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Generalization of Keldysh’s theory
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In this paper, we generalize and improve the derivation of photoionization rate formula for one-electron
atoms proposed by Keldysh†Zh. Eksp. Teor. Fiz.47, 1945~1964! @Sov. Phys. JETP20, 1307~1965!#‡. More
exact expressions of the photoionization rate in the tunneling regime have been obtained. In addition, we
extend the derivation to photoionization rates of randomly oriented diatomic molecules.
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I. INTRODUCTION

Recently, owing to the rapid advancement of laser te
nology, the interaction of intense laser fields with atoms a
molecules has been the subject of many theoretical and
perimental investigations. Using the current high-intens
laser technology, we can approach the regime where the
field interaction with electron far exceeds the binding ene
of the valence electrons. In this case, many interesting p
nomena of excitation and photoionization can be observ
For instance, overviews of the photoionization processe
the atomic systems are well documented in Refs.@1–3#. In
molecules, more intriguing phenomena take place due to
additional degrees of freedom by many-body particle int
actions. In atomic and molecular systems, above thres
ionization and dissociation@4#, bond softening@5#, vibra-
tional population trapping@6#, and charge resonance e
hanced ionization@7# have been observed and are now w
established. The other interesting phenomenon induced
high-power lasers is the Coulomb explosion of molecu
and clusters, which has attracted considerable attentio
recent years@8–17#. To understand these phenomena, it
important to investigate the photoionization processes
more detail.

A very important theory of one-electron atom photoio
ization by strong lasers has been given by Keldysh@18#. For
the first time, using the first-order perturbation theory,
systematically derived the photoionization formula for t
direct transition between the electric ground state and
Volkov continuum state which includes oscillatory motion
the free ionizing electron in the time-dependent linearly p
larized electric field. The most important finding is that t
adiabaticity parameterg ~Keldysh parameter! which was in-
troduced during his derivation determines whether the ph
ionization process lies in thetunneling or multiphoton re-
gion. The Keldysh parameter is the ratio of the characteri
time that the electron takes to pass through the bar
formed by the electric field and static atomic potential to
cycle time of the oscillating electric field. In the tunnelin
limit g→0, Keldysh formula reduces to the well-known io
ization rate formula in a static electric field@19#. In addition,
his formulas represent the main features of the photoion
tion process appropriately. For example, they describe
exponential dependence of the photoionization rate on
1050-2947/2002/66~3!/033401~12!/$20.00 66 0334
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amplitude of the incident electric field and the threshold p
culiarities at the frequencies corresponding to thresholds
absorption ofn photon quanta. This phenomenon is know
as the above threshold ionization process which the fam
Einstein relation for the atomic photoeffect did not includ

Soon after this work, Perelomov, Popov, and Terent
@20# developed the photoionization rate formulas in the l
early and circularly polarized electric fields on the basis
the Green’s function method~PPT theory!. Their theory is
also based on the adiabatic approximation\v!I 0 ~v, laser
frequency;I 0 , ionization potential!, as that of Keldysh. They
obtained the formulas for the one-dimensional model in
d-function-type potential and the actual three-dimensional
oms in the short-range potentials. Their three-dimensio
photoionization rate formulas are applicable for hydrog
atoms with arbitrary initial ground states of orbital angu
momentuml and projection quantum numberm in the direc-
tion of the electric field@Eq. ~54! of Ref. @20##.

Ammosov, Delone, and Krainov@21# derived the expres-
sions for the tunnel ionization probabilities of arbitrary com
plex atoms and atomic ions~ADK theory!. Their theory is
essentially an extension of the PPT theory. They took i
account that the states of the complex atoms are chara
ized by effective principal and orbital quantum numbers. T
theories developed by Perelomov, Popov, and Terent’ev
Ammosov, Delone, and Krainov are based on on
dimensional models which extend the work of Keldysh.

In all of these theories~Keldysh, PPT, and ADK theories!,
the exponents of the formulas are the same and the ph
ionization rates show very similar behaviors; they are diff
ent from one another only with regard to the preexponen
factors.

Currently, apart from the above-mentioned theories, th
appeared two important analytical nonperturbative
proaches for calculating the atomic photoionization proba
ity. Faisal @22# considered anS-matrix theory in which the
initial bound state is dressed by the laser field and the fi
ionization state is taken to be noninteracting. It is now re
ognized that Keldysh@18# and Faisal @22# theories are
equivalent. Later, Reiss@23# established a rigorous basis fo
an extended version of the Keldysh theory in which syste
atic higher-order corrections can be applied to the Keld
term. Depending on whether the length or the velocity gau
is used for describing the interaction between the atom
©2002 The American Physical Society01-1
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the incident laser field, this scheme is known as the Keld
or the Faisal-Reiss ansatz, respectively. These are w
known as the so-called Keldysh-Faisal-Reiss theory. T
are categorized as ‘‘adiabatic’’ theories.

