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Density-functional theory and atomic multiplet levels
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The multiplet splittings resulting from Hund’s rules effects for open-shell atomicdn configurations are
investigated within density-functional theory. The calculated results are compared to experiment, Hartree-Fock,
and Slater-Condon-Racah fits. Marked systematic errors are found in the local-spin-density~LSDA! and
generalized-gradient~GGA! results arising from the failure of the LSDA/GGA single-particle Hamiltonian to
commute withL, ML , andS, which are good quantum numbers for the exact wave functions. The shortcom-
ings of LSDA/GGA for the middle of the transition-metal row ions are more severe than those seen in previous
work that concentrated on openp shells, even for multiplet levels with single-determinant wave functions. A
number of issues confronting density-functional-based theories are addressed; in particular, it is demonstrated
that any exchange-correlation functional that depends on the charge and spin densities alone is incapable of
describing multiplet effects correctly.
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I. INTRODUCTION

With the recent increased interest in magnetic proper
of complex materials, electronic structure calculations
magnetic solids are increasingly confronted with the need
treat spin, orbital, and spin-orbit effects on an equal ba
This raises the issue of how Hund’s rule effects are to be
incorporated in band theory calculations. As a prelude
consideration of these effects in solids, it is useful to und
stand them for the case of free atoms. In this paper, den
functional theory ~DFT! @1#, in its local-~spin-!density
~LSDA! @2# and generalized-gradient~GGA! @3# approxima-
tions, will be juxtaposed against Hartree-Fock theory a
experiment for open-shell transition-metal ions.

One of the great successes of the Hartree-Fock appr
mation is to be found in the Slater-Condon-Racah theory
atomic multiplets@4#. Derived in the era before atomic ca
culations had become available for open-shell ions,
theory provided a very good description of the observed m
tiplet splittings. Using single- and multideterminant wa
functions having total spin and orbital angular momentaS, L,
MS , andML as good quantum numbers, the Slater-Cond
Racah theory involved fitting the observed spectra in te
of a few radial Coulomb integrals, i.e., the SlaterFk. With
the advent of Hartree-Fock calculations, it became clear@5#
that theFk of the fits had been screened by correlation
fects, leading to values which were smaller than the b
integrals.

In contrast, the LSDA/GGA, as will be discussed in th
paper, do not reproduce the multiplet structure well; in p
ticular, degenerancies~and hence splittings! are given incor-
rectly in the LSDA. This issue has been recognized for ma
years and motivated several related approaches@6–9# for
dealing with multiplets. These previous authors@6–9# ad-
dressed the question of multiplet splittings within the LSD
concentrating on systems with openp shells@6–8#; with the
exception of some work on thed2 configuration@9#, the open
1050-2947/2002/66~3!/032508~9!/$20.00 66 0325
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d ~and f ) shells important to magnetism have not been c
sidered. In addition to these Slater-Condon-Racah and d
sity functional approaches, various methods such as the t
dependent density-functional theory~TDDFT! and effective
action-based approaches have been used to calculate se
atomic multiplets and excitation energies in some molecu
@10#. Our results also will have important consequences
such studies, especially when local-density theory~or a simi-
lar variant of DFT or a hybrid functional! is used to approxi-
mate the frequency-dependent exchange-correlation kern

The success of Hartree-Fock theory in dealing w
Hund’s rules in atoms arises from the inclusion of aspher
interelectronic exchange in which the energy depends
whether the orbital moment of one electron is parallel
antiparallel to that of the other. As will be discussed lat
this contribution cannot be described when the interel
tronic potential is derived from the electron and spin den
ties alone. One way to remedy this defect is to add a cur
density term to the LDA scheme@11#, but a practical imple-
mentation is still not available. Another approach is to
place the appropriate open shell aspherical LSDA/G
terms by their~bare or screened! Hartree-Fock counterpart
@4#. ~A crude, but computationally convenient@12#, approxi-
mation of limited validity is discussed in Appendix A.! Yet
another approach, introduced by Ziegleret al. @6#, von Barth
@7#, and Wood@9#, is to constrain the LSDA/GGA calcula
tions such that the atomic states of the same multiplet
given L andS, but differingML andMS , are degenerate. In
this paper, we extend this constrained approach to oped
shells, and find that the lessons learned in thep shell systems
are not directly transferable to transition-metal systems.

