results@7#. By definingPj5ua j u2 as
spin component populations, we find that stationary sta
require P051/2 wheneverP25P1 . This is, however, not
sufficient without establishing the phase constraint fou
above, which becomes particularly useful as it provides
more freedom in state preparation using Raman coupled
ser fields. As an example, we now consider isospin squee
with the same form of initial states as in Ref.@7# for a0

5AP0eiu/2 and a65A12P0. This gives ^Tx(0)&5N(1
2P0)/2 as the only nonvanishing isospin component~at t
50). The population in themf50 component then acts as
knob between the two extreme squeezing-type discussed
lier as well as between theGY andT3 terms. In the specia
case of within theT350 block, we find that the dynamics o
the system is determined only along the hypercharge~Y!
axis. Previous study in Ref.@11# with initial state u0,N0,0&
results in spin-mixing dynamics, due to whichN0 was found
to quickly reduce to some value without further oscillatio
or recovery. In our scheme, we findn0,6 all exhibits collapse
and revival patterns, so doesY asY5N/32n0. Even for the
T350 block, we have seen redistribution of noise among
U-V components affects fluctuations in the isospin as w
The squeezing parameter

jf
2 5

N^D~Ty8!2&

^Tx8&
21^Tz8&

2 , ~38!

is analogous tojp
a ~27! but for isospinT85R@f#T after

rotated aroundx axis by an anglef. Isospin squeezing is
then characterized byjf,1. At f52p/3, this occurs after a
very short time~see Fig. 3!. It is especially interesting to not
that jf exhibits collapse and revival patterns. The optim
anglefmin for maximal squeezing~minimal jf) @18,26,33#
is shown in Fig. 4. It oscillates around its time-averag
value'2p/3. In general, we findjf achieves its minimum
sooner and the minimum is smaller with decreasing value
u or increasing values ofP0.

This effect is clearly unique to three-mode systems.
usual population spectroscopy~e.g., Ramsey type! or in in-
terferometry~e.g., of Mach-Zehnder type! for a two-mode
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system, particle partitioning noise and phase sensitivity
only be controlled by the modes involved directly. Here, t
mf50 mode actually does not belong to the isospin gro
yet it still influences the isospin noise properties. In contr
to the two-mode resultN65J6Jz5N/262T3, a three-
mode system hasN65N/31(U31V362T3)/2. A direct
measurement ofN1 or N2 will uncover all noise terms due
to quantum correlations among the various spin compone
A measurement ofN12N2 , on the other hand, is similar to
the two-mode case as the result it is only affected by
noise in the isospin. WhenT350, the influence of themf
50 mode population is reflected in the two-spin squeez
interaction between theU and V spins, which in turn also
redistributes the noise in isospin.

In Fig. 5, results of two-spin squeezing are shown
various initial Fock statesuN2 ,N0 ,N1& of a spinor-1 con-
densate. The lack of oscillations in Fig. 1~a! is due to
nonoscillatory behavior ofn0 for the particular initial condi-
tions used here. The solid curves are for the two-mode
tanglement criterion of Ref.@11#, valid only when N0
@N6 . We see that when the initial states are such thatN6

modes are not near empty, the achievable two-spin or t
mode squeezing essentially diminishes. However, there

FIG. 3. Time-dependent squeezing parameter atf52p/3 for
N5100 atoms,P051/3, andu5p/2.

FIG. 4. ~a! The same as in Fig. 2 but for the optimized squee
ing parameter;~b! the optimal anglefmin that maximizes squeezing
as in ~a!.
1-7



d
th

zi
n-
en
te

e

ca
of
e

tu
e
ia
a

s
ar
ila
in
al
a-

e
and

me-
sta-

nt
-

In
axis

y by

an
ing

th
es,

tal
r

ho-
res

f the

k
A
e

the
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also turning point, when squeezing is again recovered ifN6

becomes significantly populated. Hence, we have foun
squeezing regime when the initial conditions are such
N6@N0. The results are almost equivalent to the caseN0
@N6 considered in Ref.@11#. This new initial condition gen-
erates the two-mode entanglement via two-spin squee
between theU-V spin modes, i.e., between the Holstei
Primakoff bosons. It should be noted that the two-mode
tanglement criterion in terms of spin squeezing parame
(j6

a )2 has been derived forN0@N6 in Ref. @11#. We show
here that this criterion is also satisfied in the opposite cas
N0!N6 . This observation emphasizes that theU-V squeez-
ing criterion and the corresponding mode entanglement
be sought for other initial conditions when the criterion
Ref. @11# is no longer applicable. For that aim, we consid
an initial stateu25, 0, 75& as shown in Fig. 6, where theU-V
squeezing is indeed found.

V. CONCLUSION

We have provided a comprehensive treatment of quan
correlations in a spinor-1 condensate. Although no nonlin
interaction is apparent in the spinor condensate Hamilton
when single-mode approximation is made, interesting qu
tum correlations do develop within subgroups of the SU~3!
system. We have analyzed a spinor-1 condensate in term
its T-, U-, andV-spin components. We have found and ch
acterized squeezing within one particular subgroup, sim
to that of the isospin structure and we have numerically
vestigated its dynamics in terms of collapses and reviv
We have developed theU-V spin squeezing as a generaliz
tion of the often adopted spin-1/2 squeezing@19# to two-spin

FIG. 5. Time-dependentU-V squeezing parameter~dashed
curve! and two-mode entanglement criterion~solid curve! for N
5100 atoms initially prepared in a Fock state ofc(0)
5uN2 ,N0 ,N1&: u0,100,0& in ~a!, u1,98,1& in ~b!, u25,50,25& in ~c!,
and u50,0,50& in ~d!.
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squeezing. Its relation to mode entanglement@11# in the
Holstein-Primakoff representation is also pointed out. W
have presented results for condensate fragmentation
spin-mixing phenomena in terms of the hypercharge sym
try and provided general phase-amplitude conditions for
tionary states in the full quantum regime.

In a typical experiment, a small magnetic-field gradie
may be available@34#, which results in an effective Hamil
tonian @9# HB5a(T11T2)1bT3

22gBT3, instead of Eq.
~6!, with a, b, andgB various renormalized parameters.
this case isospin squeezing still occurs through the one-
twisting nonlinearity@19#.

Spin squeezing parameters can be measured directl
the interferometry or Ramsey spectroscopy@19#. Alterna-
tively, the isospin~T! squeezing in spinor-1 condensate c
also be observed experimentally with light scattering. Us
Raman coupled laser fields, an interaction of the typeHR
5g(T1J21H.c.) can be engineered@35,36#, where J2

5A2(aLaS
†1aL

†aA) is an angular-momentum operator, wi
aA ,aS ,aL the annihilation operators for anti-Stokes, Stok
and pump photons. The interactionHR allows for the map-
ping of spin correlations into photon correlations as the to
angular momentumT31Jz is conserved. The solutions fo
J2(t) depend on the initial conditionsJ2(0) and T2(0)
@35,36#. Therefore, the quadrature operators of scattered p
tons are directly related to initial condensate spin quadratu
and a homodyne measurement for Stokes parameters o
Raman field can reveal isospin squeezing@37#.
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