It is important to note that the Keldysh theory can be o
applied to thetunneling regime, while in themultiphoton
region, it breaks down. This is due to the fact that the int
mediate resonance states which are recognized to be
important in the strong lasers were not taken into consid
ation in the theory and that the adiabatic assumption\v
!I 0 in Eq. ~1.1! is necessary to use saddle-point method
the derivation. Using the higher-order perturbation theo
the applicability of Keldysh approximation tomultiphoton
ionization is discussed by Trombetta, Basile, and Ferra
@24# and Mittleman and Abranyos@25#. Their conclusion is
that the Keldysh approximation is hardly adequate for
scribing multiphoton ionization of real atoms because of
many simplifications involved, however, at the same time
is of some use in obtaining preliminary information on som
aspects of the process. For the tunneling ionization, de
are well documented in Ref.@26#.

Experimentally, there was an observation of pure 2
photon multiphoton ionization process, in contradiction w
theoretical calculations which predict that a tunneling eff
should appear in the laser-intensity range adopted~1.06mm,
1015 W/cm2) @27#. This is the first multiphoton ionization
experiment in which the rangeg,1 was observed. On th
contrary, there was an experimental observation of tunne
ionization in the multiphoton regime@28#. These two cases
show that it is necessary to investigate carefully the com
tition between the tunneling and multiphoton ionizations.

Recently, we have witnessed some applications and
provements of Keldysh or other tunneling theories. For
ample, Pazdzersky and Yurovsky, and Pozdzersky, U
chenko, and Chernov, applied the Keldysh theory to st
the tunneling photoionization in a bichromatic laser fie
@29#.

Another remarkable improvement of Keldysh theory is
ameliorate the involved wave function of the final contin
ous spectrum, which was not taken into account by Keldy
That is, in a neutral atom~e.g., hydrogen atom!, Coulomb
potential between the remaining charged nuclei and ph
h
fo
to
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ionizing electron must be included properly. To simult
neously include the influence of both the laser field and C
lomb potential on the freely ionizing electron, a Coulom
Volkov-type function is proposed for the continuu
spectrum and is now being investigated intensively@30–37#.

In addition, there are endeavors to construct themolecular
photoionization rate formula by extending theatomicversion
in recent years. For example, Cornaggia and Hering@38#
have derived the molecular single-ionization rate formula
extending the tunneling theory developed by Perelom
Popov, and Terent’ev for atoms@20#. In Ref. @38#, the mo-
lecular electronic wave function of the ionizing electron
taken into consideration.

Another interesting research for the tunneling ionizati
of the molecular system is to take into account the act
shape of the potential barrier properly. Otherwise, parti
larly in the complicated polyatomic molecules, significa
errors can be made, because the barrier width and the ba
height influence the tunneling process prominently. T
Keldysh adiabaticity model was extended by replacing
model zero-range potential withab initio electrostatic poten-
tial energy surfaces and it was found that the conventio
Keldysh parameter for the simple zero-range potential ov
estimates than that for the actual nonzero-range pote
@39#.

In spite of many arguments about the Keldysh theory
mentioned above, it remains to be a very important theo
This is due to the fact that it is one of the theories enabl
us to derive easily analytical expressions by which insigh
physical interpretation can be deduced. Therefore, we
lieve that it is worth to reexamine the Keldysh theory in t
present work.

The purpose of this paper is to improve the origin
Keldysh theory and extend it to diatomic molecular pho
ionization processes in thetunnelingregime. In accordance
with Keldysh, we use Volkov function@40# as a final con-
tinuum state. We avoid using the saddle-point method to
integration ofL(pW ) of Eq. ~15! in Ref. @18#; instead, we use
the residue theorem for its evaluation. The dependence o
preexponential factor on the electron momentumpW ignored
in Ref. @18#, which is given by the following expression:
2Apa0
3 I 0

eFa0

\v

~12us
2!1/2expF i

\v E
0

usH I 01
1

2m
S pW 1

eFW

v
n D 2J dn

~12n2!1/2G , ~1.1!
r
nt

ur
e,

the
ol-
N

will be incorporated in this work. It will be shown that suc
modifications allow us to obtain more exact expressions
the photoionization rate and to treat analytically the pho
ionization phenomenon for the molecular system.

It is important to note that we will not focus onmultipho-
ton ionization in the present work. Our aim is to derive mo
exact expressions of photoionization rate, which can be
plied efficiently in thetunnelingregime.

The present paper is organized as follows. In Sec. II,
r
-

p-

l-

lowing Ref.@18#, we derive photoionization rate formulas fo
hydrogenlike one-electron atoms. Our derivation is differe
from that of Ref.@18# in the respect mentioned above. O
formulas work quite well in the tunneling ionization regim
which was assumed in the derivation of Ref.@18# and con-
firmed experimentally as well@41#. In Sec. III, based on the
development made in Sec. II, we extend the derivation to
simple molecular systems: randomly oriented diatomic m
ecules. As an example, the photoionization formula for2
1-2
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molecules is reported. In Sec. IV, we compare Keldysh’s
other photoionization rates with our results numerically a
discuss the validity of our formulas. For the atomic case,
focus on the 1s state of hydrogen atom as the initial sta
For the molecular case, our attention is directed to the ph
ionization pathway to removesg2p electron of N2 molecule
and to produce N2

1 in its ground electronic stateX 2Sg
1 @42–

44#. Section V is devoted to the concluding remarks.

