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Scaling relation in the collision of hydrogenlike ions with antiprotons
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The impact excitation and ionization of hydrogen~H!-like ions by antiprotons are studied by solving the
time-dependent Schro¨dinger equation with a time-dependent generalized pseudospectral method in a wide
scaled impact energy region~1 to 1000 keV!. The validity region of the scaling relation is investigated by
comparing the time-dependent calculations with the first Born approximation results. The numerical error and
the validity region of the time-dependent generalized pseudospectral method have been explored. Based on the
present study, we conclude that~i! the scaling relation of the ionization and excitation cross sections is valid for
high-Z H-like ions or in the high-impact-energy regime for low-Z H-like ions; ~ii ! for given H-like ions, the
scaling relation works better for the impact excitation to the dipole allowed transition than for the impact
excitation to the dipole forbidden transition; and~iii ! the time-dependent generalized pseudospectral method is
not valid in a very weak perturbation system, which can be fairly studied by the time-independent methods. We
also discuss the physical originations of the numerical observations.
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I. INTRODUCTION

The collision between hydrogen atoms and antiprot

( p̄) is one of the simplest and most fundamental processe
atom-ion collision physics. There are many theoretical wo
@1–10# on this simple system. An experimental research
ing slow antiprotons is prepared under the project of ato
spectroscopy and collisions using slow antiproto
~ASACUSA! @11# at the Antiproton Decelerator~AD! in
CERN, which stimulates more recent theoretical works@12–
16#. In the first Born approximation, the impact excitatio
and ionization cross sections of hydrogen~H!-like ions by
antiprotons are the same as that of H-like ions by proto
The cross sections have a scaling behavior for being in
first Born approximation. In recent theoretical studi
@4,9,10,17# it is found that the ionization cross section do
not fall off in the low-energy regime for the collision of H
atoms by antiprotons. The ionization cross sections are
ferent for protons and antiprotons collision with H atoms
the low-energy regime. Thus, we can see that the first B
approximation is not valid in the low-energy regime for co
lision between H atoms and antiprotons. Now the questio
whether or not the first Born approximation is valid in th
low-energy regime for collision between the H-like ions a
antiprotons. To our acknowledge, there are a few theore
studies on the collision of H-like ions with antiprotons@9,18#
and there is no experimental data so far. Of course, from
experimental point of view, such an experiment is extrem
difficult due to the low ion density and small cross sectio
But from a theoretical point of view, the collision betwee
H-like ions and antiprotons provides a system to study~i! the
validity of the scaling relation, and~ii ! comparison between

*Present address: Physics Department, Kansas State Unive
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the time-dependent and time-independent methods. Me
while, the ionization cross sections of H-like ions can
used to study the multi-electron ionization process in
independent event model@19# when the sequential ionizatio
is dominant. Here we calculate the impact ionization a
excitation cross sections of H-like ions by antiprotons us
a time-dependent generalized pseudospectral~TDGPS!
method combined with the split-operator method in the
ergy representation@20#. Such a TDGPS method has bee
successfully applied to study the high-order harmonic g
eration in the intense laser field@21#, high-resolution spec-
troscopy of the Rydberg atom in the crossed electric a
magnetic fields@22#, and the collisions of H atoms with pro
tons@23,24# or antiprotons@17#. The purposes of the presen
study are threefold:~i! the validity of the scaling relation;~ii !
the comparison between the time-dependent and ti
independent methods; and~iii ! the numerical error analysi
in the present TDGPS method.

We will present our theoretical method in Sec. II, which
emphasized on the scaling behavior in the working equati
and error analysis in the second-order split-operator meth
The calculated results and a discussion will be presente
Sec. III, followed by a summary in Sec. IV.

II. THEORETICAL METHOD

The impact excitation and ionization cross sections
H-like ions by antiprotons can be studied by a tim
dependent method as well as by a time-independent me
~perturbation method!, like the first-order Born approxima
tion. Following, we will introduce the two methods.

