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Antiproton, kaon, and muon capture by atomic hydrogen

Kazuhiro Sakimoto*
Institute of Space and Astronautical Science, Yoshinodai, Sagamihara 229-8510, Japan

~Received 24 April 2002; published 27 September 2002!

Capture of negatively charged, heavy particles by hydrogen atoms, i.e.,X21H→X2p1e, whereX25 p̄
~antiproton!, K2 ~kaon!, andm2 ~muon!, is investigated by carrying out a rigorous full quantum-mechanical
~QM! wave-packet calculation and a semiclassical~SC! calculation. An empirical law for the capture prob-
abilities, found by the present author@Phys. Rev. A65, 012706~2002!#, is examined extensively by using the
QM and SC results. The empirical law is useful to obtain reasonably accurate capture cross sections at
center-of-mass translational energies less than 10 eV. Furthermore, a local-complex-potential~LCP! model is
employed to discuss a quantum-mechanical effect of the relative motion at very low energies. The LCP
calculation shows that a resonance structure is seen in the capture cross section.
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I. INTRODUCTION

Collision processes of hydrogen atoms with point charg
particles, i.e., electrons, positrons, and protons, are of fun
mental importance in atomic physics, and have been vig
ously investigated both theoretically and experimentally.
an elementary subject, we should further consider the c
sions with negatively charged, heavy particles~sayX2). As
an example ofX2, we can choose antiprotons (p̄), kaons
(K2), pions (p2), or muons (m2), and these particles ar
much heavier than electrons. Recently, it has become
sible to measure the atomic processes related to antipro
or negative muons@1–5#, and a further experimenta
progress in this field will be made in the near future@6,7#.
Owing to the heavy mass and the negative charge, the c
sion processes ofX21H have some interesting feature
clearly distinct from those of electron or proton impacts.
particular importance is the adiabatic~Born-Oppenheimer!
situation characterized by the presence of the so-ca
Fermi-Teller radiusRFT50.639 a.u.; i.e., the electronicall
bound states become absent if the radial distanceR between
X2 and H is less thanRFT . We can easily understand that th
electron emission occurs significantly in theX21H system
even if the colliding particles slowly approach each oth
When the center-of-mass~CM! translational energyEt is less
than the ionization thresholdI (513.6 eV), the electron
emission always leads to the capture ofX2, i.e.,

X21H~1s!→X2p1e. ~1!

This reaction is also regarded as an important means of
ducing exotic atoms (X2p), and the knowledge of a leve
distribution of the produced exotic atoms is essential
specifying the pathway to the decay by annihilation
nuclear absorption@8–15#.

Since the capture process~1! is a three-body collision, it
is strongly desired to solve the problem in a numerica
accurate manner. However, we are confronted with two g
difficulties in performing a rigorous full quantum
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mechanical~QM! calculation for this process;~i! the elec-
tronic continuum states~i.e., electron emission! must be con-
sidered, and~ii ! the particlesX2 are captured into very high
orbital states ofX2p. A close-coupling approach based o
adiabatic-basis expansion, which is conventionally int
duced for low-energy heavy particle collisions, is not an
ficient numerical method for the electron emission, and
QM description of the collisions becomes troublesome wh
the highly excited states are related. Some approximat
were introduced to perform QM calculations for thep̄ cap-
ture@16# and them2 capture@17# although their applicability
was severely limited. Very recently, the present author@18#
has succeeded in carrying out a rigorous full QM calculat
for the p̄ capture. The time-dependent Schro¨dinger equation
has been solved in a numerically direct manner; i.e, the t
propagation of the wave packet has been performed on a
of points in the configuration space. The direct solution
quite suitable to treat both the above mentioned problems~i!
and ~ii !.

In Ref. @18#, we have further found a useful empirical la
for the p̄ capture; i.e., the capture probability is deduc
from merely the turning point of thep̄1H relative radial
motion irrespective of the translational energy. Once
know the relation between the capture probability and
turning point for some energy, we can easily estimate
probabilities or the cross sections for other energies. To
plain the physical origin of the empirical law, the prese
author @19# has employed a time-dependent semiclass
~SC! theory and an adiabatic-basis expansion approach
this SC picture, the relative motion is described classica
and the electron motion is described quantum mechanic
It has been further assumed that the adiabatic energy le
are degenerate in the transition region, and the rotatio
coupling is negligible. Then, we can obtain the followin
result for the transition-probability amplitudeaGl(t) with t
being the time and (G,l) specifying the adiabatic state:

a~`!5expS 22E
Rtp

`

MdRD a~0!, ~2!

wherea(t)5$aGl(t)%, Rtp is the turning point of the relative
©2002 The American Physical Society06-1
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KAZUHIRO SAKIMOTO PHYSICAL REVIEW A 66, 032506 ~2002!
radial motion, andM is the radial coupling matrix. This ap
proximation shows that the transition probability seen a
function of the turning point is independent of the trans
tional energy and moreover of theX2 mass.