II. THEORY: ATOMIC CASE

A starting point of the Keldysh theory is to evaluate t
rate of photoionizationw0 for direct transition from the
atomic ground bound state to the continuum spectrum
one-electron atoms,

w05E d3p

~2p\!3

d

dT
ucpW~T!u2U

T→`

, ~2.1!

wherepW denotes the momentum of the freely ionizing ele
tron and

cpW~T!5
i

\ E
0

T

dt cos~vt !e2~ i /\!Egt^cpW~rW,t !udW •FW ucg~rW !&

~2.2!
03340
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in the dipole approximation. Here,FW is the amplitude maxi-
mum of the incident linearly polarized electric field. Th
wave functioncg(rW) represents the initial electron groun
state andcpW (rW,t), the final continuum state. We shall choo
the 1s state of hydrogenlike atom forcg(rW),

cg~rW !5A 1

pa3 expS 2
r

aD , a5
a0

Z
, ~2.3!

and the Volkov function forcpW (rW,t),

cpW~rW,t !5expF i

\ H @pW 2eAW ~ t !#•rW

2
1

2m E
0

t

dt8@pW 2eAW ~ t8!#2J G , ~2.4!

whereAW (t)52(FW /v)sin(vt) and Z represents the effective
nuclear charge.

Substituting Eq.~2.2! into Eq. ~2.1! yields
w05
2

\2 lim
T→`

ReE d3p

~2p\!3 E
0

T

dt cos~vT!cos~vt !V0* S pW 1
eFW

v
sin~vT! DV0S pW 1

eFW

v
sin~vt ! D

3expF i

\ E
T

t

dtH I 01
1

2m
S pW 1

eFW

v
sin~vt! D 2J G , ~2.5!
whereI 052Eg5Z2e2/2a0 ~ionization potential! and

V0~pW !58i ~pa3!1/2e\FW •¹WpW~11p2a2/\2!22 ~2.6!

for 1s level of hydrogenlike atoms.
Carrying out the integration with respect tot and taking

the infinity of T in Eq. ~2.5! yield

w05
2p

\ E d3p

~2p\!3 uL~pW !u2 (
n52`

`

dS Ĩ 01
p2

2m
2n\v D ,

~2.7!

where
L~pW !52
16ieI0

3Apa7

p\ R du

FW •S pW 1
eFW

v
uD

H I 01
1

2m
S pW 1

eFW

v
uD 2J 3

3expF i

\v E
0

u dn

A12n2 H I 01
1

2m
S pW 1

eFW

v
n D 2J G

~2.8!

and Ĩ 05I 01(e2F2/4mv2).
The singularity pointsus of the integrand ofL(pW ) can be

determined by the following condition:

I 01
1

2m
S pW 1

eFW

v
usD 2

50. ~2.9!
1-3
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In order to evaluateL(pW ), we let

j ~u!5E
0

u dn

A12n2 H I 01
1

2m
S pW 1

eFW

v
n D 2J ~2.10!

and expand the exponent and the denominator of the i
grand of Eq.~2.8!, which leads to

L~pW !52
16ieI0

3Apa7

p\ R du

FW •S pW 1
eFW

v
uD

j 9~us!
3~u2us!

3~12u2!3/2

3expF i

\v H j ~us!1
1

2
j 9~us!~u2us!

21¯J G .
~2.11!

Carrying out the contour integral in Eq.~2.11! using the resi-
due theorem yields

L~pW !5

16ieI0
3Apa7FW •S pW 1

eFW

v
usD

\2v j 9~us!
2~12us

2!3/2 expF i

\v
j ~us!G ,

~2.12!

where

j 9~us!5
e

mvA12us
2

FW •S pW 1
eFW

v
usD ~2.13!

and

j ~us!5S Ĩ 01
p2

2mD sin21us2
e2F2

4mv2 usA12us
2

2
eFW •pW

mv
~A12us

221!. ~2.14!

Notice that the denominator of the integrand of Eq.~2.11!,
(12u2)3/2, is approximated by (11g2)3/2 due to the as-
sumption of small Keldysh parameterg and low kinetic mo-
mentump ~cf. Appendix A!.

A remarkable advantage of our method is that the sing
point of the integrand and the zero point ofj 8(u) do not
necessarily have to coincide in Eq.~2.11! @18,45#. As a re-
sult, extension can be easily made when the Volkov funct
is replaced by Coulomb-Volkov function in which case t
saddle-point is different from the zero point ofj 8(u) @46#.

The quantityL(pW ) can be written as

L~pW !5
4\vI 0Apa

eF cosupFA12us
2

expF i

\v
j ~us!G , ~2.15!

where cosupF is defined by

FW •S pW 1
eFW

usD 5FUpW 1
eFW

usUcosupF . ~2.16!

v v

03340
e-

r
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Notice that at this point, our expression forL(pW ) @Eq.
~2.15!# is larger than that of Keldysh@Eq. ~1.1!# by a factor
of two, which arises from the contour integration made
evaluating Eq.~2.11!, different from the saddle-point metho
utilized in Ref.@18#.

In Ref. @18#, dependence of cosupF and A12us
2 on the

electron momentumpW in Eq. ~2.15! has been ignored, that is
cosupF51 and A12us

25A11g2 were assumed. In the
present paper, we shall take into account thepW dependence of
these preexponential factors and examine what role they
play as well. For that purpose, we reduceL(pW ) defined by
Eq. ~2.15! into the form being easily integrated with respe
to pW in Eq. ~2.7!. The derivation is shown in Appendix A.