In thep shell ions considered previously@6–8#, only three
different multiplet states ofL andSmay be constructed for a
given openp2, p3, or p4 shell, and thus only two indepen
dent multiplet level splittings arise. The restriction to tw
splittings makes these cases a limited test of any the
Many more multiplet levels arise in opend or f shells, thus
©2002 The American Physical Society08-1
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allowing a better sampling of how well a given theory sep
rately accounts for Hund’s first and second rules, as wel
allowing for possibly new phenemona. An additional co
plication plagues comparisons between theory and exp
ment for openp shells, particularly the 2p atoms: consider
an s2p2 configuration for which there are3P, 1D, and 1S
multiplets with the associated (1S-3P) and (1D-3P) level
splittings. As noted@13# by Condon and Shortley, the exper
mental ratios of these splittings~and theirp3 and p4 coun-
terparts! deviate markedly from the predictions of Slate
Condon-Racah theory, which was attributed to the stro
mixing @14# between near-lying atomic levels arising fro
different atomic configurations, e.g., the 2s22p2 with the
2p4. Neither density-functional nor Hartree-Fock theory
standardly applied deals with such configuration-interact
effects. Going to the multiplet splittings of opend or f shells
does not completely avoid distortions due to analogous ‘‘
generate’’ configuration mixing, but its overall impact is us
ally less.

In discussing various approximations, it is useful to d
with cases for which there are experimental data@13# for
comparison. There are very few data for openf shells except
for the cases of several 4f 2 and 4f 3 ions among the rare
earths. In contrast, there is a substantial body of transit
metal data, particularly across the 3d row. For that reason
the transition metals will be considered in this paper. Wo
@9# considered thed2 levels of Ti and Zr in his LSDA inves-
tigation of multiplet splittings, but to our knowledge the
are the only transition-metal estimates made prior to
present paper. While valuable to have, Wood’s investiga
provides an incomplete indication of what happens for
transition-metal elements.

In atomic Hartree-Fock theory, the Hamiltonian com
mutes with L, S, ML , and MS ; the many-electron wave
functions with these quantum numbers are linear comb
tions of Slater determinants. The total energy of a given s
depends onL and S, but not onML or MS ~provided spin-
orbit coupling is neglected!. While the calculated ordering in
energy of the multiplet levels is not always in accord w
experiment, the orderings do reproduce Hund’s first and s
ond rules. The situation is different for the LSDA/GGA ca
culations where the single-particle Hamiltonian commu
with neitherL nor S. Following the previous investigation
@6–9#, we will require that the wave functions used for th
LSDA/GGA energy estimates be eigenfunctions ofL, S, ML ,
and MS , i.e., have the same symmetry properties as
Hartree-Fock~single- or multideterminant! wave functions.
One consequence of applying the LSDA or GGA to su
wave functions is that the energies obtained for states di
ing only in ML and/orMS will differ, contrary to experimen-
tal fact. This deficiency in the LSDA already occurs for t
single-electronp,d, . . . states of the hydrogen atom whic
have different energies depending on the particularm, con-
sidered @15#. These considerations have implications f
LSDA/GGA band structure calculations for solids when sp
or orbital magnetic effects are of concern.

In general there is a single determinant associated w
the states of maximum allowableL for someSappropriate to
a dn ~or pn or f n) configuration, withML5L andMS5S. In
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other words, restricting consideration to single determina
allows a sampling of the multiplet splittings between sta
of differing S, but not between differingL for some givenS.
Also, except for the half-filledd5 ~and f 7 and p3) configu-
ration, more than one single-determinant state may be c
structed for the Hund’s rule ground state. These single de
minants are associated with differentML ~each having the
maximum MS) and LSDA/GGA estimates yielddifferent
values for their total energies, similar to the case of the
drogenic states@15#. Thus, LSDA/GGA estimates of the mu
tiplet excitations from the multiplet ground state to leve
describable as single determinants involve aspreadin energy
depending upon which ground state single determinan
used. In part because of the choice of systems considered
results of the earlier work@6–9# suggested that the LSDA
works well in predicting the multiplet splittings betwee
single-determinant levels; for the opend shells in the middle
of the transition-metal rows, however, we show that t
LSDA/GGA is not as successful.

II. CHARGE AND SPIN DENSITIES: CONSEQUENCES
FOR MULTIPLET LEVEL SPLITTINGS

In this section, we present cases where~a! any local-
density approximation and~b! any density functional~local
or nonlocal! that depends on the charge and spin densi
only mustfail to describe the multiplet splitting correctly. A
blurring of the roles of Coulomb and exchange effec
within the Hartree-Fock treatment, will also be noted. The
results have important implications for the development
exchange-correlation functionals for the successful desc
tion of spin and orbital effects.

First consider thed4 ~or d6) configuration. There are thre
wave functions that can be written as single determinants
the ground state5D level, all with MS52, butML50, 1, 2:

C~5D !0,25F~21,11,211,221!, ~1!

C~5D !1,25F~21,11,01,221!, ~2!

C~5D !2,25F~21,11,01,211!, ~3!

where the subscripts indicate theML andMS values and 21,
for example, indicates that the single determinantF contains
an electron orbital havingm,52 and ms51 1

2 . Note that
each of these single determinants has a spherical density
cept for a single hole of a givenum,u corresponding to the
ML value. A simple calculation gives that the hole densit
for the second and third wave functions, are given by

Y21* ~ r̂ !Y21~ r̂ !5
15

32p
@sin 2u#2 ~4!