In the present paper, we study the capture process~1! for
antiprotons, kaons, and muons, and examine to what ex
the empirical law for the capture probabilities can be appli
We carry out rigorous QM calculations for energiesEt
55 –10 eV. Since the kaon and muon masses are, res
tively, about 1

2 and 1
9 of the antiproton mass, these particl

are useful to investigate the mass effect of the capture
cess~1!. We argue on the mass independence as sugge
from Eq. ~2!.

It is very interesting to study the capture process~1! at
low energies. However, performing the time-dependent Q
calculation at low energiesEt&1 eV is not so easy because
very-long time propagation is required@18#. Hence, the em-
pirical law will be very useful to study the capture at su
low energies. In the present paper, we discuss the applic
ity of the empirical law for the low-energy capture. For th
purpose, we use the results obtained by SC calculations
the SC method, the numerical direct solution@20# is applied
as in the time-dependent QM calculation. WhenEt.I , it has
been found@19# that the SC calculation gives reliable resu
of the probabilities for the electron emission if the relati
radial motion is assumed to be a common trajectory de
mined by the adiabatic potential. We apply the SC meth
using the adiabatic potential to the capture process~1! that
occurs atEt,I . In the SC method, the relative motion
described classically. To discuss a QM effect of the relat
motion at very low energies, we further introduce a loc
complex-potential~LCP! model.

The present results are compared with those of prev
studies using a classical trajectory Monte Carlo~CTMC!
method@21–24# and using the SC method of Kwonget al.
@25#. We also examine the adiabatic ionization~AI ! @8,21,26#
and Langevin@27# models. TheX21H system has a large
capture probability close to unity when the distance of
collision pair becomes sufficiently small (R&RFT). There-
fore, the AI and Langevin models may be useful to estim
the capture cross section at very low energies.

II. THEORY

A. Quantum-mechanical theory

The total Hamiltonian is given by

H̃52
1

2mRR

]2

]R2 R1
~ L̃2 l̃ !2

2mRR2 2
1

2mrr

]2

]r 2 r 1
l̃2

2mrr
2

1V~R,r ,u!, ~3!

whereR and r denote the position vectors ofX2-H and of
e-p, respectively,mR andmr are the related reduced masse
L̃ and l̃ are the total and electronic angular momentum
erators, respectively,V is the sum of all the Coulomb poten
tials, andu is the angle betweenR and r . We employ a
body-fixed~BF! frame in which thez axis is chosen alongR,
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and the rotation from a space-fixed~SF! frame to the BF
frame is represented by the Euler angles (a,b,g). Atomic
units are used unless otherwise stated. We solve the t
dependent Schro¨dinger equation

i
]

]t
CLM (p)~R,r ,t !5H̃CLM (p)~R,r ,t !, ~4!

where L and M are the total angular momentum quantu
number and its magnetic component in the SF frame, res
tively, andp56 is the total parity. The total wave functio
CLM (p) can be expanded in the form

CLM (p)~R,r ,t !5~Rr!21(
l

D̄Ml
L(p)~a,b,g!cLl(p)~R,r ,u,t !,

~5!

wherel5L̃z5 l̃ z , and

D̄Ml
L(p)~a,b,g!5F 2L11

16p2~11dl,0!
G 1/2

@DMl
L ~a,b,g!

1p~21!L1lDM2l
L ~a,b,g!#* ~6!

with DMl
L (a,b,g) being the Wigner’s rotation matrix ele

ment@28#. The initial condition of the total wave function~5!
may be given from

cLl(p)~R,r ,u,t50!5x0~r ,u;R!z~R!dl0 . ~7!

In the present study, the hydrogen atom is assumed to
initially in the 1s state, and hence the parity is given byp
5(21)L. In Eq. ~7!, x0 is the ground-state adiabatic wav
function of X21H for fixed R, and z(R) is the Gaussian
wave packet representing the incoming radial~R! motion.
Since the range of translational energiesEt,10 eV is con-
sidered, the transition to excited bound states of the hyd
gen atom is energetically forbidden. Therefore, the capt
probability can be calculated from@18#

PL512
1

mRuC~E!u2 Im@~FL!* GL#, ~8!

where

FL~E!5
1

A2p
E`

eiEt^x0ucLl50(p)~ t !&R5R0
dt, ~9a!