Substituting Eq.~A10! into Eq. ~2.7! and integration with
respect topW leads to

w054A2I 0v

\ S g

A11g2D 3/2

N~g,v,I 0 , Ĩ 0 ,B,C!

3expF2
2 Ĩ 0

\v S sinh21 g2
gA11g2

112g2 D G . ~2.17!

Equation~2.17! is an atomic photoionization formula includ
ing the pW dependence of the preexponential factors in E
~2.15!.

The preexponential factor of Eq.~2.17! is slightly compli-
cated due to thepW dependence of Eq.~2.15!. It is essential to
verify the effect of the preexponential factors on the pho
ionization rate. The preexponential factorN(g,v,I 0 , Ĩ 0) in
Eq. ~2.17! and the photoionization rate formulas derived
the basis of different treatments for the preexponential f
tors are given in Appendix B.

III. DIATOMIC MOLECULAR CASE

In this section, based on the approach introduced in
preceding section, we show that themolecularphotoioniza-
tion rates can be derived analytically as well.

In general, as is clear from the derivation shown in t
following, one can arbitrarily choose any molecular syste
and their initial electronic bound states. In the present pa
we focus on the N2 molecules as an example. Particular
we consider the case of the molecular photoionization fr
thes2pz orbital of the N2 molecules. In this case, the initia
molecular statecg is given by

cg5N2p@~2pz!11~2pz!2#, ~3.1!

where (2pz)1 and (2pz)2 represent the atomic orbitals, an
N2p denotes the normalization constant. Here for simplic
of estimation, we use the simple molecular-orbital theo
that is, linear combination of atomic orbitals–molecular o
bital method.

For the case of randomly oriented molecules, the pho
ionization ratew0 is given by
1-4
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w05
1

3

2

\2 lim
T→`

ReE d3p

~2p\!3 E
0

T

dt cos~vT!cos~vt !VW 0* S pW 1
eFW

v
sin~vT! D •VW 0S pW 1

eFW

v
sin~vt ! D

3expF i

\ E
T

t

dtH I 01
1

2m
S pW 1

eFW

v
sin~vt! D 2J G , ~3.2!
,

1/
he

ion,

Af-
tain
where for the N2 molecules

VW 0~pW !5&eF^exp~ ipW •rW/\!urWuN2p@~2pz!11~2pz!2#&,
~3.3!

using Eq.~3.1!. It is worth noting that in the atomic case
V0(pW ) was a scalar as indicated by Eq.~2.6!, while in the
molecular case, its counterpart,VW 0(pW ), is a vector owing to
the directional nature of the molecular bond. The factor
in Eq. ~3.2! is introduced for the orientational average of t
photoionization rate.

In the one-center approximation@47#, Eq. ~3.3! reduces to

VW 0~pW !52eF^exp~ ipW •rW/\!urWuc2pz
&, ~3.4!

where

c2pz
5A 1

pa2
5 z expS 2

r

a2
D . ~3.5!

Using the molecular-fixed coordinates, Eq.~3.4! leads to

VW 0~pW !5~2ie\F !¹WpE drW expS 2
i

\
pW •rW Dc2pz

, ~3.6!

which after some algebra renders
03340
3

VW 0~pW !564peFa2
5N2pF k̂

~11k2a2
2!32

6a2
2pzpW

\2~11k2a2
2!4G .

~3.7!

Here,k̂ denotes the unit vector along thez direction, i.e., the
molecular axis.

Repeating the derivation shown in the preceding sect
we obtain

w05
2p

3\ E d3p

~2p\!3 uLW ~pW !u2 (
n52`

`

dS Ĩ 01
p2

2m
2n\v D ,

~3.8!

where

LW ~pW !5
1

2p R duVW 0S pW 1
eFW

v
uD

3expF i

\v E
0

u dn

A12n2 H I 01
1

2m
S pW 1

eFW

v
n D 2J G .

~3.9!

Notice that the relation of\2/a2
252mI0 still holds for the

molecular system as in the case for hydrogenlike atoms.
ter the contour integration as was done in Sec. II, we ob
LW ~pW !52
25p1/2a2

5/2I 0
3eF

\v
expF i

\v
j ~us!GF k̂

j 9~us!
2~12us

2!3/22
3eF

mv j 9~us!
3~12us

2!2 H S pW 1
eFW

v
usD 1S pz1

eF

v
usD k̂J

2

S pz1
eF

v
usD S pW 1

eFW

v
usD

m j9~us!
4~12us

2!2 j -~us!
G , ~3.10!
ion-
s is
where

j 9~us!5
iA2mI0

A12us
2

eF

mv
cosupF , ~3.11!

j -~us!5
e2F2

mv2

1

A12us
2

1
2iA2mI0us

~12us
2!3/2

eF

mv
cosupF .

~3.12!
Using the same procedure adopted in Sec. II, the photo
ization rate for the system of randomly oriented molecule
finally given by

w05
26

3
A2I 0v

\

g3/2~2g213!2

~11g2!5/2 N~g,v,I 0 , Ĩ 0,1,0!