Y22* ~ r̂ !Y22~ r̂ !5
15

32p
@sin2u#2. ~5!

The simple mapping of sin2u↔sin2u transforms one density
into the other~at some different point in space! on a point by
point basis. Hence,any local approximation will give iden-
tical results for these two exchange-correlation energ
8-2
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~Nonlocal density functionals will not have this defect sin
the gradients are different.! Since the charge densities a
different for the three single-determinant states, they h
different Coulomb energy contributions; however, since
local-density exchange-correlation energy contributions
ML51 and ML52 are identical, the energies of these de
generate states must be different, causing a nonphysical s
ting of the degeneracy. Note that this example is fundam
tally different from the common case—such as the sing
particle ~and thus single-determinant! hydrogenic states
@15#—where the Coulomb and exchange-correlation ter
are each different and the splitting comes from an incomp
cancellation because of defects in the exchange-correla
functional. For this common case, it is possible, at leas
principle, to define an artificial~and probably nonphysical!
local exchange-correlation functional that would give t
correct degeneracies for a set of states. For the two5D states
discussed above, this is not possible and there must
splitting. It is important to emphasize that this splitting ha
pens even for single determinants where previous work
argued that the LSDA should be applicable. In addition, n
that the magnitude of the splitting depends on the Coulo
terms alone and is independent of the choice of LSDA fu
tional.

Even a nonlocal exchange-correlation functional that
pends on the charge and spin densities alone will not give
correct multiplet splittings since there existdifferent states,
belonging to different multiplets, that haveidentical charge
and spin densities. Although the existence of sets of s
states does not appear to have been recognized previo
such situations are not at all rare: there are two such set
the P andD levels of thep2 andp3 configurations;3F and
1G in d2; (5D,1I ), (5D,3H,1I ), (5D,1F) for d4; and
(6S,2S), (4G,4F), (2I ,2H) for d5. ~Other cases exist, bu
depend on the mixing of the various states of commonSand
L.! Clearly any method that cannot distinguish between th
different states cannot obtain the correct multiplet splittin
The current densitycandistinguish between these states, a
thus may provide a way to treat multiplet effects correc
within a ~current! density-functional approach.

To discuss the relative role of Coulomb and exchan
terms, let us consider thed2 ~andd8) configuration in which
Ti21 occurs. This ion was considered by Wood and will
discussed in the next section. The configuration combine
form 3F, 3P, 1G, 1D, and 1S multiplet levels, with the3F
and the1G states having single-determinant wave functio

C~3F !315F~21,11!, ~6!

C~3F !215F~21,01!, ~7!

C~1G!405F~21,22!. ~8!

The other states are combinations of more than one dete
nant; e.g., the1S state is
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C~1S!005
1

A5
$F~21,222!2F~22,221!

1F~12,211!2F~11,212!1F~01,02!%.

~9!

Consider the Hartree-Fock exchange coupling between
21 and 11 electrons of Eq.~6!, which is @16#

Eexch52
6

49
F2~dd!2

5

441
F4~dd!, ~10!

where theF2 and F4 are Slater radial integrals@16# which
involve a commond radial function for the electrons of th
open shell. If them, of the second electron is flipped from
11 to 21, with the result that the new determinant belon
to a different multiplet, then the exchange coupling is

Eexch50F2~dd!2
35

441
F4~dd!. ~11!

While the electron charge~and hence thed-d Coulomb in-
teraction! and spin densities are the same for the two de
minants, exchange samples the energy dependence o
orientation of the two angular momenta, yielding differe
energies. This behavior is essential to the success of Har
Fock theory in predicting the multiplet spectra and mainta
ing the symmetry of the physical system. However, now c
sider the exchange energy associated with the electron
Eq. ~7!,

Eexch52
4

49
F2~dd!2

15

441
F4~dd!, ~12!

which is quite different from Eq.~10!. The Coulomb terms
are also different in the two cases, with the result that b
single determinants have a total~direct and exchange! inter-
electronicd-d interaction of

Etotal52
8

49
F2~dd!2

9

441
F4~dd!. ~13!

Although the exchange terms explicitly depend on the re
tive signs ofm, of each electron, there is an interplay b
tween Coulomb and exchange contributions to theL, S, ML ,
andMS dependence of the multiplet energies that leads to
degeneracy among the different levels of a multiplet. T
situation becomes even more complicated when conside
multideterminant states where there are energy contribut
arising from matrix elements between determinants. The
plication of these observations is that, even within a giv
multiplet, the Coulomb and exchange contributions for t
different members can vary widely, making an unambiguo
distinction between exchange and direct Coulomb contri
tions problematic.

In this section we have indicated some of the difficulti
that density functionals must address when dealing with
multiplet effects accompanying Hund’s first two rules;
particular, LSDA/GGA-type approximations are incapable
8-3
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correctly describing these effects. Hartree-Fock theory, w
exchange terms that depend on the signs as well as the
nitudes of them, values, is in a much better position to de
with multiplet energies. It should, of course, be remembe
that local-density theory was not derived to deal with the s
of degenerate states encountered here, but these typ
states are of importance in calculations in solids.

