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Density-functional theory and atomic multiplet levels
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The multiplet splittings resulting from Hund'’s rules effects for open-shell atadfliconfigurations are
investigated within density-functional theory. The calculated results are compared to experiment, Hartree-Fock,
and Slater-Condon-Racah fits. Marked systematic errors are found in the local-spin-deS&t) and
generalized-gradieGGA) results arising from the failure of the LSDA/GGA single-particle Hamiltonian to
commute withL, M, andS, which are good quantum numbers for the exact wave functions. The shortcom-
ings of LSDA/GGA for the middle of the transition-metal row ions are more severe than those seen in previous
work that concentrated on opgnshells, even for multiplet levels with single-determinant wave functions. A
number of issues confronting density-functional-based theories are addressed; in particular, it is demonstrated
that any exchange-correlation functional that depends on the charge and spin densities alone is incapable of
describing multiplet effects correctly.
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[. INTRODUCTION d (andf) shells important to magnetism have not been con-
sidered. In addition to these Slater-Condon-Racah and den-
With the recent increased interest in magnetic propertiesity functional approaches, various methods such as the time-
of complex materials, electronic structure calculations fordependent density-functional theofyDDFT) and effective
magnetic solids are increasingly confronted with the need taction-based approaches have been used to calculate selected
treat spin, orbital, and spin-orbit effects on an equal basisatomic multiplets and excitation energies in some molecules
This raises the issue of how Hund’s rule effects are to be be$t0]. Our results also will have important consequences for
incorporated in band theory calculations. As a prelude tasuch studies, especially when local-density theorya simi-
consideration of these effects in solids, it is useful to underiar variant of DFT or a hybrid functionals used to approxi-
stand them for the case of free atoms. In this paper, densitynate the frequency-dependent exchange-correlation kernel.
functional theory (DFT) [1], in its local{spin)density The success of Hartree-Fock theory in dealing with
(LSDA) [2] and generalized-gradief@®GA) [3] approxima-  Hund’s rules in atoms arises from the inclusion of aspherical
tions, will be juxtaposed against Hartree-Fock theory andnterelectronic exchange in which the energy depends on
experiment for open-shell transition-metal ions. whether the orbital moment of one electron is parallel or
One of the great successes of the Hartree-Fock approxantiparallel to that of the other. As will be discussed later,
mation is to be found in the Slater-Condon-Racah theory ofhis contribution cannot be described when the interelec-
atomic multiplets[4]. Derived in the era before atomic cal- tronic potential is derived from the electron and spin densi-
culations had become available for open-shell ions, theies alone. One way to remedy this defect is to add a current
theory provided a very good description of the observed muldensity term to the LDA schenfd 1], but a practical imple-
tiplet splittings. Using single- and multideterminant wave mentation is still not available. Another approach is to re-
functions having total spin and orbital angular mome®ita,  place the appropriate open shell aspherical LSDA/GGA
Mg, andM as good quantum numbers, the Slater-Condonterms by their(bare or screengéHartree-Fock counterparts
Racah theory involved fitting the observed spectra in term$4]. (A crude, but computationally conveniglit2], approxi-
of a few radial Coulomb integrals, i.e., the Slafef. With mation of limited validity is discussed in Appendix)AYet
the advent of Hartree-Fock calculations, it became dlBar another approach, introduced by Ziegitral. [6], von Barth
that theFX of the fits had been screened by correlation ef{7], and Wood[9], is to constrain the LSDA/GGA calcula-
fects, leading to values which were smaller than the bar¢ions such that the atomic states of the same multiplet of
integrals. givenL andS, but differingM, andMg, are degenerate. In
In contrast, the LSDA/GGA, as will be discussed in thisthis paper, we extend this constrained approach to apen
paper, do not reproduce the multiplet structure well; in parshells, and find that the lessons learned ingisbell systems
ticular, degenerancidand hence splittingsare given incor-  are not directly transferable to transition-metal systems.
rectly in the LSDA. This issue has been recognized for many In thep shell ions considered previoudl§—8], only three
years and motivated several related approadbes] for  different multiplet states of andSmay be constructed for a
dealing with multiplets. These previous authgfs-9] ad-  given openp?, p®, or p* shell, and thus only two indepen-
dressed the question of multiplet splittings within the LSDA, dent multiplet level splittings arise. The restriction to two
concentrating on systems with opprshells[6—8]; with the  splittings makes these cases a limited test of any theory.
exception of some work on th# configuration{9], the open  Many more multiplet levels arise in opehor f shells, thus
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allowing a better sampling of how well a given theory sepa-other words, restricting consideration to single determinants
rately accounts for Hund’s first and second rules, as well agllows a sampling of the multiplet splittings between states
allowing for possibly new phenemona. An additional com-of differing S, but not between differing for some givers,
plication plagues comparisons between theory and experlso, except for the half-filledl® (and f’ and p®) configu-
ment for openp shells, particularly the @ atoms: consider ration, more than one single-determinant state may be con-
an s?p? configuration for which there aréP, D, and 'S  structed for the Hund’s rule ground state. These single deter-
multiplets with the associated$-2P) and (D-P) level = minants are associated with differedt, (each having the
splittings. As noted13] by Condon and Shortley, the experi- maximum Mg) and LSDA/GGA estimates yieldlifferent
mental ratios of these splittingaind theirp® and p* coun-  values for their total energies, similar to the case of the hy-
terparty deviate markedly from the predictions of Slater- drogenic statefl5|. Thus, LSDA/GGA estimates of the mul-
Condon-Racah theory, which was attributed to the strongiplet excitations from the multiplet ground state to levels
mixing [14] between near-lying atomic levels arising from describable as single determinants invohapeeadin energy
different atomic configurations, e.g., thes’2p? with the  depending upon which ground state single determinant is
2p*. Neither density-functional nor Hartree-Fock theory asused. In part because of the choice of systems considered, the
standardly applied deals with such configuration-interactiorfesults of the earlier work6—-9] suggested that the LSDA
effects. Going to the multiplet splittings of opelror f shells ~ works well in predicting the multiplet splittings between
does not completely avoid distortions due to analogous “desingle-determinant levels; for the opdrshells in the middle
generate” configuration mixing, but its overall impact is usu-0f the transition-metal rows, however, we show that the