A. Time-dependent method

The collision between H-like ions and antiprotons can
studied by the impact parameter method, in which the re
tive motion of the antiproton with respect to the atom
nucleus is described by classical mechanics, and the ti
ity,
u
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evolution of the electron motion is described by quant
mechanics. The time-dependent electron wave function
the H-like ions can be described by the following tim
dependent Schro¨dinger equation as~atomic units with \
5m5e51 are used throughout unless explicitly stated o
erwise!

i
]

] t̃
c~ r̃ , t̃ !5H̃~ t̃ !c~ r̃ , t̃ ! ~1!

with

H̃52
¹̃2

2
2

Z

r̃
1

1

uR̃2 r̃ u
, ~2!

m R̈̃52¹Ṽ~R̃!, ~3!

Ṽ~R̃!52
Z

R̃
1E c* ~ r̃ , t̃ !c~ r̃ , t̃ !

uR̃2 r̃ u
dr̃ . ~4!

HereZ is the target nuclear charge of the H-like ions andm
is the reduced mass of the H-like ion and the antiproton.
suppose thatp̄ is approaching the target~an H-like ion!,
which is rested at the origin, along thez direction with a
velocity v, and the impact parameterb along thex direction.
We also assume that the relative motion of the incidenp̄
with respect to the target nucleus follows a classical tra
tory, from Eq.~3!. To investigate the scaling relation of th
impact excitation and ionization cross sections in the co
sion of H-like ions by antiprotons, we make the followin
transformations:

r̃5r /Z R̃5R/Z

t̃ 5t/Z2 H̃5Z2H. ~5!

Now, we rewrite Eqs.~1!–~4! as

i
]

]t
c~r ,t !5H~ t !c~r ,t ! ~6!

with

H52
¹2

2
2

1

r
1

1

ZuR2r u
, ~7!

mR̈52¹V~R!, ~8!

V~R!52
1

R
1E c* ~r ,t !c~r ,t !

ZuR2r u
dr . ~9!

Equation~6! can be solved by the second-order split-opera
method with a generalized pseudospectral grid in the ene
representation@20,23,24# as

c~ t1Dt !5e2 iH 0Dt/2e2 iV(t)Dte2 iH 0Dt/2c~ t !1O~Dt3!c~ t !
~10!
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of

-

e

-

-

r
gy

with

H052
¹2

2
2

1

r
, ~11!

V~ t !5
1

ZuR2r u
, ~12!

O~Dt3!5
i

24
$@V~ t !,H0#,H012V~ t !%Dt3. ~13!

To propagate the wave function in Eq.~10!, we use spherica
coordinates, and the radial part is discretized by the gene
ized pseudospectral method@25#. The detailed numerica
procedure can be found in Refs.@20,23,24#. With this impact
parameter method, we can propagate the wave function f
t50→T with the projectile along thez direction starting
from z0. The initial wave function is located in the targe
ground state. When the projectile passes through the ta
and far from the target, we obtain the excitation or ionizati
probability as

P~T,b!5u,c~T!uc f.u2, ~14!

wherec f is the time-independent excited or continuum st
wave function centered at the target H-like ions. The cor
sponding cross sections in the scaled coordinates can be
tained as

s52pE P~T,b!bdb. ~15!

The cross section for a given H-like ion can be obtained

s̃5
s

Z2
. ~16!

Since the interaction between the target electron and the
tiproton is scaled as 1/Z in Eq. ~12!, the cross section in Eq
~15! should be

s}
sH

Z2
or s̃}

sH

Z4
~17!

with sH as the cross section for H atoms. For the con
nience of later discussion, we define a scaled probabi
scaled cross section, and scaled impact energy as

Ps~T,b!5Z2P~T,b!, ~18!

ss5Z4s̃, ~19!

Es5E/Z2. ~20!

B. Time-independent method

In the first-order plane wave Born approximation, the im
pact excitation and ionization cross sections of H atoms
antiprotons can be written as
8-2
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s55
8p

v2 Eqmin

qmax
Fi j ~q!/q3dq excitation,

8p

v2 E E
qmin

qmax
Fi j ~q!/q3dqde ionization

~21!

with

Fi j ~q!5u^c i ue2 iqruc j&u2. ~22!