GL~E!5
1

A2p
E`

eiEtK x0U d

dR
cLl50(p)~ t !L

R5R0

dt

~9b!

with E5Et2I being the total energy. The time integral
Eq. ~9! is carried out atR5R0 (54 a.u.! where the nonadia-
batic coupling becomes negligible. The quantityC(E) is the
amplitude of the initial wave packet~7! with the total energy
E @18#.

The time propagation ofcLl(p)(R,r ,u,t) with l coupled
is performed on a grid of points in the (R,r ,u) space by
6-2
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ANTIPROTON, KAON, AND MUON CAPTURE BY . . . PHYSICAL REVIEW A66, 032506 ~2002!
using a discrete-variable-representation~DVR! technique de-
scribed in Ref.@18#. The number of grid points used in th
calculation is 60–300 forR, 20–40 forr, and 2 or 3 foru.
The states ofl50 and 1 are coupled. These parameters h
been chosen such that the capture probabilities are conve
to within 1% in most cases and within 5% for highL where
the capture probabilities are small. The central translatio
energy of the wave packet is chosen to be 7.5 eV, and
capture probabilities~8! are extracted for the energiesEt
55 –10 eV.

B. Semiclassical theory

In the SC approximation, the variableR is treated in clas-
sical mechanics, i.e.,R5R(t), and the time-dependen
Schrödinger equation becomes

i
]

]t
CSC

LM (p)~R̂,r ,t !5H̃SCCSC
LM (p)~R̂,r ,t !, ~10!

where

H̃SC5
~ L̃2 l̃ !2

2mRR2 2
1

2mrr

]2

]r 2 r 1
l̃2

2mrr
2

1V~R,r ,u!.

~11!

The SC total wave functionCSC
LM (p)(R̂,r ,t) can be written in

the form similar to Eq.~5!,

CSC
LM (p)~R̂,r ,t !5r 21(

l
D̄Ml

L(p)~a,b,g!cSC
Ll(p)~r ,u,t !.

~12!

The initial condition is simply given by

cSC
Ll(p)~r ,u,t50!5x0~r ,u;R0!dl0 . ~13!

In the SC theory, we must provide the time dependenc
the classical variableR(t) sinceH̃SC depends parametricall
on R. We use the adiabatic potential to calculate the ti
dependenceR(t), that is,

Et5
mR

2 S dR

dt D
2

1
L~L11!

2mRR2 1Vad~R!. ~14!

The adiabatic potentialVad(R) is given byVad(R)5E0(R)
1I , whereE0(R) is the adiabatic energy ofX21H. In this
treatment, the relative radial distanceR always diverges a
t→`, and the relative trajectories can never show any as
of the capture. However, Refs.@18,19# have suggested tha
we can calculate the electron emission probability with re
able accuracy by using the trajectory obtained from Eq.~14!.
When Et,I , the electron emission probability is just equ
to the capture probability. Therefore,we may assume that
capture probability is given~at Et<10 eV) by

PSC
L 512u^x0~R0!ucSC

Ll50(p)~ t f!&u2, ~15!

wheret f(.0) is defined byR(t f)5R0. The time-dependen
equations forcSC

Ll(p)(r ,u,t) are solved using the same DV
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method@20# as in the QM calculation. The number of gri
points used in the calculation is 40 forr and 3 foru. The
states ofl50 and 1 are coupled. These values are the larg
ones chosen in the QM calculation.

III. RESULTS AND DISCUSSION

A. Empirical law

In a previous QM study ofp̄1H @18#, the capture prob-
abilities for variousL (50 –54) andEt (52.72–10 eV)
have been plotted against the turning pointRtp determined
from the effective potential

Veff
L ~R!5

L~L11!

2mRR2 1Vad~R!. ~16!

Then, it has been found that all the data points are put o
smooth line in a very good approximation. The fitting of a
the data has been made in the form@18#

Pfit
p̄ ~Rtp!5

88

94.51Rtp
exp@22.3~Rtp20.426!4#. ~17!