ally less. LSDA/GGA is not as successful.

In discussing various approximations, it is useful to deal
with cases for which there are experimental dgit&] for Il. CHARGE AND SPIN DENSITIES: CONSEQUENCES
comparison. There are very few data for ofesmells except FOR MULTIPLET LEVEL SPLITTINGS

for the cases of severalf4 and 4f3 ions among the rare In thi . i h local
earths. In contrast, there is a substantial body of transition(—j n't IS Sec |_on,t_vve présen c?jses tW fé@f tf_;my Iocal-
metal data, particularly across the 3ow. For that reason, ensity approximation an¢b) any density functionafloca

the transition metals will be considered in this paper. wood" nonloca].that depe_nds on the_charge_apd spin densities
[9] considered the? levels of Ti and Zr in his LSDA inves- only mustfail to describe the multiplet splitting correctly. A

tigation of multiplet splittings, but to our knowledge these b'WF‘”g of the roles of Coulomb qnd exchange effects,
are the only transition-metal estimates made prior to thdvithin the Hartree-Fock treatment, will also be noted. These

present paper. While valuable to have, Wood's investigatioﬁesuns have important implications for the development of

provides an incomplete indication of what happens for theexchange—correlation functionals for the successful descrip-

transition-metal elements tion of spin and orbital effects.
In atomic Hartree-Foc;k theory, the Hamiltonian com- First consider thel* (or d®) configuration. There are three
mutes withL, S, M, , and M thé many-electron wave wave functions that can be written as single determinants for
I L Sy -

functions with these quantum numbers are linear combinat-he ground stateD level, all withMs=2, butM, =0, 1, 2:

tions of Slater determinants. The total energy of a given state W(5D)g,=D(2F,1%,—1%,—27), 1)
depends or and S, but not onM or Mg (provided spin- '
orbit coupling is neglectedWhile the calculated ordering in W(°D)y=P(27,1%,0",—-2%), @
energy of the multiplet levels is not always in accord with '
experiment, the orderings do reproduce Hund’s first and sec- W(SD)2’2:¢(2+,1+,0+,_ 1%, ®)

ond rules. The situation is different for the LSDA/GGA cal-
culations where the single-particle Hamiltonian commutesvhere the subscripts indicate tvg. andM g values and 2,
with neitherL nor S. Following the previous investigations for example, indicates that the single determirdntontains
[6—9], we will require that the wave functions used for the an electron orbital havingn,=2 andm,=+ 3. Note that
LSDA/GGA energy estimates be eigenfunctiond. p§ M, , each of these single determinants has a spherical density ex-
and Mg, i.e., have the same symmetry properties as theept for a single hole of a givelm,| corresponding to the
Hartree-Fock(single- or multideterminaptwave functions. M value. A simple calculation gives that the hole densities
One consequence of applying the LSDA or GGA to suchfor the second and third wave functions, are given by
wave functions is that the energies obtained for states differ-
ing only in M and/orM g will differ, contrary to experimen- YE(F)Y(F) = E[sin 261 (4
tal fact. This deficiency in the LSDA already occurs for the 2t/ 2L 32
single-electrom,d, ... states of the hydrogen atom which
have different energies depending on the particaiarcon-
sidered [15]. These considerations have implications for
LSDA/GGA band structure calculations for solids when spin
or orbital magnetic effects are of concern. The simple mapping of sf#—sin2¢ transforms one density

In general there is a single determinant associated witinto the otherat some different point in sparen a point by
the states of maximum allowablefor someS appropriate to  point basis. Henceany local approximation will give iden-
ad" (or p" or f") configuration, withM, =L andMgs=S. In  tical results for these two exchange-correlation energies.