Here,c i andc j are the initial and final states of the H-lik
ions, q is the momentum transfer,v is the impact velocity,
andqmin andqmax are the minimum and maximum mome
tum transfers for a given energy loss. For the H-like ions,
cross sections can be written as

s~Z!5sH/Z4. ~23!

The scaling relation, Eq.~23!, is exact in the first Coulomb
projected Born approximation.

III. RESULTS AND DISCUSSION

Based on the TDGPS method with the second-order s
operator method in the energy representation@20#, we calcu-
lated the impact excitation and ionization cross sections
H-like ions (Z51,2,4,10) by antiprotons. All the calculation
were performed in a 4 PCLinux cluster with a Pentium III
400 MHz CPU. The numerical convergence has be
checked in the same way as we did for the collision of
atoms by antiprotons@17#. For comparison, we also calcu
lated the impact excitation and ionization cross sections
the first-order Born approximation. Since the Born appro
mation is valid in high-impact-energy, we expect that t
time-dependent and Born results should agree with e
other at the high-impact-energy regime.

Figure 1 shows the scaled impact ionization cross sec
of H-like ions ~Z51,2,4,10! by antiprotons calculated by th
present time-dependent Schro¨dinger equation method as we
as by the first Born approximation. For comparison, ot

FIG. 1. The scaled impact ionization cross sections of the H-
ions by antiprotons together with other theoretical calculatio
Filled circles are from Ref.@9#, open triangles are from Ref.@10#,
and filled triangles are from Ref.@18#.
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theoretical results@9,10,18# of the impact ionization cross
section of H-like ions by antiprotons are also presented
Fig. 1. For the first Born calculation, the scaled impact io
ization cross section is independent from the target ato
numberZ. As we expected, the scaled ionization cross s
tions are in good agreement with each other at a hi
impact-energy regime~above a few 100 keV!. As the scaled
impact energy goes to the medium-energy regime~from 20
to a few 100 keV!, the scaled impact ionization cross se
tions increase more rapidly for the high-Z H-like ions. The
maximum scaled ionization cross section appears aroun
keV, at which the incident velocity is equal to the 1s electron
velocity moving around the target nucleus. In this ene
regime, although the scaled ionization cross sections of
high-Z ions are closer to the first Born results than those
the low-Z ions, significant discrepancies still exist, as sho
in Fig. 1. The peak value of the first Born result is about 1
times the peak value of the scaled result forZ510. As the
scaled impact energy goes to the lower-energy regime~below
20 keV!, the scaled ionization cross sections decrease v
rapidly for the high-Z H-like ions. For H atoms, the ioniza
tion cross section decreases very slowly, as shown in Fig
instead of the fast decrease predicted by the first Born
proximation. The different behaviors of the ionization cro
section for H-like ions by antiprotons at the lower-ener
regime have been studied systematically by the theory
hidden crossing@9#. In this theory, at the united atom limit
the collision system of H atoms by antiprotons has no bou
state. The initial ground state is pushed into a quasimolec
continuum state. This results in a finite ionization cross s
tion at the lower-energy end. For high-Z ions, the initial
ground state and the ground state of the united atom are c
to each other. This results in the decrease of the ioniza
cross section as the impact energy decreases. Detailed e
nation can be found at Ref.@9#. It is very interesting to com-
pare our scaled ionization cross sections with other calc
tions. For H atoms, our results~solid line! are in good
agreement with lattice time-dependent Schro¨dinger equation
method~TSDE! ~circles! results@10# within a few percent-
ages over the whole-energy regimes. For He1 ions, our re-
sults~dashed line! are in agreement with TDSE’s results@18#
~filled triangles! over the whole-energy regimes. The clas
cal trajectory Monte Carlo~CTMC! calculation @9# ~open
triangles! is also in agreement with our results in th
medium-energy region. In the lower-energy region, t
scaled cross section of He1 ions should be smaller than tha
of H atoms. But the CTMC result shows larger than that
the H atom. Therefore, we think the CTMC results at low
energy are overestimated for the ionization cross sectio
Our time-dependent calculation of the scaled ionization cr
section forZ510 shows some increasing, which is due to t
numerical error we will discuss later.