The approximation~2! suggests that the fitting formula~17!
is further applicable irrespective of theX2 mass. To examine
the mass dependence, we carry out the QM calculation
K21H. In Fig. 1, theK2 capture probabilities for variousL
(510–35) andEt (55 –10 eV) are plotted together as
function of the turning pointRtp . We can see that all the
points almost lie on the curve~17!. The ratio of the reduced

FIG. 1. K21H capture probabilities obtained by the QM calc
lation plotted against the turning pointRtp of the effective potential
Veff

L (R). The data points are forL510–35 andEt55 –10 eV. The

broken line is the empirical fitting formula~17! for p̄1H.
6-3
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KAZUHIRO SAKIMOTO PHYSICAL REVIEW A 66, 032506 ~2002!
masses ofK21H and p̄1H is about2
3 . For the system hav

ing such mass difference, the fitting formula~17! is still ap-
plicable. We can easily estimate the probabilities for theK2

capture by usingPfit
p̄ (Rtp).

To examine the case that has a large mass difference
carry out the QM calculation form21H. Figure 2 shows

Pfit
p̄ (Rtp) and them2 capture probabilities forL52 –24 and

Et55.5–10 eV. We find that them2 probabilities are

smaller thanPfit
p̄ (Rtp) for Rtp,1 a.u., and are larger forRtp

.1 a.u. The ratio of the reduced masses ofm21H and p̄
1H is about1

5 . We see that this mass difference is so la
that the mass independence cannot be assumed. Howev
far as only them2 probabilities are concerned, the data a
again well put on a curve. The fitting of them2 data gives

Pfit
m2

~Rtp!5F0.7910.12 expS 2
0.0868

Rtp
D Gexp~20.236Rtp

5.2!,

~18!

which is shown in Fig. 2. The deviation of them2 data from
the fitting formula ~18! is somewhat conspicuous forRtp
*1.5 a.u when the energy is low. The same result has b
also found in the case of thep̄ capture@18#. More details on
the energy or mass dependence are discussed in Sec. I

Next, we consider the results obtained by the SC met
using the adiabatic potential. Figure 3 shows thep̄1H cap-
ture probabilities forL55 –52 andEt50.1–10 eV as plotted

FIG. 2. m21H capture probabilities obtained by the QM calc
lation plotted against the turning pointRtp of the effective potential
Veff

L (R). The data points are forL52 –24 andEt55.5–10 eV. The
solid line is the empirical fitting~18! for the m21H data. The

broken line is the empirical formula~17! for p̄1H.
03250
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againstRtp . Figure 4 shows them21H results for L52
225 andEt50.1210 eV. The SC results are compared wi
the fitting formula~17! or ~18!. We obtain reasonable agree
ments between the SC results and the fitting formula. Si
the fitting formula is sufficiently reliable at high energie
Et>3 or 5 eV, we can confirm the accuracy of the S
method using the adiabatic potential for the high energ
The deviation from the fitting formula is somewhat larger f
the m2 capture than for thep̄ capture. This is probably be
cause the QM effect of the relative motion is more importa
for the m2 capture, as expected.

Figures 3 and 4 show that at the low energiesEt<1 eV,
the fitting formulas~17! and ~18! well reproduce the SC
probabilities. This suggests that the fitting formula and
SC method using the adiabatic potential are both relia
enough even at the low energies. Although the present
calculation is not easily performed in the low-energy regio
we can expect that the empirical formulas are useful to e
mate the low-energy capture cross sections not only rap
but also accurately. However, before drawing this conc
sion, we should remember that the classical description
assumed for the relative motion in the SC method. The
curacy of this assumption for very low energies is examin
in Secs. III D and III E.

B. Collision analysis by using the adiabatic potential

Previous SC studies@19,29# have shown that the relativ
motion ofX21H can be practically described in terms of th
adiabatic potentialVad(R) at least before the relative motio

FIG. 3. p̄1H capture probabilities obtained by the SC calcu
tion plotted against the turning pointRtp of the effective potential
Veff

L (R). The data points are forL55 –52 andEt50.1–10 eV. The

solid line is the empirical fitting formula~17! for p̄1H.
6-4
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ANTIPROTON, KAON, AND MUON CAPTURE BY . . . PHYSICAL REVIEW A66, 032506 ~2002!
takes the turning point. Therefore, the adiabatic potential
be very helpful in getting some knowledge of theX21H
collision. Here, we discuss the energy or mass dependen
the capture process by using the adiabatic potential.