. . 15
Yzz(r)Yzz(r):E[Sinza]Z- (5
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(Nonlocal density functionals will not have this defect since 1

the gradients are differentSince the charge densities are W (!S)po=—={®(2",-27)—-Pd(27,-27)

different for the three single-determinant states, they have V5

different Coulomb energy contributions; however, since the D1, —1%)—d(1F,—17)+DB(0+,07)}
local-density exchange-correlation energy contributions for ' ' ' '
M, =1 andM =2 areidentical the energies of these de- 9

generate states must be different, causing a nonphysical split-

ting of the degeneracy. Note that this example is fundamenconsider the Hartree-Fock exchange coupling between the

tally different from the common case—such as the single-2+ and 1" electrons of Eq(6), which is[16]

particle (and thus single-determinanthydrogenic states 6 5

[15]—where the Coulomb and exchange-correlation terms Eexcti= — = F2(dd) — —=F*(dd), (10)
are each different and the splitting comes from an incomplete 49 441

cancellation because of defects in the exchange-correlation
functional. For this common case, it is possible, at least i
principle, to define an artificialand probably nonphysical
local exchange-correlation functional that would give the
correct degeneracies for a set of states. For the’@atates
discussed above, this is not possible and there must be
splitting. It is important to emphasize that this splitting hap-
pens even for single determinants where previous work has Eexer= OF2(dd) — —F4(dd). (11
argued that the LSDA should be applicable. In addition, note 441

that the magnitude .Of the splitting depend; on the COUIC’mk\)l\/hile the electron charg&and hence thel-d Coulomb in-
terms alone and is independent of the choice of LSDA func’teractior) and spin densities are the same for the two deter-

tional. :
Even a nonlocal exchange-correlation functional that de_mmants, exchange samples the energy dependence of the

ends on the charge and spin densities alone will not give thorientation of the two angular momenta, yielding different
P . ge a Pt o g Snergies. This behavior is essential to the success of Hartree-
correct multiplet splittings since there exdifferent states,

. ; ; : . Fock theory in predicting the multiplet spectra and maintain-
belonging to different multiplets, that haveentical charge . . )
and spin densities. Although the existence of sets of such9 the symmetry of the physical system. However, now con

) . ider the exchange energy associated with the electrons of
states does not appear to have been recognized previous 4. (7)
such situations are not at all rare: there are two such sets for" *
the P and D levels of thep? andp® configurations;*F and 4 15
G in d% (°D,Y), (°D,*H,Y), (°D,F) for d* and Eexch= — 4—9F2(dd)— mF“(dd), (12)
(°s,29), (*G,*F), (?,H) for d°. (Other cases exist, but
depend on the mixing of the various states of com8amd  \hich is quite different from Eq(10). The Coulomb terms
L.) Clearly any method that cannot distinguish between thesge 150 different in the two cases, with the result that both

different states cannot obtain the correct multiplet splittingssimﬂe determinants have a totdirect and exchangginter-
The current densitgandistinguish between these states, andg|ectronicd-d interaction of

thus may provide a way to treat multiplet effects correctly
within a (currenj density-functional approach.
To discuss the relative role of Coulomb and exchange Etota|=—4—9F2(dd)—mF4(dd)- (13
terms, let us consider th## (andd®) configuration in which
Ti** occurs. This ion was considered by Wood and will bea|though the exchange terms explicitly depend on the rela-
discussed in the next section. The Configuration combines tBve Signs ofme of each electron, there is an interp|ay be-
form °F, °P, 'G, 'D, and 'S multiplet levels, with the’F  tween Coulomb and exchange contributions tolth§ M,
and the'G states having single-determinant wave functions:andM ¢ dependence of the multiplet energies that leads to the
degeneracy among the different levels of a multiplet. The
3 - situation becomes even more complicated when considering
V(F)a=®(27,17), (6)  multideterminant states where there are energy contributions
arising from matrix elements between determinants. The im-
plication of these observations is that, even within a given
V(°F)=®(27,0%), (7)  multiplet, the Coulomb and exchange contributions for the
different members can vary widely, making an unambiguous
distinction between exchange and direct Coulomb contribu-
V(1G) =P (27,27). (8)  tions problematic.
In this section we have indicated some of the difficulties
that density functionals must address when dealing with the
The other states are combinations of more than one determinultiplet effects accompanying Hund’s first two rules; in
nant; e.g., the'S state is particular, LSDA/GGA-type approximations are incapable of

here theF? and F# are Slater radial integrals 6] which
involve a commord radial function for the electrons of the
open shell. If them, of the second electron is flipped from
+1 to —1, with the result that the new determinant belongs
tga different multiplet, then the exchange coupling is
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five single determinants, with energies. From the diagonal
sum rule,