III. Ti 2¿ 3d2 MULTIPLETS

Given Hartree-Fock-like single- and multidetermina
wave functions, withL, S, ML , and MS as good quantum
numbers, the charge and spin densities may be constru
and then the LSDA/GGA energies may be calculated~see
Appendix B!. The LSDA results for Ti21 are shown in Fig.
1~a! and compared with experiment@17,18#. ~Note that levels
with 6ML or 6MS are degenerate.! The solid lines indicate
the results for single determinant wave functions and
3F-1G splitting is in reasonable accord with experiment,
agreement with previous expectations@6,7,9#. This is not the
case if other levels are considered. The most striking fea
of the results is the separation of theMS51 levels ~below
2 1

4 eV) into one stripe and those forMS50 into another.
The MS dependence of the energies—not L and
S—dominates the results. The consequences of includ
gradient terms~GGA! @3# in the estimates is shown in Fig
1~b!. Although there are changes in details, inclusion of
gradient corrections has had little effect on the predictio
with the MS striping maintained. There is little tendency fo
the predictions to reproduce experiment other than yield
the overall spread in the spectra.

An approach to resolving the striping is to require that
states of differingML andMS , but the sameL andS, have
the same energy,Ei . Following Wood @9#, one way is to
invoke the diagonal sum rule, i.e., the trace of a matrix
invariant. In the case ofML5MS50 @see Eq.~9!#, there are

FIG. 1. Experimental (L) and calculated multiplet energy lev
els for Ti21 d2 where the zero of energy is the center of gravity
the set of levels.~a! LSDA predictions for single-~—! and multi-
~ ! determinant wave functions of goodS, L, MS , andML .
~b! Same, but with gradient terms~GGA! included in the energies
~c! Comparison of the predictions of the Wood-type diagonal s
rule (•••••••) and von Barth–type (v) constraints to experimen
as discussed in text.
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five single determinants, with energies« j . From the diagonal
sum rule,

(
j

« j5(
i

Ei , ~14!

where, forML5MS50, the right hand side is a sum over th
energies of the fived2 multiplet states. There is such a su
rule, involving varying numbers of states, for eachML and
MS appropriate tod2. Combining these sum rules, subject
requiring a singleEi for a given L and S, results in more
equations~9! than the number~5! of multiplet state energies
Wood made a particular choice of equations and solved th
five. The choice, however, is not unique and the results
making the various possible choices are plotted in Fig. 1~c!.
Several things have happened by enforcing the diagonal
rule. With the requirement of a singleEi , the MS50 stripe
of levels for 3F has disappeared, as has theMS51 stripe for
3P. However, different choices of the set of equations
solve lead to a quite large spread in level positions.

In addition, the set of energy values obtained for1S has
risen some 3–4 eV so that theory lies well above experim
for this level. It should be noted that1S enters only the
ML5MS50 equation and is obtainedafter the other four
levels are solved for from the other equations. It might th
be concluded that the1S energy suffers from the shortcom
ings, numerical and physical, of enforcing the Hartree-Fo
requirement of a single energy per multiplet state upon
other LSDA/GGA-based levels.

The diagonal sum rule is just one of a number of Hartr
Fock relationships between the single determinant« j and
multiplet energiesEi . In general there are more equatio
than unknowns if each of the« j are considered to be inde
pendent. In Hartree-Fock theory, there are degeneracies
simple relations among the energies of the determina
thereby reducing the number of independent equations
that the problem is well defined. Ziegleret al. @6# considered
cases where the number of different determinant ener
~calculated within the LSDA! are the same as the number
different multiplets energies so that a unique solution can
found. Because of this restriction on the number of indep
dent energies, their method is appropriate for systems suc
small molecules that have lower symmetry~and degenera-
cies! than found in atoms. von Barth@7# in his treatment of
the pn ions extended this approach and did a least devia
fit of the full set of equations. To these, he suggested ap
ing even more constraints based on Hartree-Fock wave fu
tion information. By considering the unitary transformatio
between the Hartree-Fock eigenfunctionsC j , which are
proper eigenfunctions ofL, S, ML , andMS , and the single
determinants one can write

F i5(
j

b i j C j . ~15!

Multiplying this equation on the left by the Hartree-Foc
Hamiltonian, then byF i , and integrating, we have

« i5(
j

b i j
2 Ej , ~16!
8-4
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where we have made use of the fact that the Hartree-F
energiesEj are diagonal in terms of theC j . The result is a
set of equations having Hartree-Fock constraints on the c
bination of single determinants. The consequence of fitt
this larger set of equations is indicated by the triangles
Fig. 1~c!. Agreement with the earlier fit is quite good and t
predictions of the multiplet splittings~relative to the 3F
level! of the 1G, 3P, and 1D, but not the 1S, levels are in
accord with experiment; e.g., the order in which the multip
levels lie is almost correct. The misplacement of the1S
level, however, is significant numerically and is a indica
that the constrained LSDA-type approaches do not work
well for the d shells as for thep shells.