FIG. 4. m21H capture probabilities obtained by the SC calc
lation plotted against the turning pointRtp of the effective potential
Veff

L (R). The data points are forL52 –25 andEt50.1–10 eV. The
solid line is the empirical fitting formula~18! for m21H.
03250
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The adiabatic potential forR.3 a.u. can be well approxi
mated by the polarization potential2a/2R4 @29#, wherea is
the polarizability of the hydrogen atom. As seen later,
Langevin valuesL5p(2a/Et)

1/2 @27# gives a rough estimate
of the cross section for the capture process~1! at very low
energies. WhenR,RFT , the adiabatic potential is just equa
to Vad(R)52R211I . ~Although R is not the distance be
tweenX2 andp to be exact, the difference is negligible.! In
this case, the turning point is given byRtp5$12@122L(L
11)(I 2Et)/mR#1/2%/@2(I 2Et)#. The turning points for
various energies and angular momenta are shown in Fig.
L is such that L(L11)!mR , we have Rtp5L(L
11)/(2mR), which is independent of the energy. This can
confirmed in Fig. 5 forRtp&0.25 a.u. WhenRtp is large, the
turning point becomes strongly dependent on the energy.
further see from Fig. 5 that only the collisions with sma
turning points can contribute to the capture as the ene
decreases. This is resulting from the orbiting phenomena

It can be naturally understood that the mechanism of
electron emission becomes different whetherR is larger or
smaller than some critical distance such asRFT . Once the
relative distance becomesR&RFT , the electron has always
great chance to run away easily from the proton. The e
tron emission probability will be larger as the collision pa
stays there longer. Therefore, a period of the stay in the
gion R,RFT would be an important quantity to characteri
the capture process. We consider the timeTp required for the
passage fromR5RFT to Rtp . In Fig. 6, we show the passag
time Tp calculated using the adiabatic potential for three e
ergies ofEt50.1, 1, and 10 eV as a function of the turnin
point. We can see that the passage time becomes almos
same when the energy is low. This is because the effec
potentialVeff

L (R) has a very deep well for lowL. „When the
FIG. 5. Turning pointsRtp of the effective potentialVeff
L (R) for p̄1H andm21H as plotted against the angular momentumL.
6-5
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KAZUHIRO SAKIMOTO PHYSICAL REVIEW A 66, 032506 ~2002!
minimum positionRmin is smaller thanRFT , the minimum
value is2mR /@2L(L11)#1I .… However, the passage time
for p̄1H and m21H are clearly distinguished from eac
other. Since the passage time is directly proportional toAmR,
the ratio of the two passage times is always aboutA5. Con-
sequently, we can understand that them2capture probabili-
ties are smaller than thep̄ ones for smallRtp , as seen in Fig.
2. It should be noted that theK2 capture probabilities are
slightly smaller than thep̄ ones forRtp&0.2 a.u.~Fig. 1!.

WhenRtp.RFT , the electron emission should be regard
as a nonadiabatic process. To characterize the adiabatici
the collision, we introduce the dimensionless quantity

S5DETc . ~19!

Here, since the turning point is the most important in t
electron emission@18,29#, the energy differenceDE is cho-
sen to be the AI energy atR5Rtp . From Figs. 1–4, we see
that the capture occurs atR&2 a.u. Therefore, we define th
collision time Tc by the time required for the motion from
R52 a.u. to the turning pointRtp . We may expect that the
collision process becomes more adiabatic asS increases. Fig-
ure 7 shows the values ofS for p̄1H and m21H. We see
that thep̄ collisions are generally more adiabatic than them2

collisions. When the collision becomes adiabatic, the cap
occurs less frequently in distant encounters (R.RFT). This
would be the origin of the difference~seen in Fig. 2! between
the fitting formulas~17! and ~18! at Rtp.1 a.u.

WhenRtp*1.5 a.u., Fig. 2 shows that the low-energy da

for m21H are much smaller thanPfit
m2

(Rtp), and rather close

FIG. 6. TimeTp required for the passage fromR5RFT to Rtp for

p̄1H and m21H at Et50.1, 1, and 10 eV as a function of th
turning pointRtp .
03250
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to Pfit
p̄ (Rtp). This may be explained again in terms of th

adiabaticity parameterS. Figure 7 shows that the collision
of p̄1H at the high energy (ET510 eV) and ofm21H at
the low energy (Et53 eV) have almost the same value ofS.
Differently from the case ofRtp&RFT , we cannot always
distinguish between the collision natures ofp̄1H and m2

1H for large Rtp . Anyway, the fitting formula~18! for Rtp
*1.5 a.u. would not be so accurate at low energies. In reg
to the calculation of the capture cross section, neverthel
the fitting formula will be still useful even at low energie
because the contribution of the large turning points to
cross section is less important with decreasing ene
~Fig. 5!.