24 2 T T ] 2 81:2 Ei, (14
i i

3 TiT 3d T T

|
]
I
|
|
E
£

[ I I ] where, forM | =Mg=0, the right hand side is a sum over the
[ T 1 - ] energies of the fivel> multiplet states. There is such a sum
[ T T 1 rule, involving varying numbers of states, for eddh and
Mg appropriate tal®>. Combining these sum rules, subject to
requiring a singlekg; for a givenL and S results in more
equationg9) than the numbe(5) of multiplet state energies.
[ = ] Wood made a particular choice of equations and solved those
% b s FPGD'S °FPG DS five. The choice, however, is not unique and the results of
making the various possible choices are plotted in Fg). 1
FIG. 1. Experimental ¢ ) and calculated multiplet energy lev- Several things have happened by enforcing the diagonal sum
els for TP d? where the zero of energy is the center of gravity of rule. With the requirement of a singlg , the Mg=0 stripe
the set of levels(a) LSDA predictions for singlet—) and multi-  of |evels for °F has disappeared, as has Me=1 stripe for

(— — —) determinant wave functions of go&l L, Ms, andM_ . 3p_ However, different choices of the set of equations to
(b) Same, but with gradient term{&GA) included in the energies. gg|ve lead to a quite large spread in level positions.

(c) Comparison of the predictions of the Wooq-type diagopal SUM | addition, the set of energy values obtained t&rhas
rule (----- - ) and von Barth—type<l) constraints to experiment  iqoy some 3—4 eV so that theory lies well above experiment
as discussed in text. for this level. It should be noted thatS enters only the
L =Mg=0 equation and is obtainedfter the other four

Energy (eV)
©

A
1

L amln g

1Dk

-1

correctly describing these effects. Hartree-Fock theory, witr]'\éI

. vels are solved for from the other equations. It might thus
exchange terms that depend on the signs as well as the mag-
. L I concluded that théS energy suffers from the shortcom-
nitudes of them, values, is in a much better position to deal

with multiplet energies. It should, of course, be remembered 9> numerical and physical, of enforcing the Hartree-Fock

that local-density theory was not derived to deal with the set equirement of a single energy per multiplet state upon the

of degenerate states encountered here, but these t es%c%1 er LSDA/GGA-based levels.
9 ; ) . - ! yp The diagonal sum rule is just one of a number of Hartree-
states are of importance in calculations in solids.

Fock relationships between the single determingniand
e o multiplet energiesE; . In general there are more equations
. Ti “* 3d° MULTIPLETS than unknowns if each of the; are considered to be inde-
Given Hartree-Fock-like single- and multideterminantPendent. In Hartree-Fock theory, there are degeneracies and
wave functions, withL, S M, , and Mg as good quantum simple relations among the energies of the determinants,
numbers, the charge and spin densities may be constructd€reby reducing the number of independent equations so
and then the LSDA/GGA energies may be calculateee that the problem is well defined. Zieglet al. 6] considered
Appendix B. The LSDA results for #i* are shown in Fig. cases where the number of different determinant energies
1(a) and compared with experimefit7,18§. (Note that levels (calculated within the LSDAare the same as the number of
with =M, or =M are degenerateThe solid lines indicate different multiplets energies so that a unique solution can be
the results for single determinant wave functions and thd®und- Because of this restriction on the number of indepen-
3F.1G splitting is in reasonable accord with experiment, in dent energies, their method is appropriate for systems such as
agreement with previous expectatiqs7,d. This is not the ~Small molecules that have lower symmetgnd degenera-

case if other levels are considered. The most striking featur&€9 rEh'an found in atoms. von Bar{fr] in his treatment of
of the results is the separation of thes=1 levels (below the p" ions extended this approach and did a least deviation

—1 eV) into one stripe and those fd¢=0 into another. fit of the full set of equations. To these, he suggested apply-
The Mg dependence of the energieset L and ing even more constraints based on Hartree-Fock wave func-

S—dominates the results. The consequences of includingon information. By considering the unjtary tran;formation
gradient termgGGA) [3] in the estimates is shown in Fig. etween_ the Har.tree-Fock eigenfunctiody , Whlch.are
1(b). Although there are changes in details, inclusion of thePOPer €igenfunctions df, S M, andMs, and the single
gradient corrections has had little effect on the predictionsdeerminants one can write

with the M g striping maintained. There is little tendency for

the predictions to reproduce experiment other than yielding (bi:; Bij¥;. (19

the overall spread in the spectra.