3expF2
2 Ĩ 0

\v S sinh21 g2
gA11g2

112g2 D G . ~3.13!
1-5
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In Eq. ~3.13!, the preexponential factorN(g,v,I 0 , Ĩ 0,1,0) is
given by Eq.~B1!. Note that in Eq.~3.13! the pW dependence
of the preexponential factors is ignored.

It should be noted that the exponential factor for the r
domly oriented molecular case@Eq. ~3.13!# is exactly the
same as that for the atomic case@Eq. ~2.17!#. This indicates
that ionization mechanisms of atomic and randomly orien
molecular systems are essentially the same because the
ization rate is essentially determined by the exponential
tors. The difference between atomic and molecular syst
arises only from the preexponential factors. In addition, i
important to note that in the case of the molecules,
Keldysh parameterg can be defined in the same way as
the atomic system, Eq.~2.17!.

It should be noted that in the tunneling limit (g→0),
comparing Eq.~3.13! for the molecular system and Eq
~2.17! with B51 andC50, we find that the photoionization
rate is 48 times larger for the molecular system than for
atomic system. This is due to the different orbitals for t
initial state and to the directional nature of the molecu
bond.

The photoionization rates froms2s andp2p states for the
N2 molecules can be evaluated in a similar manner and
not be presented in the present paper. In addition, applica
of the present method to other diatomic molecules is strai
forward.

IV. RESULTS AND DISCUSSIONS

In this section, we demonstrate numerical results by us
our analytical formulas@Eq. ~2.17! for the atomic system and
Eq. ~3.13! for the molecular system# and compare them with
those calculated by the Keldysh theory or numerical res
of other authors.

In Fig. 1, we show the atomic ionization ratew0 calcu-
lated by the Keldysh theory@Eq. ~16! of Ref. @18## and our
theory @Eq. ~2.17!# for a hydrogen atom withZ51. For the
estimation by the Keldysh theory, we have checked that
ficient convergence has been attained in the summation
n @Eq. ~B1!#. Notice that our results forw0 agree very well
with that of Keldysh, although the latter underestimates th
the former by a few factors. If we include whole preexp
nential factors,w0 becomes smallest@solid line in Fig. 1~b!#.
According to Ref.@41# the widely used Reiss and Keldys
methods underestimate the experimentally observed ph
ionization rates to a large extent. Therefore, Fig. 1 indica
that our formulas ameliorate the Keldysh’s original ones.

In the range of tunneling limit (g!1), the photoioniza-
tion ratesw0 obtained by the different approaches can
approximated as

w05
A6p

4

I 0

\ S eF\

m1/2I 0
3/2D 1/2

expH 2
4

3

A2mI0
3/2

e\F

3S 12
g2

10D J ~Keldysh!,
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w05
A4&p

3

I 0

\ S eF\

m1/2I 0
3/2D 1/2

expH 2
4

3

A2mI0
3/2

e\F

3S 12
g2

10D J @ for the case Eq.~B5!#,

and

w05A3&p
I 0

\ S eF\

m1/2I 0
3/2D 1/2

expH 2
4

3

A2mI0
3/2

e\F

3S 12
g2

10D J @ for the case Eq.~B6!#. ~4.1!

In Eq. ~4.1!, g'\v/I 0 is assumed, except for the Keldysh
tunneling formula. We notice that only the preexponent
factors are different from each other and we can predict
magnitude of the difference of the preexponential consta
For instance, near the tunneling limit at the field intensity
31015 W/cm2, the photoionization ratew0 calculated by

FIG. 1. Log-log plot of the calculated atomic photoionizatio
ratew0 . The calculation is performed using the Keldysh theory@Eq.
~16! in Ref. @18## and our theory@Eq. ~2.17!#. The wavelength of
the incident light is 248.0 nm@\v55.0 eV#. In order to ensure the
convergence, the summation upper limit of Eq.~B1! was 500 for the
higher intensity region.
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GENERALIZATION OF KELDYSH’S THEORY PHYSICAL REVIEW A66, 033401 ~2002!
Keldysh’s formula@broken line in Fig. 1~a!# is the smallest
and that estimated by Eq.~B5! @solid line in Fig. 1~a!# is
smaller than that calculated by Eq.~B6! @dotted line in Fig.
1~a!#. This is consistent with Eq.~4.1!.

From Fig. 1, we also notice thatd log10(w0)/d log10(I ) ~I,
laser intensity! is almost constant in the tunneling regio
which is evident from Eq.~4.1!. This indicates that the ion
ization potentialI 0 or the effective nuclear chargeZ can be
estimated by measuring the sloped log10(w0)/d log10(I ) us-
ing Eq. ~4.1!.

Now, let us compare our results and that calculated
merically based on the time-dependent Schro¨dinger equation
by LaGattuta@48#. Our results including preexponential fa
tors are quite similar to that obtained by LaGattuta, es
cially in the high-intensity range~around 131015 W/cm2 or
higher!. In the low-intensity regime, large discrepan
is found. This tendency has already been pointed out
LaGattuta. This can be attributed to the fact that Keldysh
our theories cannot be applied to the multiphoton regime

Figure 2 presents dependence of the atomic ionization
w0 on the effective chargeZ. In the low field intensity range
Keldysh’s and our results agree very well. However, in
high field intensity range, large discrepancy is found. Fig
2 shows that the ionization rate varies significantly with io
ization energy. The lower the ionization energy is, the lar
the ionization rate is. In other words, using Fig. 2, we c
estimate the ionization rate as a function of laser inten
and ionization potential.