C. Capture cross section

In the present study, the capture cross sections are ca
lated by the QM and SC methods and by using the fitt
formulas~17! and~18!. The fitting formulas are further use
to estimate the cross sections at low energies down to 0
eV. To obtain the turning points in Eqs.~17! and ~18!, the
centrifugal potentialL(L11)/(2mRR2) is replaced by the
classical oneEt b

2/R2, with b being the~continuous! impact
parameter. The use ofL(L11)/(2mRR2) produces a saw-
toothed structure in the energy dependence of the calcul
cross sections. In reality, the cross section should hav
smooth energy dependence because of the effect of tunn
or above-barrier reflection. Although the correction of suc
QM effect can be taken into account@30#, the calculation
becomes entangled. Even for thep̄1H collisions at the low-

FIG. 7. Dimensionless quantitiesS5DETc defined by Eq.~19!

for p̄1H andm21H at Et53, 5, and 10 eV as a function of th
turning pointRtp .
6-6
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ANTIPROTON, KAON, AND MUON CAPTURE BY . . . PHYSICAL REVIEW A66, 032506 ~2002!
est energyEt50.01 eV reported here, since still a large nu
ber of partial waves (L&10) contribute to the cross sectio
the quantum-mechanical effect may be unclear in the c
section. To avoid these complicated situations, we sim
employ the classical centrifugal potentialEt b

2/R2 for the
calculations of the turning points in Eqs.~17! and ~18!. The
validity of this classical treatment for the present problem
discussed in Sec. III D.

In Figs. 8 and 9, we summarize thep̄1H and m21H
capture cross sections calculated by various methods.
‘‘fitting’’ cross sections obtained from Eqs.~17! and ~18!
agree very well with the QM results, and also with t
present SC results even at low energies. For them21H col-
lisions, the SC results of Kwonget al. @25# are further
shown. In their SC method, the capture process is inve
gated by tracing a common trajectory of the relative moti
which is determined from some average potential. As m
tioned in Ref.@18#, such a way overestimates the captu
cross section. The CTMC results of Cohen@21,22# show en-
ergy dependences different from the present results. Co
@22,23# introduced some QM correction in the CTMC calc
lation by means of pseudopotentials. The results of
CTMC with pseudopotentials seem to agree with the pres
results at some high energies. However, the agreemen
comes much worse with decreasing energies. In the
model, the relative motion is calculated in classical mech
ics with use of the adiabatic potential, and the capture cr
section is assumed to be equal to the one that the clo
distance becomesR<RFT . The AI model provides the cros

FIG. 8. p̄1H capture cross sections obtained by the pres
~‘‘fitting’’ and SC! calculations, the QM calculation@18#, the CTMC
calculations~with and without the pseudopotentials! of Cohen@23#,
and the Langevin and the AI models.
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section much smaller than the present results at high ene
and larger at very low energies. The AI cross section
comes identical to the Langevin value atEt &0.1 eV.

In Fig. 10, the ‘‘fitting’’ cross sections forp̄1H andm2

1H ~the solid lines! are compared with each other. As se
in Fig. 2, thep̄1H probabilities are larger than them21H
ones for Rtp,1 a.u. and are smaller forRtp.1 a.u. As a
result, it happens that thep̄1H and m21H cross sections
agree very well with each other whenEt *1 eV. Since only
the collisions withRtp,1 a.u. can contribute to the captu
at Et,1 eV ~Fig. 5!, the p̄1H cross section is larger tha
the m21H one at low energies (Et,1 eV). When Et
&0.1 eV, the ‘‘fitting’’ cross sections become close to t
Langevin valuesL , and their ratios tosL are nearly con-
stant. The capture cross sections atEt50.01 eV are given by
0.88sL for p̄1H and by 0.80sL for m21H. The cross sec-
tions averaged overEt50.0120.1 eV are 0.89sL for p̄1H
and 0.82sL for m21H.

D. Local complex potential

To investigate the QM effects of the relative motion
energies less than 1 eV, we further employ the LCP mo
We solve the following Schro¨dinger equation

F2
1

2mR

]2

]R2 1
L~L11!

2mRR2 1Vreal~R!1 iV imag~R!2EtG f ~R!

50, ~20!

t FIG. 9. m21H capture cross sections obtained by the pres
~‘‘fitting,’’ QM, and SC! calculations, the SC calculation of Kwon
et al. @25#, the CTMC calculations~with and without the pseudo
potentials! of Cohen@21,22#, and the Langevin and the AI models
6-7
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KAZUHIRO SAKIMOTO PHYSICAL REVIEW A 66, 032506 ~2002!
whereVreal(R)1 iV imag(R) is the LCP. For theX21H sys-
tem, Cohenet al. @31# considered the LCP method that
based on a diabatic-state description. Here, we construc
LCP in an empirical manner. We give the real partVreal(R)
of the LCP by the adiabatic potentialVad(R). It seems to be
quite reasonable to assume that the imaginary partVimag(R)
has the form similar to the fitting formula~17! or ~18!.