An approach to resolving the striping is to require that thepmultiplying this equation on the left by the Hartree-Fock

states of differingV andMs, but the samé. andS have  Hamiltonian, then byb;, and integrating, we have
the same energyE;. Following Wood[9], one way is to

invoke the diagonal sum rule, i.e., the trace of a matrix is _ 2
VoK 8= BE;, (16)
invariant. In the case d1, =Mgs=0 [see Eq(9)], there are ]
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FIG. 2. Comparison of the calculated GGA single—) and

multi- (— — —) determinant multiplet levels to experimentad { FIG. 3. Calculated Hartree?F(_)cKLO, SIater-Conc_ion—Racah fits
values for Md', Fe', and Fé". The energy zero of a given set of (—), and von Barth—type predictionsY) for the multiplet levels of
multiplet levels is the center of gravity of that set. Mo™ and F& compared to experimentX). The energy zero is the

center of gravity of all multiplets. For the Mo?D; multiplet, an

where we have made use of the fact that the Hartree-Foc‘i’@fpe”m‘?”t"’uz'_3 value (A, which overlaps thed) attributed to the
energiesE; are diagonal in terms of th#; . The result is a d”s configuration is also givefsee text

set of equations having Hartree-Fock constraints on the comjeyiations from having a single-valued energy for a given
bination of single determinants. The consequence of fittingMS arise from aspherical exchange-correlation terms due to
this larger set of equations is indicated by the triangles ofe aspherical components of the spin density. Here we have
Fig. 1(c). Agreement with the earlier fit is quite good and the ihe most graphic example of the inability of LSDA/GGA
predictions of the multiplet splittingsrelative to the 3F_ energies, derived for wave functions of well-definedS,
leve) of the *G, °P, and 'D, butnotthe 'S, levels are in 1 “and Mg, to replicate the Hartree-Fock success in its
accord with experiment; e.g., the order in which the multipletoyerall mapping of the experimental level positions. Limit-
levels lie is almost correct. The misplacement of t ing consideration to the LSDA/GGA predictions for the
level, however, is significant numerically and is a i”dicatorsingle-determinant cases also shows poorer agreement with
that the constrained LSDA-type approaches do not work a8xperiment than was encountered for tifeion; in general,

well for the d shells as for the shells. the calculated single-determinant splittings differ from ex-
periment by~0.5 eV.
IV. RESULTS: d® TO d” CONFIGURATIONS There is some tendency for the experimental levels to fall

in broad bands of their own. As was the case in Fig. 1 with

Going from thed? configuration(and its over-half-filled  the 3P level, there are quartets in thi, d’, andd® cases
shell counterparti®) to the other configurations introduces a which are out of line in that their experimental energies co-
significant complication not encountered in the previous secincide with those values calculated for states which have
tion. In the d® (d”), d* (d°, andd® configurations there peen assigned the lowdd s value[19]. There are, in addi-
exist pairs of multiplet states which are of the same symmetion, some levels which lie well above the main group of
try and which have matrix elements coupling them. Thus, théow-spin levels, but there is no hint of this tendency in the
final set of states and their energies depend on the strength pEDA/GGA predictions.
this mixing. Pairs of’D states exist for the® (d”) andd® Two of the ions just considered are shown in Fig. 3 where
cases, while fod* (andd®) over half the multiplet states are the Hartree-Fock predictions, the Slater-Condon-Racah
members of such pairs, i.€'F, °P, 'G, 'D, and'S. The  (whereF? andF* are fitted independentlyand von Barth—
mixing matrix elements between the multiplet states, alongype fits, and experiment are compared. The agreement with
with their individual energies, have been evaluated with bottexperiment is typical of other examples which could have
the LSDA and GGA(cf. Appendix B. been chosen. With its interelectronic interactions unscreened

The equivalent of Fig. (b) is shown for three representa- by correlation effects, Hartree-Fock theory overestimates the
tive ions in Fig. 2. Two of these are monovalent ions whoseoverall multiplet splitting while doing well in predicting the
d" spectra are overlapped b~ s multiplet levels, many of  ordering of the multiplet levels. The von Barth—type predic-
which are of commorlL and S Some of the experimental tions avoid the striping of Fig. 2 and do quite well in repro-
levels are expected to be moved by “degeneracy” configuducing the trends in multiplet level behavior, although some
ration mixing between these levels, but should have littleof the predictions are as much as an eV out of position rela-
effect in ascertaining the trends to be observed hereMge tive to experiment. The Hartree-Fock and von Barth—type
dependent striping seen in Fig. 1 has become more prdits are comparable in quality, but both are poorer than the
nounced, especially for the half-filledP shell of Mo™. With  Slater-Condon-Racabh fits.
the exception of the tw@D multiplets involved in mixing, When comparing the Hartree-Fock and Slater-Condon-
all the d® states have spherical charge densities; hence thRacah results it should be noted that the splitting between the
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centers of gravity of different spin manifolds, i.e., differing Fock theory, as developed for atoms by Slater, Condon, and
S is proportional to the surfi?+ F*#, while the variation in  Racah, cannot be avoided. As shown here, the introduction
position of individual levels in a manifold depends on the of gradient terms has little effect on the LSDA predictions of
separate behavior ¢ and F*. The Slater-Condon-Racah the splittings.