IV. RESULTS: d3 TO d7 CONFIGURATIONS

Going from thed2 configuration~and its over-half-filledd
shell counterpartd8) to the other configurations introduces
significant complication not encountered in the previous s
tion. In the d3 (d7), d4 (d6), and d5 configurations there
exist pairs of multiplet states which are of the same symm
try and which have matrix elements coupling them. Thus,
final set of states and their energies depend on the streng
this mixing. Pairs of2D states exist for thed3 (d7) andd5

cases, while ford4 ~andd6) over half the multiplet states ar
members of such pairs, i.e.,3F, 3P, 1G, 1D, and 1S. The
mixing matrix elements between the multiplet states, alo
with their individual energies, have been evaluated with b
the LSDA and GGA~cf. Appendix B!.

The equivalent of Fig. 1~b! is shown for three representa
tive ions in Fig. 2. Two of these are monovalent ions who
dn spectra are overlapped bydn21s multiplet levels, many of
which are of commonL and S. Some of the experimenta
levels are expected to be moved by ‘‘degeneracy’’ confi
ration mixing between these levels, but should have li
effect in ascertaining the trends to be observed here. TheMS
dependent striping seen in Fig. 1 has become more
nounced, especially for the half-filledd5 shell of Mo1. With
the exception of the two2D multiplets involved in mixing,
all the d5 states have spherical charge densities; hence

FIG. 2. Comparison of the calculated GGA single-~—! and
multi- ~ ! determinant multiplet levels to experimental (L)
values for Mo1, Fe1, and Fe21. The energy zero of a given set o
multiplet levels is the center of gravity of that set.
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deviations from having a single-valued energy for a giv
MS arise from aspherical exchange-correlation terms due
the aspherical components of the spin density. Here we h
the most graphic example of the inability of LSDA/GG
energies, derived for wave functions of well-definedL, S,
ML , and MS , to replicate the Hartree-Fock success in
overall mapping of the experimental level positions. Lim
ing consideration to the LSDA/GGA predictions for th
single-determinant cases also shows poorer agreement
experiment than was encountered for thed2 ion; in general,
the calculated single-determinant splittings differ from e
periment by;0.5 eV.

There is some tendency for the experimental levels to
in broad bands of their own. As was the case in Fig. 1 w
the 3P level, there are quartets in thed3, d7, andd5 cases
which are out of line in that their experimental energies c
incide with those values calculated for states which ha
been assigned the lowerMS value @19#. There are, in addi-
tion, some levels which lie well above the main group
low-spin levels, but there is no hint of this tendency in t
LSDA/GGA predictions.

Two of the ions just considered are shown in Fig. 3 whe
the Hartree-Fock predictions, the Slater-Condon-Ra
~whereF2 andF4 are fitted independently! and von Barth–
type fits, and experiment are compared. The agreement
experiment is typical of other examples which could ha
been chosen. With its interelectronic interactions unscree
by correlation effects, Hartree-Fock theory overestimates
overall multiplet splitting while doing well in predicting the
ordering of the multiplet levels. The von Barth–type pred
tions avoid the striping of Fig. 2 and do quite well in repr
ducing the trends in multiplet level behavior, although so
of the predictions are as much as an eV out of position re
tive to experiment. The Hartree-Fock and von Barth–ty
fits are comparable in quality, but both are poorer than
Slater-Condon-Racah fits.

When comparing the Hartree-Fock and Slater-Cond
Racah results it should be noted that the splitting between

FIG. 3. Calculated Hartree-Fock (1), Slater-Condon-Racah fits
~—!, and von Barth–type predictions (v) for the multiplet levels of
Mo1 and Fe1 compared to experiment (L). The energy zero is the
center of gravity of all multiplets. For the Mo1 2D3 multiplet, an
experimental2D value (n, which overlaps thev) attributed to the
d4s configuration is also given~see text!.
8-5
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centers of gravity of different spin manifolds, i.e., differin
S, is proportional to the sumF21F4, while the variation in
position of individual levels in a manifold depends on t
separate behavior ofF2 and F4. The Slater-Condon-Raca
fits have improved both the overall exchange splitting a
the positions of individual levels, resulting in good agre
ment with experiment, as seen for Fe1. Going to the higher
range in spin multiplicity of Mo1, there are three low-spin
levels (2G2 , 2D1, and 2D2) for which experiment and the
Slater-Condon-Racah fits are in poor agreement.~There is
another low lying2D level in the Mo1 spectrum attributed
to the d4s, but possibly belonging to thed5, configuration,
that is in excellent agreement with the remaining fitted2D3
level; this level does not mix with the other two2D levels.!
Problems have also been encountered in the fits for the2D
levels of otherd5 ions. Omitting this set of threed5 levels,
the Slater-Condon-Racah fits for thed2 throughd8 ions show
agreement with experiment like, and often better than,
seen in Fig. 3. The bulk of the experimental data@17# for
which such comparisons may be made resides in the 3d row
and for Mo; the data are sparse for other 4d and 5d ions.