Figure 2 shows the scaled 2s and 2p excitation cross
sections of H-like ions by antiprotons. The TDSE results
He1 from Ref. @18# ~filled triangles! are in good agreemen
with the present calculation for both 2s and 2p excitation.
The general features of the 2s excitation cross sections ar
quite similar to the ionization cross section. All the scaleds
excitation cross sections are in good agreement at the h

e
.
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energy regime. The peak value of the first Born result
about 1.6 times the peak value of the scaled result foZ
510. The difference is that the 2s excitation peaks are lo
cated in the lower-energy position, compared with the io
ization cross sections. The 2s excitation cross section of H
atoms increases monotonically as the impact energy
creases, as shown in Fig. 2~a!, which was discussed by Krsti
et al. @9#.

Figure 2~b! shows the scaled 2p excitation cross section
of H-like ions by antiprotons. The general features of thep
excitation cross sections are similar to the ionization, as w
as the 2s excitation, as we varyZ from 1 to 10. A significant
difference is that the first Born result is in good agreem
with the scaled 2p excitation cross section forZ510.

Based on the ionization and 2s, 2p excitation shown in
Figs. 1 and 2, we find that~i! the scaling relation of the
ionization and the excitation cross sections is valid for hig
Z H-like ions, or in the high-impact-energy regime, and~ii !
for given H-like ions, the scaling relation works better for t
impact excitation to dipole allowed transition than for t
dipole forbidden transition. For the first observation, we s
that the time-dependent Schro¨dinger equation and the pertu
bation methods should be the same when*V(t)dt in Eq.
~10! is small. We can easily see that the scaling relation
valid for a short interaction time~high-impact energy! or a
small interaction~high-Z case!. In the Born approximation
generally speaking, the dipole allowed transition cross s
tion is larger than the dipole forbidden transition cross s
tion. This is due to the fact that the integration in Eq.~21! is
dominated by the smallq and the leading term in Eq.~22! is
a dipole term. For simplicity, we decompose the*V(t)dt in
Eq. ~10! as a summation of monopole and dipole, i.e.,

FIG. 2. The scaled excitation cross sections of the H-like io
by antiprotons to~a! 2s and~b! 2p states. Filled triangles are from
Ref. @18#.
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E V~ t !dt5V01V1 . ~24!

In the perturbation theory, we only consider the leading te
in the expansion ofe2 i *V(t)dt, in which the scaling relation is
valid. Now let us consider the next leading term, which w
lead the invalidity of the scaling relation. For monopole, th
term is proposed to beV0

21V1
2. For dipole, this term is pro-

posed to beV0* V1. The relative effect for the monopole i
much larger than that for the dipole sinceV1.V0. Or, in
other words, the scaling relation works better for the dom
nant transition. Indeed, we see the 2p excitation cross sec
tion is larger than that of 2s and the scaling relation work
better for the 2p transition than for the 2s transition, as
shown in Fig. 2.

In our calculation, originally, we thought that the time
dependent calculation for the scaled equation with highZ
should be easier and more reliable due to the relative w
interaction in Eq.~12!. To our surprise, the most difficul
case isZ510, the largestZ in the present calculations. Thi
forces us to check the origin of the numerical error and co
pare the advantage and disadvantage of the time-depen
Schrödinger equation method. In the split-operator tim
propagation, Eq.~10!, the numerical error, Eq.~13!, comes
from three parts:~i! the finite number of the grid in the radia
part; ~ii ! the finite number of the partial wave; and~iii ! time
stepDt. To obtain a reliable numerical result, we hope th
12e2 iH 0Dt/2e2 iV(t)Dte2 iH 0Dt/2 is as large as possible an
O(Dt3) in Eq. ~10! is as small as possible. IfV(t)!H0, Eq.