fits have improved both the overall exchange splitting and Symmetry is a large part of the issue. The LSDA/GGA
the positions of individual levels, resulting in good agree-Hamiltonian does not commute with the S, andM, (and
ment with experiment, as seen for'FeGoing to the higher m,) operators; hence, by construction, it does not deal prop-
range in spin multiplicity of Md, there are three low-spin erly with these symmetries for the atomic case unless they
levels ¢G,, D4, and ?D,) for which experiment and the are imposed from the outside. The matter is further compli-
Slater-Condon-Racah fits are in poor agreeméhttere is  cated by the utilization of spin-polarized calculations where
another low lyingD level in the Mo~ spectrum attributed orbitals of electrons of differenty are allowed to be differ-

to thed*s, but possibly belonging to the®, configuration, ent. If both are occupied, such pairs of electrons then do not
that is in excellent agreement with the remaining fitfé, make singlet contributions to the spin aBdteases to be a
level; this level does not mix with the other twi® levels) good quantum numbefThe same situation applies farif
Problems have also been encountered in the fits fohe anm,-dependent polarization is introduceélso, the divi-
levels of otherd® ions. Omitting this set of thred® levels, sion intod-d direct Coulomb and exchange terms, even for
the Slater-Condon-Racah fits for tiéthroughd® ions show  Hartree-Fock states describable as single determinants, de-
agreement with experiment like, and often better than, thapends on theM g and M of states of commoh andS. The
seen in Fig. 3. The bulk of the experimental dat&] for  fact that the relative roles of direct Coulomb and exchange
which such comparisons may be made resides in theo@  terms cannot be uniquely defined for such a set of states
and for Mo; the data are sparse for othetr dnd 5 ions. means that the separate screening of such terms, as has

The Slater-Condon-Racah fits of Fig. 3 involved all thesometimes been contemplated, would destroy the ability of
reported experimental levels, but other choices can be madelartree-Fock theory to predict the multiplet level degenera-
For example, consider th#, d°, andd® ions where there is cies and to maintain symmetry. The interplay of these terms
one(ground statemultiplet of maximumS plus sets of mul-  in Hartree-Fock theory, which is so important to its predic-
tiplets with two smalleiSvalues. Fits have been done for the tion of the degeneracies, has no counterpart in LSDA/GGA
set of multiplet levels of a giveBrelative to the ground state theory and is at the root of th g striping of Figs. 1 and 2.
multiplet. The purpose, then, is to fit tHe& and F* to best The effective exchange coupling in a solid is often defined
represent the. dependence within a giveB manifold. The asAE/AS, whereAE(AS) is the difference in energispin)
results of such fits yield sunts®+ F* which are almost iden- between two levels. As seen in Fig. 2 for tdé and d®
tical, but very slightly smaller for the sma8 manifold, in-  configurations, when the multiplet states take on more than
dicating a slight increase in the screening of the exchangiwo S values, the resulting exchange splitting is nonlinear;
splitting. In contrast, the ratios of the Slater parametersfor example, changing of the d® configuration from to 2
F#/F2, vary markedly: in the case of Mothe ratio is 0.88 yields a substantially different, i.e., large&¥E/AS than go-
for the fit of all levels, 0.67 for the fit of the quartets, and ing from 3 to . The same holds for bottif* andd® changing
0.92 for the doublets. A similar situation holds for e d3, S=2 to 1 and, in turn, to 0. The nonconstancy ME/AS
d’, andd® ions for which there are only tw8 manifolds. with S does not seem to be widely recognized.

It would thus appear that estimates of the screening of These results also have implications for bulk electronic
such interelectronic interactions depend significantly on whastructure calculations. A normal band structure calculation
subset of multiplet levels is considered. In solids, for ex-involves a singlellarge) determinantal wave function made
ample, one is often concerned with states of less than maxitp from a set of occupied one-electron states. It is inherently
mum S and, as a rule, of less than maximunfor thatS. unable[20] to deal with the multideterminant character as-
sociated with the spin and orbital Hund’s rule type of effects.
The spin-polarized LSDA/GGA scheme h¢S8,) as a com-
ponent of spin and thus is matched to the single-determinant

Because of the larger number of multiplet levels of vary-character of the band structure wave functi@i]. Spin-
ing L and S, the opend shells provide a better test of mul- polarized band calculations for magnetic solids have been
tiplet theory than do the opep shells. The middle of the very successful in reproducing—and predicting—the spin
transition-metal rows shows thd g striping of the multiplet magnetism, although the question arises of whether the spin
energies to be more narrowly defined relative to the overalSintrinsic to a result equals the calculat€8}) value. Alter-
multiplet splittings(Fig. 2) and problems arise concerning native approaches such as “LDAJ” and/or “LDA +1”
the single-determinant states. Previous workpashell sys- have been coming into increased use. The starting point of
tems indicated that LSDA energies could yield multipletthese schemes is a paramagnetic LDA band calculation to
splittings in accord with experiment for multiplets that canwhich is appended a self-consistent treatment of magnetic
be represented as single determinants. Contrary to this peahd correlation effects with the introduction of a Hubbakrd
ception, the LSDA/GGA single-determinant energy splittingsor a Stonerl term. Double counting of interelectronic inter-
of Fig. 2 for d shell systems araot in agreement with ex- actions is avoidedor largely s9 by starting with the para-
periment. If interest is not limited to states of maximurfor ~ magnetic bands and screengar | with values of the order
a given S, then the multideterminant character of Hartree-of 1 eV for the 3 ions. These approaches add terms to the