The Slater-Condon-Racah fits of Fig. 3 involved all t
reported experimental levels, but other choices can be m
For example, consider thed4, d5, andd6 ions where there is
one~ground state! multiplet of maximumSplus sets of mul-
tiplets with two smallerSvalues. Fits have been done for th
set of multiplet levels of a givenSrelative to the ground stat
multiplet. The purpose, then, is to fit theF2 andF4 to best
represent theL dependence within a givenS manifold. The
results of such fits yield sumsF21F4 which are almost iden-
tical, but very slightly smaller for the smallS manifold, in-
dicating a slight increase in the screening of the excha
splitting. In contrast, the ratios of the Slater paramete
F4/F2, vary markedly: in the case of Mo1 the ratio is 0.88
for the fit of all levels, 0.67 for the fit of the quartets, an
0.92 for the doublets. A similar situation holds for thed2, d3,
d7, andd8 ions for which there are only twoS manifolds.

It would thus appear that estimates of the screening
such interelectronic interactions depend significantly on w
subset of multiplet levels is considered. In solids, for e
ample, one is often concerned with states of less than m
mum S and, as a rule, of less than maximumL for that S.

V. DISCUSSION

Because of the larger number of multiplet levels of va
ing L and S, the opend shells provide a better test of mu
tiplet theory than do the openp shells. The middle of the
transition-metal rows shows theMS striping of the multiplet
energies to be more narrowly defined relative to the ove
multiplet splittings ~Fig. 2! and problems arise concernin
the single-determinant states. Previous work onp shell sys-
tems indicated that LSDA energies could yield multip
splittings in accord with experiment for multiplets that c
be represented as single determinants. Contrary to this
ception, the LSDA/GGA single-determinant energy splittin
of Fig. 2 for d shell systems arenot in agreement with ex-
periment. If interest is not limited to states of maximumL for
a given S, then the multideterminant character of Hartre
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Fock theory, as developed for atoms by Slater, Condon,
Racah, cannot be avoided. As shown here, the introduc
of gradient terms has little effect on the LSDA predictions
the splittings.

Symmetry is a large part of the issue. The LSDA/GG
Hamiltonian does not commute with theL, S, andML ~and
m,) operators; hence, by construction, it does not deal pr
erly with these symmetries for the atomic case unless t
are imposed from the outside. The matter is further com
cated by the utilization of spin-polarized calculations whe
orbitals of electrons of differentms are allowed to be differ-
ent. If both are occupied, such pairs of electrons then do
make singlet contributions to the spin andS ceases to be a
good quantum number.~The same situation applies forL if
an m,-dependent polarization is introduced.! Also, the divi-
sion intod-d direct Coulomb and exchange terms, even
Hartree-Fock states describable as single determinants
pends on theMS andML of states of commonL andS. The
fact that the relative roles of direct Coulomb and exchan
terms cannot be uniquely defined for such a set of sta
means that the separate screening of such terms, as
sometimes been contemplated, would destroy the ability
Hartree-Fock theory to predict the multiplet level degene
cies and to maintain symmetry. The interplay of these ter
in Hartree-Fock theory, which is so important to its pred
tion of the degeneracies, has no counterpart in LSDA/G
theory and is at the root of theMS striping of Figs. 1 and 2.

The effective exchange coupling in a solid is often defin
asDE/DS, whereDE(DS) is the difference in energy~spin!
between two levels. As seen in Fig. 2 for thed5 and d6

configurations, when the multiplet states take on more t
two S values, the resulting exchange splitting is nonline
for example, changingSof thed5 configuration from5

2 to 3
2

yields a substantially different, i.e., larger,DE/DS than go-
ing from 3

2 to 1
2 . The same holds for bothd4 andd6 changing

S52 to 1 and, in turn, to 0. The nonconstancy ofDE/DS
with S does not seem to be widely recognized.

These results also have implications for bulk electro
structure calculations. A normal band structure calculat
involves a single~large! determinantal wave function mad
up from a set of occupied one-electron states. It is inhere
unable@20# to deal with the multideterminant character a
sociated with the spin and orbital Hund’s rule type of effec
The spin-polarized LSDA/GGA scheme has^Sz& as a com-
ponent of spin and thus is matched to the single-determin
character of the band structure wave function@21#. Spin-
polarized band calculations for magnetic solids have b
very successful in reproducing—and predicting—the s
magnetism, although the question arises of whether the
S intrinsic to a result equals the calculated^Sz& value. Alter-
native approaches such as ‘‘LDA1U ’’ and/or ‘‘LDA 1I ’’
have been coming into increased use. The starting poin
these schemes is a paramagnetic LDA band calculatio
which is appended a self-consistent treatment of magn
and correlation effects with the introduction of a HubbardU
or a StonerI term. Double counting of interelectronic inte
actions is avoided~or largely so! by starting with the para-
magnetic bands and screenedU or I with values of the order
of 1 eV for the 3d ions. These approaches add terms to
8-6
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Hamiltonian directly, but they still do not obey all the sym
metry requirements.