Next, we consider the molecular photoionization rat
Apart from the atomic photoionization, detailed studies
molecular photoionization will provide additional insigh
into the dynamics of photoionization processes in gen
@49,50#. Therefore, it is important to explore the molecul
photoionization in more detail.

It is known that the Keldysh theory can also predict
atomic molecular photoionization rate to a certain exte
However, in order to estimate accurately diatomic or po
atomic molecular photoionization rates, it will be necess
to describe molecular states by including the directional
ture of the molecular bond which is the most distinct ch
acteristic from atoms. Along this line, DeWitt and Levis@51#
conducted a time-of-flight mass spectrum experiment
benzene, naphthalene, and anthracene, and calculated
photoionization and dissociation probabilities in intense la
fields. From the theoretical or experimental interest, there
several investigations concerning photoionization rates
cross sections of N2 molecule in recent years@52–55#. In
connection with these works, we shall compare numer
results estimated by Eq.~3.13! and show its validity, which
include the effect of the molecular bond to the photoioni
tion rate.

The molecular ionization ratesw0 of N2 molecule calcu-
lated by our theory@Eq. ~3.13!# for various ionization poten-
tials I 0 are demonstrated in Fig. 3. From He I photoelectr
spectrum of N2 , it is known that the minimum energy nec
essary to removesg2p electron to produce N2

1 in its ground
electronic stateX2Sg

1 is 15.58 eV@56#: I 0515.58 eV.
Let us compare our result with those calculated by G

et al. by use of Ammosov-Delone-Krainov~ADK ! model
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@21# ~Fig. 3 of Ref.@53#! and those estimated by DeWitt an
Levis by use of orientationally averaged tunneling theo
appropriate for diatomic molecules~Fig. 4 of Ref.@55#!. In
the whole range of the figure, our prediction agrees very w
with that of ADK @53# and orientationally averaged tunnelin
theory @55#. Lower than the laser intensity 1013 W/cm2, a
minor discrepancy is found between our result and that
orientationally averaged tunneling theory@55#. As mentioned
in Fig. 2, we can estimate the ionization rate as a function
laser intensity and ionization potential, which is demo
strated in Fig. 3 with various ionization potentialsI 0 .

From Figs. 2 and 3, we can see that the photoioniza
rate increases very rapidly with decreasing ionization pot
tial in the whole range of the laser intensity. This is due
the fact that under the condition of the same laser intens
the potential barrier height and width are smaller for t
system with smaller ionization potential. This suggests t

FIG. 2. Log-log plot of the dependence of the atomic ionizati
rate w0 on the effective nuclear chargeZ. The wavelength of the
incident laser is 3000.0 nm~laser frequencyv50.413 eV). The
ionization potentialsI 0 are 8.7, 10.2, 11.8, and 13.6 eV forZ
50.80, 0.87, 0.93, and 1.0, respectively. Panel~a! was calculated by
the Keldysh theory@Eq. ~16! in Ref. @18## and ~b!, by Eq. ~2.17!
with Eq. ~B3!. In order to ensure the convergence, in the high
intensity region, the upper limits of summation with regard ton in
Eq. ~B1! and the counterpart of Keldysh@Eq. ~16! in Ref. @18##
were n553104, 13105, 63106, and 73106 for I 058.7, 10.2,
11.8, and 13.6 eV, respectively.
1-7
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there will be a case where the indirect tunneling ionizat
process through an excited intermediate state~resonant tun-
neling ionization! may be more effective than~or at least
comparable to! the direct tunneling ionization. In Fig. 4, w
investigate the laser intensity and frequency regions wh
this is the case.

For estimation, we shall consider the indirect tunneli
ionization from the groundg state to the ionization con
tinuum via the intermediate statee. In this case, the indirec
tunneling ionization ratewsi can be estimated from

wsi5
Wg→e~v!

Wg→e~v!1ge1we
we , ~4.2!

wherewe , Wg→e(v), andge denote the tunneling ionizatio
rate for thee state, optical absorption rate forg→e, and the
relaxation decay rate of thee state, respectively. Notice tha

Wg→e~v!5
1

2\2

gegudW eg•FW u2

S veg1
u~dW ee2dW gg!•FW u2

4\2veg
2v D 2

1geg
2

,

~4.3!

where geg represents the dephasing constant, anddW ee and
dW gg denote the permanent dipole moments.

Figure 4 demonstrates laser intensity dependence
Wg→e(v), we , wsi , and direct tunneling ionization ratew0
for the fixed photon frequencyv resonant with the energ
gap veg @1.0 eV for Fig. 4~a!#. Here for simplicity, we as-

FIG. 3. Log-log plot of the calculated molecular photoionizati
ratew0 . The calculation is performed using our theory@Eq. ~3.13!#
for I 0512.58, 13.58, 14.58, and 15.58 eV orZ50.80, 0.85, 0.92,
and 1.00, respectively. The wavelength of the incident laser is 8
nm ~laser frequencyv51.55 eV). The solid line in the figure is
compared with those calculated by Guoet al. @53# and by DeWitt
et al. @55#.
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sume that the permanent dipole moments can be negle
dW ee5dW gg50W . In addition, we have used Eq.~B6! in order to
calculatewe and w0 : we assume the tunneling ionizatio
process of hydrogen atoms.