V. DISCUSSION
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Hamiltonian directly, but they still do not obey all the sym- some general issues related to the calculation of multiplets
metry requirements. that do not appear to have been recognized previously. The
Orbital magnetism in solids arises from spin-orbit cou-marked systematic errors that are found in the LSDA/GGA
pling and from the incomplete quenching of Hund’s secondesults arise from the failure of the LSDA/GGA single-
rule effects. Such magnetism is important to magneto-opticgbarticle Hamiltonian to commute with, M, , andS, which
effects and to the description of magnetism in the actinidesre good quantum numbers for the exact wave functions.
and their compounds. Here density-functional theory is inComplicating the development of new exchange-correlation
trouble for the same reasons as for the multiplet levels; ifunctionals is that direct Coulomb and exchange contribu-
does not differentiate betweehm, and there are problems tions cannot be separated uniquely even within a given mul-
with the single-determinant character of the band wave functiplet. The Slater-Condon-Racah fits suggest that the screen-
tion. As noted in the Introduction and discussed in Appendixing of the interelectronic interactions depends on the spin
A, an approximate scheme for dealing with orbital effectsmanifold and the set of multiplet levels that are physically
has been introduced for opeh[22] andf [12] shells. The relevant. We have also shown tteaty density functional that
scheme has restricted validity, but is computationally convedepends on the charge and spin densities alone cannot de-
nient within a conventional band calculation. Ultimately, the scribe multiplet effects correctly, but must depend on other
multideterminant character of the problem will have to bequantities such as the current density. All of these results
addressed. A possible step in this direction has been suglace important limitations and requirements on the proper-
gested by several recent papg28] in which the LDA+U ties that exchange-correlation functionals must satisfy in or-
approach is extended to include tig and mg dependence der to describe spin and orbital magnetic effects in both at-
in U. Such schemes will require screenEd matrix ele- oms and solids.
ments. The screening will be different for the? and
F* d-electron terms, and will depend on the ion in question ACKNOWLEDGMENT
and on what set of multiplet levels is important to the phys-
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VI. CONCLUSIONS

In this paper, we have considered a number of issues re- APPENDIX A: ORBITAL EFFECTS

lated to multiplets in open-shell atomi" configurations. Racah[24] introduced linear combinations of the Slater
The LSDA/GGA and Hartree-Fock calculations have been-k integrals: B, a combination of thed" shell F2 and F*
compared to both experiment and to SIater-Condon-Racaifpltegn,j“S andE’3 a combination of th&2, F4, andF® ap-

fits. The use of Hartree-Fock constrain6,7,9 in the . oriate to af" shell. The energy splittings between states
LSDA/GGA enforces the correct degeneracies and removess maximum allowable spin and varyirigdepend only orB

one of the major defectgthe Ms striping) of a straightfor- o £3 For such states, the energy of an individual level
ward application of the LSDA/GGA to the treatment of mul- corresponds to
tiplets. (The use of the GGA, as opposed to the LSDA, has
little effect on the results.However, even with constraints, Ea+xL(L+1)¢, (A1)
the LSDA/GGA results for the" configurations are signifi-
cantly worse than previous work on theshell atoms would whereE,, is the energy of the center of gravity of the con-
suggest, with some levels such as fifestate of TF* off by  figuration, y is a simple constant such asl1/2, and{ is B
3-4 eV and errors of order 1 eV common. This poorer agreefor the case of a-shell orE® for anf-shell atom. From the
ment is related to the greater complexity of the multipletvariational principle, a one-electron operator of the form
structure found in thel shell compared t@ shell configura- R
tions, and thus the shell systems provide a more stringent x{L)lmg, (A2)
test of the various multiplet theories. An important observa-
tion is that, contrary to expectations based on phshell ~ can be introduced intoAa band structure calculatigh.) (is
systems, even single-determinant states for td€smnfigu-  the orbital moment and, is the orbital angular momentum
rations are not always well described; in fact, single-operator in the one-electron Hamiltonianin schemes
determinant states that should be degenerate may be split b¥2,22 which add such a term to spin-polarized muffin-tin
~0.5 eV, with similar errors between different multiplet lev- LSDA calculations, the spin polarization deals with the spin
els. As demonstrated for tha#/d® configurations, such en- magnetism and this terplus spin-orbit couplingis respon-
ergy splittings between single-determinant states are an esible for orbital magnetic effects. In contrast with the LSDA
sential feature of any local-density approximation. Even withtreatment of aspherical effects, whetean, are treated iden-
these shortcomings, these constraifech Barth—type fits  tically, the introduction of Eq(A2) differentiates between up
give results comparable in quality to Hartree-Fock calcula-and down orbital angular momenta. Use of this equation
tions and represent a reasonatéed, at present, probably avoids the issue of whether orbital effects can be properly
the best approach if the limitations are kept in mind. described within the single-determinant description intrinsic
In addition to extending the constrained LSDA ap-to band theory. More seriously, however, E&1) is only
proaches to multiplets ofi” ions, we have also discussed occasionally correct in its description of free atom multiplet
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levels. Given its ready utilization in band calculations, Eq.perhaps rationalize a choice gfhased on the states involved
(A2) will be widely employed, but it seems appropriate toin the unquenching. Such a choice, however, will not lead to
review the circumstances under which it is valid when ap-a single value ofy for the opend" (or f") systems, or even
plied to a set of levels with different values bfbut with a  a single value for a given atom in different environments.
commonS. Consider four cases associated with ogérand
f" shells (the behavior of thef" shell multiplets in their
maximum spin manifolds may be easily read off Fig. 1.9 of APPENDIX B: COMPUTATIONAL DETAILS
Ref.[25]; the results for the" may be obtained from Refs.
[4,26] if one converts the Slatdt integrals into their Racah
combinations