Orbital magnetism in solids arises from spin-orbit co
pling and from the incomplete quenching of Hund’s seco
rule effects. Such magnetism is important to magneto-opt
effects and to the description of magnetism in the actini
and their compounds. Here density-functional theory is
trouble for the same reasons as for the multiplet levels
does not differentiate between6m, and there are problem
with the single-determinant character of the band wave fu
tion. As noted in the Introduction and discussed in Appen
A, an approximate scheme for dealing with orbital effe
has been introduced for opend @22# and f @12# shells. The
scheme has restricted validity, but is computationally con
nient within a conventional band calculation. Ultimately, t
multideterminant character of the problem will have to
addressed. A possible step in this direction has been
gested by several recent papers@23# in which the LDA1U
approach is extended to include them, andms dependence
in U. Such schemes will require screenedFk matrix ele-
ments. The screening will be different for theF2 and
F4 d-electron terms, and will depend on the ion in quest
and on what set of multiplet levels is important to the phy
ics at hand.

VI. CONCLUSIONS

In this paper, we have considered a number of issues
lated to multiplets in open-shell atomicdn configurations.
The LSDA/GGA and Hartree-Fock calculations have be
compared to both experiment and to Slater-Condon-Ra
fits. The use of Hartree-Fock constraints@6,7,9# in the
LSDA/GGA enforces the correct degeneracies and remo
one of the major defects~the MS striping! of a straightfor-
ward application of the LSDA/GGA to the treatment of mu
tiplets. ~The use of the GGA, as opposed to the LSDA, h
little effect on the results.! However, even with constraints
the LSDA/GGA results for thedn configurations are signifi-
cantly worse than previous work on thep shell atoms would
suggest, with some levels such as the1S state of Ti21 off by
3–4 eV and errors of order 1 eV common. This poorer agr
ment is related to the greater complexity of the multip
structure found in thed shell compared top shell configura-
tions, and thus thed shell systems provide a more stringe
test of the various multiplet theories. An important obser
tion is that, contrary to expectations based on thep shell
systems, even single-determinant states for thesedn configu-
rations are not always well described; in fact, sing
determinant states that should be degenerate may be sp
;0.5 eV, with similar errors between different multiplet le
els. As demonstrated for thed4/d6 configurations, such en
ergy splittings between single-determinant states are an
sential feature of any local-density approximation. Even w
these shortcomings, these constrained~von Barth–type! fits
give results comparable in quality to Hartree-Fock calcu
tions and represent a reasonable~and, at present, probabl
the best! approach if the limitations are kept in mind.

In addition to extending the constrained LSDA a
proaches to multiplets ofdn ions, we have also discusse
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some general issues related to the calculation of multip
that do not appear to have been recognized previously.
marked systematic errors that are found in the LSDA/GG
results arise from the failure of the LSDA/GGA single
particle Hamiltonian to commute withL, ML , andS, which
are good quantum numbers for the exact wave functio
Complicating the development of new exchange-correlat
functionals is that direct Coulomb and exchange contri
tions cannot be separated uniquely even within a given m
tiplet. The Slater-Condon-Racah fits suggest that the scr
ing of the interelectronic interactions depends on the s
manifold and the set of multiplet levels that are physica
relevant. We have also shown thatanydensity functional that
depends on the charge and spin densities alone canno
scribe multiplet effects correctly, but must depend on ot
quantities such as the current density. All of these res
place important limitations and requirements on the prop
ties that exchange-correlation functionals must satisfy in
der to describe spin and orbital magnetic effects in both
oms and solids.
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APPENDIX A: ORBITAL EFFECTS

Racah@24# introduced linear combinations of the Slat
Fk integrals:B, a combination of thedn shell F2 and F4

integrals, andE3, a combination of theF2, F4, andF6 ap-
propriate to af n shell. The energy splittings between stat
of maximum allowable spin and varyingL depend only onB
or E3. For such states, the energy of an individual lev
corresponds to

Eav1xL~L11!z, ~A1!

whereEav is the energy of the center of gravity of the co
figuration,x is a simple constant such as21/2, andz is B
for the case of ad-shell orE3 for an f-shell atom. From the
variational principle, a one-electron operator of the form

x^L&zm̂, , ~A2!