Hence, we assumeVimag
X2

(R)52APfit
X2

(BR). Adjusting the
parametersA andB to fit the QM results, we have found tha
A50.027 a.u.,B51.08 for X25 p̄; and A50.04 a.u., B
51.03 for X25m2. By solving Eq.~20!, we obtain the S
matrix SL, and then the capture probability may be defin
by

PLCP
L 512uSLu2. ~21!

In Fig. 11, we compare the capture probabilities calcula
by the LCP method with the QM results atEt53 and 5 eV.
This comparison suggests that the present LCP model is
liable enough for the present purpose. Voronin and Carbo
@16# also obtained an empirical LCP forp̄1H. However,
their imaginary potential produces too small capture pr
abilities ~only about a half of the QM result! at Et53 and 5
eV. Voronin and Carbonell considered extremely-low en
gies (Et,1025 eV) and onlyL50 and 1. The LCP approxi
mation would not be justified over a wide range of energy
angular momentum.

Figure 12 shows thep̄1H andm21H capture probabili-
ties obtained by the LCP method for variousL. In a classical

FIG. 10. p̄1H and m21H capture cross sections calculate
from the fitting formulas~17! and~18!, and by the LCP model as
function of the translational energyEt . The Langevin cross section
are shown for comparison.
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sense, the capture can never occur if the energy is lower
the barrier heightEmax of the effective potentialVeff

L (R).
However, all the LCP probabilities are about 0.5 atEt
;Emax, and form a slowly varying curve both below an
aboveEt5Emax. This means that the consideration of th
tunneling and the above-barrier reflection is important to
scribe accurately the QM feature of the relative motion.

The capture cross sections obtained by the LCP met
are shown also in Fig. 10. At high energies, the LCP cr
sections agree very well with the ‘‘fitting’’ results. When th
energy is low, the LCP curve oscillates around the ‘‘fitting
result. This oscillation is caused by the potential resonan
For p̄1H, since the resonances are not so significant, it
good approximation to neglect the oscillation around
‘‘fitting’’ probabilities. Hence, for p̄1H at the energies re
ported here, we may conclude that the inclusion of all
QM effects results in only a very small deviation from th
pure classical description of the relative motion. The re
nances in the LCP calculation are more pronounced form2

1H, and accordingly them2 cross section becomes larg
than thep̄ one atEt;0.04 eV. Nevertheless, we can expe

FIG. 11. p̄1H capture probabilities obtained by the QM and t
LCP calculations atEt53 and 5 eV as a function of the angula
momentumL. m21H capture probabilities are also shown forEt

55 eV.
6-8
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ANTIPROTON, KAON, AND MUON CAPTURE BY . . . PHYSICAL REVIEW A66, 032506 ~2002!
that the pure classical description of the relative motion
still useful to see the global feature of the capture cross
tions even form21H.

In the present SC method, the calculation has been ca
out by using Eq.~14! with discreteL. The present study
suggests that the pure classical description is better for
relative motion after all. Hence, the classical centrifugal p
tential Etb

2/R2 with continuousb should be rather used i
Eq. ~14! to obtain a more reliable capture cross secti
However, the energies shown in Figs. 8 and 9 are sufficie
high so that we can neglect the discreteness ofL in the cal-
culation of the capture cross section.

E. Resonances

From Fig. 12, we see that the resonances come from
partial wavesL510, 12, 13, and 16 forp̄1H and fromL
56, 7, 10, 11, and 12 form21H. To see more details of th
resonance, Fig. 13 shows some quantities which charact
the collision inp̄1H for L513. The elastic cross section fo
eachL is proportional toQel

L 5u12SLu2, and the total cross
section for eachL is proportional toQtot

L 5PLCP
L 1Qel

L . In Fig.

FIG. 12. Capture probabilities obtained by the LCP calculat
as a function of the translational energyEt . The partial wavesL

510–17 are shown in the energy rangeEt50.01–0.1 eV forp̄
1H. The partial wavesL54 –12 are shown in the energy rang
Et50.01–1 eV form21H.
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13, we also plot the elastic quantityQel
L obtained by setting

Vimag50. In the elastic collision withVimag50, the reso-
nance appears as a window since the nonresonant~back-
ground! part has the maximum contribution at the relat
energies. WhenVimag is very strong, the resonance profile
largely affected by the presence of the imaginary potent
Here, we simply define the resonance positionEres by the
minimum ~or maximum! position of the elastic resonanc
window ~or peak! with Vimag50. As shown in Fig. 13, the
resonance positionEres is larger than the barrier heightEmax

of Veff
L (R). Therefore, this is an above-barrier~AB! reso-

nance.
In Table I, we summarize some properties of the re

nances observed in Fig. 12. A quasi-bound~QB! resonance
that occurs below the barrier height is only seen forL512 in
p̄1H and forL56 in m21H. Furthermore, theL512 reso-
nance inp̄1H is not so remarkable. Therefore, except for t
most prominent resonance ofL56 in m21H, we can see
that the AB resonance plays a more important role in
capture process.