Now, let us concentrate on Fig. 4~a!. From Eq.~4.2!, it is
expected that for the first absorption resonance,wsi would be
negligibly small until a certain intensity of laser power
reached so thatwe andWg→e(v) are comparable~at the field
intensity 531014 W/cm2). In the case of Fig. 4~a!, Wg→e(v)

.0

FIG. 4. Optical absorption rateWg→e(v), ionization rate of the
intermediatee statewe , indirect photoionization ratewst , and di-
rect photoionization ratew0 . The calculation is performed usin
Eqs. ~4.2! and ~4.3!. The energy gapsveg in Eq. ~4.3! are 1.0 eV
and 0.5 eV for~a! and ~b!, respectively. The laser intensity is
31014 W/cm2 for ~b!. The ionization potential from the groun
state to the ionization threshold is 13.6 eV. The indirect ionizat
ratewe in Eq. ~4.2! is estimated by using Eq.~2.17! with Eq. ~B6!.

The magnitudes of the transition dipole momentdW eg are set to be
1.0 a.u. and 0.2 a.u. for~a! and ~b!, respectively. The direction o
the transition dipole moment is assumed to be along the laser
larization. The dephasing constants of thee state,geg , are 4 times
and 0.1 times ofveg for ~a! and ~b!, respectively. The relaxation
decay rate of thee state corresponds to 100 ps.~a! shows laser
intensity dependence of the transition rates for the fixed pho
frequencyv resonant with the energy gapveg ~1.0 eV!. ~b! shows
laser frequency dependence of the transition rates for the fixed
intensity (331014 W/cm2).
1-8
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GENERALIZATION OF KELDYSH’S THEORY PHYSICAL REVIEW A66, 033401 ~2002!
is large due to the resonance transition betweeng and e
states, whilewe is much smaller due to the small tunnelin
probability in the low laser intensity range (,5
31014 W/cm2) and slightly larger thanw0 due to the larger
tunneling probability. Therefore,wsi andwe are comparable
in the low-intensity regime. Beyond this limit~around 5
31014 W/cm2), wsi behaves likeWg→e(v) which is much
smaller thanwe andw0 ; the indirect tunneling ionization is
less effective than the direct tunneling ionization. In th
high-intensity range, the potential barrier is highly transp
ent, which leads to indistinguishably high ionization pro
ability for theg ande states~note that the energy gapveg is
quite small!. Thus, we have found that the indirect tunneli
ionization is more effective than the direct tunneling ioniz
tion in the low laser intensity region.

Figure 4~b! demonstrates that if the photon frequencyv is
in resonance with the intermediate bound state~0.5 eV!,
Wg→e(v) is quite large, andwe and w0 are smaller due to
the fact that the potential barrier is not transparent eno
for the electron to penetrate through it. Therefore, the re
nant ionization ratewsi behaves likewe and is more en-
hanced than the direct ionization ratew0 . In addition, we can
see that when the photon frequencyv is smaller or larger
than the energy gapveg ~0.5 eV!, wsi behaves likeWg→e(v)
due to the fact that in the off-resonance caseWg→e(v) is
much smaller thanwe .
te
e

th

iz
fe
b
e
w
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rk
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V. CONCLUDING REMARKS

In the present paper, we have generalized and impro
the derivation of photoionization rate of hydrogenlike atom
proposed by Keldysh. We have performed the contour in
gration of Eq. ~2.11! in a different way from Keldysh or
many other authors@29,45,57#. In most of the cases, th
saddle-point method has been used, while we adopted
residue theorem for the contour integration. In addition,
have taken into account thepW dependence of the preexpone
tial factor in Eq.~2.15!. Our formulas are more accurate tha
those derived by Keldysh’s theory. Numerical calculatio
have shown that the photoionization rate for the hydrog
atoms should be more enhanced than Keldysh’s, which i
accord with the experimental results@41#.

Based on our derivational method, we have extended
Keldysh theory to the photoionization processes of the r
domly oriented diatomic molecules: N2 . The photoionization
rates calculated by our formula for the randomly oriented2
molecules were in a good agreement with those estimate
the ADK formula @21#.

As was mentioned in Introduction, because of the lon
range Coulomb potential between the remaining ionic c
and the ionizing electron for neutral atoms, and positive io
and molecules, it is questionable to apply Keldysh’s assum
tion to such systems. In the Keldysh theory, in the ex
expression for the amplitude of the wave function of t
continuum state,
cpW~T!5
i

\ E
0

T

dt cos~vt !e2~1/\!EgT^cpW~rW,t !udW •FW ucg~rW)&2
i

\ E
0

T

dtE d3p8

~2p\!3 cpW 8~ t !^cpW~rW,t !uU~rW !ucpW 8~rW,t !&, ~5.1!
s
is
the second term of the right-hand side was totally neglec
In order to incorporate the effect of Coulomb potential, w
could use Eq.~2.2! and substitutecpW (t) into the second term
on the right-hand side of Eq.~5.1!. In spite of the approxi-
mation adopted by Keldysh, that is, the replacement of
final ionized state by the Volkov function@Eq. ~2.4!#, it is
expected that we can obtain accurate analytical photoion
tion rate expressions up to second order including the ef
of Coulomb potential. This idea has been pointed out
others@23,24,58#, but analytical or qualitative formulas hav
not yet been obtained. The work in this direction is no
under way.
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APPENDIX A: COMPACT FORMS OF L „p¢ …
DEFINED BY EQ. „2.15…

To facilitate the integration with respect topW in w0 of Eq.
~2.7!, we shall expand the functions included in Eq.~2.15! in
d.

e

a-
ct
y

l
.

the power series ofp up to second order inclusively. Thi
means that the kinetic momentum of the ionizing electron
assumed to be low.