can be introduced into a band structure calculation. (^L& is
the orbital moment andm̂, is the orbital angular momentum
operator in the one-electron Hamiltonian.! In schemes
@12,22# which add such a term to spin-polarized muffin-t
LSDA calculations, the spin polarization deals with the sp
magnetism and this term~plus spin-orbit coupling! is respon-
sible for orbital magnetic effects. In contrast with the LSD
treatment of aspherical effects, where6m, are treated iden-
tically, the introduction of Eq.~A2! differentiates between up
and down orbital angular momenta. Use of this equat
avoids the issue of whether orbital effects can be prope
described within the single-determinant description intrin
to band theory. More seriously, however, Eq.~A1! is only
occasionally correct in its description of free atom multip
8-7
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M. WEINERT, R. E. WATSON, AND G. W. FERNANDO PHYSICAL REVIEW A66, 032508 ~2002!
levels. Given its ready utilization in band calculations, E
~A2! will be widely employed, but it seems appropriate
review the circumstances under which it is valid when a
plied to a set of levels with different values ofL but with a
commonS. Consider four cases associated with opendn and
f n shells ~the behavior of thef n shell multiplets in their
maximum spin manifolds may be easily read off Fig. 1.9
Ref. @25#; the results for thedn may be obtained from Refs
@4,26# if one converts the SlaterFk integrals into their Racah
combinations!.

~i! d2, d3, d7, andd8. The states of maximum spin areF
andP levels whose separate energies do not obey Eq.~A1!,
but whose energy difference may be written as

E~F !2E~P!5xD@L~L11!#B, ~A3!

wherex52 3
2 , the coefficient employed in@22# in calcula-

tions of transition-metal oxides. For states of less than m
mum S, the states of maximumL are not the lowest lying in
energy; Hund’s second rule, properly stated, only applie
states of maximum spin. No single value for the coefficienx
describes the splittings between the sets of states of lowS.

~ii ! d4, d5, d6, f 6, f 7, and f 8. These configurations hav
only a single multiplet state of maximumS. In the manifolds
of lower spin, the states of maximumL often lie lowest. In
such cases,x is negative when defining the energy of th
state with respect to another. However, no single choice ox
defines the splitting between all theL states of any one o
these manifolds.

~iii ! f 2, f 5, f 9, and f 12. There areH, F, andP multiplet
states in the maximum spin manifolds. The splittings b
tween theH and F levels have the form of Eq.~A3!, with
x52 1

2 and withE3 replacingB. However, the same expres
sion does not give the energy of theP state correctly with
respect to the others.

~iv! f 3, f 4, f 10, and f 11. These configurations haveI, G,
F, D, andSstates in their maximum spin manifold. TheI and
Sstates are the onlyf n states which conform to Eq.~A1! and
for thesex52 1

2 . Although theI state does lie lowest, th
order of the energy levels, withL, does not conform with
Eqs.~A1!–~A3!.

Equation~A2! is justified for only a very limited set of the
multiplet levels. However, the very ease of its utilizatio
strongly encourages its use. If a spin-polarized band struc
without this term~and without spin-orbit coupling! repre-
sents an quenched orbital moment state, the process of
ing on this term may be viewed as unquenching; one
.
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perhaps rationalize a choice ofx based on the states involve
in the unquenching. Such a choice, however, will not lead
a single value ofx for the opendn ~or f n) systems, or even
a single value for a given atom in different environments

APPENDIX B: COMPUTATIONAL DETAILS

The radial atomic basis functions were calculated usin
standard self-consistent LSDA/GGA relativistic atomic pr
gram for spherical densities. LSDA@2,27# or GGA @3#
exchange-correlation potentials were used; different cho
of exchange-correlation approximations have little effect
the results since the radial wave functions are similar. Li
wise, changes in the reference state by, for example, occ
ing the d5/2 rather the thed3/2 orbital during the self-
consistent atomic calculation, had negligible effect on
calculated multiplet splitting, although the absolute total e
ergy of the atom did change.

Slater determinants of definiteML and MS of the open-
d-shell electrons are formed by combining these radial fu
tions with spherical harmonics and two-dimensional spino
These determinants are then combined to form the Hart
Fock wave functions for the multiplet states. The Hartre
Fock energies given were then calculated using these w
functions, and are in agreement with previous results@4#.
Each wave function has well-defined~aspherical! charge and
spin densities. These densities were, in turn, used to ob
the LSDA/GGA energies, including all nonspherical cont
butions to the Coulomb and exchange-correlation energi

The Slater-Condon-Racah fits were straightforward r
fits employing the expressions to be found in Ref.@4#. The
subscript labels in the figures for cases where more than
set of levels for some givenS and L are allowed follow
Slater’s definitions@4#.

The zeros of energy in the figures are set at the cente
gravity of the multiplets of a given configuration. Obvious
all the multiplet level positions are required when determ
ing such a center of gravity. Even in the best cases, typic
one or two high-lying levels are missing from the experime
tal data. To account for these levels, Slater-Condon-Ra
fits were made of the available data and the resultingFk were
used to estimate the positions of the missing levels. T
procedure introduces only a slight error~of order a few hun-
dredths of an eV! into the calculated centers of gravity be
cause the missing levels are few and of low degeneracy~al-
though high in energy!.
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