FIG. 3. The scaled ionization probabilities of H-like ions b
antiprotons. The scaled impact energies are~a! 1000 keV,~b! 100
keV, ~c! 10 keV, and~d! 1 keV, respectively.

s

8-4



o
th
E

q
e

n

er
en
ni
th
a

t

io

n

g

-

ob
le
io
m
to

is
eV

r is

eV.
o-

ore
gy
ws
y
es
d.

g

ely,
e.

ent
-
ti-
ated

we
t-

nd
ed
en
od
or-
e-

SCALING RELATION IN THE COLLISION OF . . . PHYSICAL REVIEW A 66, 032708 ~2002!
~10! is vulnerable to the numerical error. We call the err
related to the first term as E1 and the error related to
second term as E2. After each time step propagation in
~10!, if the change in the wave function@c(t1Dt)2c(t)# is
very small compared with the original wave functionc(t),
which is the case for the weak interaction potential in E
~12!, the numerical results will not be reliable anymore. If w
increase the time stepDt, the change in the wave functio
increases, so as the error in Eq.~13!. Thus, using the time-
dependent Schro¨dinger equation method to study a weak p
turbation system is not effective. In the time-independ
perturbation methods, like the Born approximation, the i
tial state is factored out from the final states. Therefore,
time-independent perturbation theory is better for a we
perturbed system, like the high-Z H-like ions in the presen
calculations.

To support our above argument, the scaled ionizat
probability as a function of the impact parameterb is shown
in Fig. 3 with four scaled impact energies: 1, 10, 100, a
1000 keV. We see that the scaled probability for low-Z (Z
51,2) ions is relatively smooth over the whole energy ran
~from 1 to 1000 keV!. For high-Z ions ~Z54,10!, the largest
ionization probabilities (1/Z2) are 1/16 and 1/100. For high
impact energy~1000 keV!, the scaled ionization probability
is about two orders too small. Therefore, the ionization pr
ability of the high-Z ions at high-impact energy is vulnerab
to the numerical error in the calculation. Since the interact
time is very short, the numerical error mainly comes fro
the E1 or grid structure, namely, when the impact antipro
is too close to the radial grid~Coulomb singularity!. Such a
numerical error@the bump in Fig. 3~a!# always exists, but
plays an important role when the ionization probability
small. As the ionization probability increases at 100 k
t.

ys

ys

y

C,
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impact energy, the contribution of such a numerical erro
getting smaller, as shown in Fig. 3~b!. The scaled probability
goes too smoothly when it reaches maximum at 10 k
Such a numerical error can be minimized by using a tw
center grid structure or by choosing the grid structure m
carefully in the numerical calculation. For the lowest ener
in the present calculation, the ionization probability sho
some oscillation forZ510. Since the time step is relativel
large in the lower-energy region, this part of the error com
from the E2 term, which is very difficult to be suppresse
Anyway, if the perturbed potentialV(t) is very weak,
namely,V(t) is in the numerical roundoff region comparin
with H0, the present time-dependent Schro¨dinger equation
totally breaks down. The time-independent method, nam
the first Born approximation, should be used in this regim

IV. SUMMARY

Based on the TDGPS method and the time-independ
method~first Born approximation!, we have studied the im
pact ionization and excitation of H-like ions impact by an
protons. By comparing the scaled cross sections calcul
by the time-dependent and time-independent methods,
found that~i! the scaling relation is valid in the high-impac
energy regime, which is already well known;~ii ! the scaling
relation is also valid for the high-Z H-like ions collision with
antiprotons in the lower scaled impact energy regime; a
~iii ! the scaling relation works better for the dipole allow
transitions than for the dipole forbidden transitions for giv
ions. Meanwhile, we also found that the TDGPS meth
does not work well in a very weak perturbation system. F
tunately, such systems can be fairly studied by the tim
independent perturbation method.
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