Using the following expression forus obtained from Eq.
~2.9!:

us5gS i 2
p

A2mI0
cosu1

ip2 sin2 u

4mI0
1¯ D , ~A1!

it is easy to show that

j ~us!5 i Ĩ 0S sinh21 g2
gA11g2

112g2 D 1
eF cosu

mv

3~12A11g2!p1
i

2m S sinh21 g2
g cos2 u

A11g2 D p2,

~A2!

where

g5
vA2mI0

eF
~Keldysh parameter! ~A3!
1-9
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and

pW •FW 5pF cosu. ~A4!

Similarly, from Eq.~2.16!, we find

cosupF511
p2 sin2 u

4mI0
1¯ . ~A5!

From Eq.~A1!, we obtain

A12vs
25A11g2H 11

ig2p cosu

A2mI0~11g2!

1
g2p2~122 cos2 u1g2 sin2 u!

4mI0~11g2!2 J . ~A6!

Using the Taylor expansion of exp$f(p)% for an arbitrary
function f (p) aroundp50,

exp$ f ~p!%5exp$ f ~0!%1 f 8~0!exp$ f ~0!%p

1
f 9~0!1 f 8~0!2

2
exp$ f ~0!%p2, ~A7!

we find

cosupF5expS p2 sin2 u

4mI0
D ~A8!

and

A12us
25A11g2 expH ig2p cosu

A2mI0~11g2!

1
g2p2~11g222 cos2 u!

4mI0~11g2!2 J . ~A9!

Inserting Eqs.~A2!, ~A8!, and~A9! into Eq. ~2.15! yields

L~pW !5
4\vI 0Apa

eFA11g2
exp@A1 iB~u!p1C~u!p2#,

~A10!

where

A52
Ĩ 0

\v S sinh21 g2
gA11g2

112g2 D , ~A11!

B~u!5
eF cosu

m\v2 ~12A11g2!2
g2 cosu

A2mI0~11g2!
,

~A12!

and
03340
C~u!5
1

4mI0
F2

112g2

11g2 1
g414g211

~11g2!2 cos2 uG
2

1

2m\v S sinh21 g2
g cos2 u

A11g2 D . ~A13!

The above procedure can be easily extended to the four c
of Eqs.~B3!–~B6! in Appendix B.

APPENDIX B: DEFINITION OF N„g,v,I 0 , Ĩ 0 ,B,C…

IN EQS. „2.17… AND „3.13…

As shown in the text, we have taken into account thepW
dependence of the preexponential factors in Eq.~2.17!,
which was disregarded in Ref.@18#. In order to examine the
influence of thepW dependence on the photoionization ra
we show some formulas depending on various treatment
the preexponential factors.

The preexponential factorN(g,v,I 0 , Ĩ 0 ,B,C) in Eq.
~2.17! is given by

N~g,v0 ,I 0 , Ĩ 0 ,B,C!

5
1

AB
(
n50

`

expF22S K Ĩ 0

\v
11L 2

Ĩ 0

\v

1nD H sinh21 g2
g

A11g2
1CJ G

3QF H 2g

A11g2
BS K Ĩ 0

\v
11L 2

Ĩ 0

\v
1nD J 1/2G ,

~B1!

where the symbol̂x& denotes the integer part of the numb
x, Q(x) is the Dawson’s integral,

Q~x!5exp~2x2!E
0

x

exp~y2!dy. ~B2!

Let us now consider the four cases:~i! A12us
2 and

cosupF depend onpW , ~ii ! A12us
2 depends onpW and cosupF

51, ~iii ! A12us
25A11g2 and cosupF depends onpW , and

~iv! cosupF51 andA12us
25A11g2. It follows that

~ i! B511
\v~g414g211!

2I 0g~11g2!3/2 and C5
\vg2~g221!

2I 0~11g2!2 ,

~B3!

~ ii ! B511
\vg

I 0~11g2!3/2 and C5
\vg2~g221!

2I 0~11g2!2 ,

~B4!

~ iii ! B511
\vA11g2

2I 0g
and C50, ~B5!

~ iv! B51 and C50. ~B6!
1-10
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In the case~iv!, our formula is four times larger than that o
Keldysh for the atomic system. This discrepancy stems fr
the different methods for the contour integration in E
~2.11!.
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The numerical results estimated by Eq.~2.17! for the
above four cases and that by Eq.~3.13! for the case~iv! are
compared and discussed in Fig. 1 and Fig. 3 of Sec.
respectively.
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