(i) d?, d3, d’, andd®. The states of maximum spin afFe
andP levels whose separate energies do not obey(Kf),
but whose energy difference may be written as

The radial atomic basis functions were calculated using a
standard self-consistent LSDA/GGA relativistic atomic pro-
gram for spherical densities. LSDf2,27] or GGA [3]
exchange-correlation potentials were used; different choices
of exchange-correlation approximations have little effect on
the results since the radial wave functions are similar. Like-

E(F)—E(P)=yA[L(L+1)]B, (A3) wise, changes in the reference state by, for example, occupy-

ing the dg;, rather the theds, orbital during the self-

where y=—3, the coefficient employed if22] in calcula-  consistent atomic calculation, had negligible effect on the

tions of transition-metal oxides. For states of less than maxiealculated multiplet splitting, although the absolute total en-

mum S the states of maximurh are not the lowest lying in  ergy of the atom did change.

energy; Hund’s second rule, properly stated, only applies to Slater determinants of definitéd, and Mg of the open-

states of maximum spin. No single value for the coefficjent d-shell electrons are formed by combining these radial func-

describes the splittings between the sets of states of I8wer tions with spherical harmonics and two-dimensional spinors.

(i) d4, d®, d®, f8 f7, andf®. These configurations have These determinants are then combined to form the Hartree-
only a single multiplet state of maximu® In the manifolds  Fock wave functions for the multiplet states. The Hartree-
of lower spin, the states of maximumoften lie lowest. In  Fock energies given were then calculated using these wave
such casesy is negative when defining the energy of this functions, and are in agreement with previous resjdis
state with respect to another. However, no single choice of Each wave function has well-definéaspherical charge and
defines the splitting between all thestates of any one of spin densities. These densities were, in turn, used to obtain
these manifolds. the LSDA/GGA energies, including all nonspherical contri-

(iii) f2, 5, £, andf2 There areH, F, andP multiplet  butions to the Coulomb and exchange-correlation energies.
states in the maximum spin manifolds. The splittings be- The Slater-Condon-Racah fits were straightforward rms
tween theH andF levels have the form of EqA3), with  fits employing the expressions to be found in Hdf. The
x=—3 and withE? replacingB. However, the same expres- subscript labels in the figures for cases where more than one
sion does not give the energy of tifestate correctly with  set of levels for some give® and L are allowed follow
respect to the others. Slater’s definitiong4].

(iv) 3, f4, 110 andf!l These configurations haveG, The zeros of energy in the figures are set at the center of
F, D, andSstates in their maximum spin manifold. Thand  gravity of the multiplets of a given configuration. Obviously
Sstates are the onlff" states which conform to E§A1) and  all the multiplet level positions are required when determin-
for thesey= — 3. Although thel state does lie lowest, the ing such a center of gravity. Even in the best cases, typically
order of the energy levels, with, does not conform with one or two high-lying levels are missing from the experimen-
Egs.(A1)—(A3). tal data. To account for these levels, Slater-Condon-Racah

Equation(A2) is justified for only a very limited set of the fits were made of the available data and the resuffgere
multiplet levels. However, the very ease of its utilization used to estimate the positions of the missing levels. This
strongly encourages its use. If a spin-polarized band structungrocedure introduces only a slight erof order a few hun-
without this term(and without spin-orbit couplingrepre-  dredths of an eYinto the calculated centers of gravity be-
sents an quenched orbital moment state, the process of turoause the missing levels are few and of low degenefaky
ing on this term may be viewed as unquenching; one cathough high in energy
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