Figure 10 shows that the resonance effect on the cap
cross section is not very significant, and the global behav
of the cross section at low energies is mostly explained
the Langevin model. Prominent resonance structures du
QB states were found previously in several theoretical st
ies of ion-atom reactive collisions, such as electron trans
@32–35# and radiative association@36,37#. Also in the present

n

FIG. 13. p̄1H capture probabilities (PLCP
L ), elastic (Qel

L ) and
total (Qtot

L ) quantities~see text! obtained by the LCP calculation a
a function of the translational energyEt for L513. The results of
the elastic collisions obtained by assumingVimag(R)50 are also
shown. A vertical thin line indicates the barrier height of the effe
tive potentialVeff

L513(R).
6-9



nt
r
n

-
ng
n-
s

,
t

tia
o
ti

ev

e
ur

r-

an

een

the
are

ance
the

ate
ese
t QM

id
i-

the
n

u-

-

KAZUHIRO SAKIMOTO PHYSICAL REVIEW A 66, 032506 ~2002!
case, the QB resonances might become much significa
the reactivity were suppressed. To confirm this, we have
duced the strength of the imaginary potential artificially, a
have carried out the LCP calculations forp̄1H. Figure 14
shows the calculated capture probabilities forL515 with use

of the imaginary partsVimag(R)5cVimag
p̄ (R), where c

51, 0.5, 0.3, and 0.1. In the original case (c51), we have
no resonance structure. Whenc<0.5, however, the QB reso
nance becomes more prominent with decreasing the stre
of the imaginary potential. A similar finding for the depe
dence of the imaginary potential was also obtained in as
ciative detachment of H21H @38#. As a matter of course
the reaction cross section becomes much smaller than
Langevin value when the strength of the imaginary poten
is very weak. Probably, it is generally true that the effect
the resonances is less significant in the ion-molecule reac
when the reaction cross section is very close to the Lang
value over a wide energy range.

IV. SUMMARY AND CONCLUSION

We have carried out the QM calculations form21H and
K21H at 5<Et<10 eV, and the SC calculations form2

1H and p̄1H at 0.1<Et<10 eV. We have found that th
empirical law is satisfied for the relation between the capt
probability PL and the classical turning pointRtp of the rela-
tive motion. The same fitting formula ofPL vs Rtp can be
used inK21H and in p̄1H. The fitting formula becomes
slightly different inm21H because of the large mass diffe
ence.

TABLE I. Resonance features of the elastic collisions by
adiabatic potential~with Vimag50) in the energy ranges shown i
Fig. 12.

L Eres Emax Type Shape

p̄1H
10 0.0140 0.0107 AB Window
12 0.0208 0.0215 QB Window
13 0.0329 0.0294 AB Window
16 0.0679 0.0665 AB Window
m21H
6 0.0378 0.0383 QB Peak
7 0.0769 0.0688 AB Peak
10 0.299 0.288 AB Window
11 0.480 0.435 AB Window
12 0.707 0.647 AB Window
.P
-
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The capture cross sections atEt*1 eV are almost the
same for the three systems ofm21H, K21H, and p̄1H.
WhenEt,1 eV, them2 cross section becomes smaller th
the p̄ one.

The capture processes at very low energies have b
studied by using the LCP model. WhenEt,0.1 eV, the cap-
ture cross section is close and nearly proportional to
Langevin value. Some interesting resonance structures
seen in the capture cross section. However, the reson
effect is not exceedingly drastic in the present case. Since
LCP approximation is a quite simplified model, an accur
QM description will be needed to discuss the details of th
resonances. The extension of the present time-dependen
calculation to this low-energy region is very interesting.
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FIG. 14. p̄1H capture probabilities obtained by the LCP calc
lation as a function of the translational energyEt for L515. The
strengths of the imaginary potential are taken to beVimag(R)

5cVimag
p̄ (R), wherec51, 0.5, 0.3, and 0.1. A vertical thin line in

dicates the barrier height of the effective potentialVeff
L515(R).
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