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Electric dipole and quadrupole transition amplitudes for Ba¿ using the relativistic
coupled-cluster method
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We present our calculations of the electric dipole and quadrupole matrix elements for transitions between
low-lying bound states of Ba1 that are relevant for parity nonconservation studies using the relativistic
coupled-cluster method. The results compare well with the experimental data. We have also computed the
electric dipole transition matrix elements between many high-lying excited states.
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I. INTRODUCTION

High precision calculations to the level of less than 1
are currently of interest in a number of different contexts
atomic physics. One among them is the continuous attem
at improving the accuracy of powerful many-body theori
such as the coupled-cluster method~CCM! @1–3#, that are
applied to atomic systems for calculating various propert
Also the combined precision between theory and experim
to this level is necessary to arrive at conclusions regard
the underlying physics for a variety of problems. Parity no
conservation in atoms and ions is an important area
atomic physics where accurate theoretical calculations@4–6#
combined with experiments@7,8# can give important infor-
mation about the possible existence of new physics bey
the standard model in the regime of small momentum tra
fer @9#. To date, such precision has been achieved only
atomic Cs@6#. The parity nonconservation~PNC! induced
transition matrix element connecting states of mixed pa
depends on the region near as well as far away from
nucleus due to the properties of the PNC and the elec
dipole operators.

An experiment to observe parity nonconservation us
the u5p66s&1/2→u5p65d&3/2 transition in Ba1 has been pro-
posed by Fortson@10#. There have been theoretical calcul
tions on this ion using the configuration-interaction~CI!
method@11,12# and many-body perturbation theory~MBPT!
@13#. In order to determine the accuracy of the PNC calcu
tions, it is necessary to know the accuracy to which one
calculate the electric dipole, and the PNC matrix element
well as the excitation energies. We had presented our ex
tion energy calculations for the low-lying levels of Ba1 us-
ing the relativistic CCM in a recent paper@14#. These results
have been computed to an accuracy of less than 0.2%
ionization potentials and 0.6% for excitiaton energies. In t
paper we attempt to determine the accuracy of wave fu
tions at large radial distances by computing the electric
pole transition amplitudes that are relevant for PNC in Ba1.
As the PNC observable for this ion arises from the interf
ence between parity nonconserving electric dipole and
lowed electric quadrupole amplitudes for the aforementio
transition, we have also calculated the latter.

In Sec. II, we describe our CCM-based approach to
1050-2947/2002/66~3!/032505~6!/$20.00 66 0325
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calculation of the all order matrix elements and in Sec. III w
present the numerical results obtained for the matrix e
ments.

II. METHOD OF CALCULATION

Since we are dealing with Ba1 (Z556) in this work, we
consider the Dirac-Coulomb~DC! Hamiltonian given by

HDC5(
i

N Fca i•pi1~b i21!c21Vnuc~r i !1(
i , j

1

r i j
G .

~1!

Breit interaction and radiative corrections are not conside
in the present work as their contributions are rather sm
compared to the terms present in the DC Hamiltonian.

In our calculations we start with the Dirac-Fock~DF! ref-
erence state corresponding to theN21 electron closed-shel
configuration. To this we add one electron to thekth virtual
orbital and obtain theN electron system on which calcula
tions are carried out. The addition of a valence electron to
kth virtual orbital of the reference state can therefore be w
ten as

uFk
N&5ak

†uF0&, ~2!

whereuF0& is the DF reference state. Any general state c
be written in open-shell CCM@1# as

uCk
N&5$eSk

(0)
%eT(0)

uFk
N&, ~3!

whereT is the operator describing excitations from the co
and S the excitations from core and the valence to virtu
orbitals. Using the mathematical simplifications given
@14#, we arrive at two different equations for determining t

FIG. 1. Form of effectiveŌ one-body diagrams.
©2002 The American Physical Society05-1
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T and the S amplitudes using the CC formalism. In th
present work we have used the coupled-cluster sing
doubles, and partial triples@CCSD~T!# formalism for deter-
mining theT andS amplitudes@14#. Once theT andS am-
plitudes are known, we can compute the matrix element
discussed by@15#. If we considerO to be a general single
particle operator, then the matrix element of the operatoO
between an initial and final state is given by

Of i5
^C f uOuC i&

A^C f uC f&A^C i uC i&
. ~4!

Substituting the CC wave functions, we get

Of i5
^F f ue$Sf

1%eT†
OeTe$Si %uF i&

A^F f ue$Sf
†%eT†

eTe$Sf %uF f&A^F i ue$Si
†%eT†

eTe$Si %uF i&
.

~5!

We first evaluate the quantityeT†
OeT5Ō which can be

expanded using the Hausdorff relation@16#. Here we con-
sider the effective one-bodyŌ diagrams of the kind given in
Fig. 1, whereP refers to virtual andH refers to core orbitals

FIG. 2. Typical effective one-body diagrams (Ō) for a one-body
operator. Exchange diagrams are not shown.

FIG. 3. Diagrams contributing to the numerator of Eq.~5! where

the effective one-bodyŌ ~here a box denotesŌ) is sandwiched
between theS operators. Exchange diagrams are not shown.~1a!

^ f uŌu i &; ~2a,2b! ^ f uŌSi u i &; ~3a,3b! ^ f uSf
†Ōu i &; (4a,4b,4c,4d,4e,4f )

^ f uSf
†ŌSi u i &.
03250
s,

as

Typical one-bodyPP diagrams generated from the tw
terms OT1 ,T2

†OT1 and their adjoints and alsoT1
†OT1 and

T2
†OT2 are given in Fig. 2. Similar diagrams can be draw

corresponding toHH, PH, andHP.
We have also considered the dominant part of the eff

tive two-body Ō diagrams which are constructed from th
termsT1

†O andT2
†O and their adjoints. The rest of the dia

grams have not been included in the present calculat
These effective one- and two-body diagrams are then sa
wiched between theS operators. The numerator in Eq.~5!

therefore has terms of the form̂f uŌu i &, ^ f u@S†Ō#cu i &,
^ f u@ŌS#cu i &, and ^ f u@S†ŌS#cu i &, where c refers to com-
pletely connected diagrams. Here we consider a maximum
four amplitudes in the numerator of the Eq.~5! inclusive of
the T andS amplitude for the one-bodyŌ and three ampli-
tudes for the two-bodyŌ diagrams. Contraction of the effec
tive one-body and two-body terms with theS andS† ampli-
tudes leads to 18 diagrams each. Typical diagrams fr
effective one- and two-bodyŌ are given in Figs. 3 and 4.

The square of the denominator in Eq.~5! takes the form

N25^F0uak$11Sk
†%†~11T†1@T†T#c1••• !

3$11Sk%ak
†uFo&, ~6!

where ‘‘c’’ denotes completely connected diagrams. The
fect of this denominator is to cancel disconnected terms fr
the numerator. This cancellation is complete for closed-sh
and it has been shown by Blundellet al. @17# that for the
single valence states there is a residual normalization cor
tion given by

FIG. 4. Diagrams contributing to the numerator of Eq.~5! where

effective two-bodyŌ ~here the circles denoteO) is sandwiched
between theS operators. Exchange diagrams are not show

~1a!~1b! ^ f uŌSi u i &; ~2a,2b! ^ f uSf
†Ōu i &; ~3a,3b,3c,3d! ^ f uSf

†ŌSi u i &.

TABLE I. Number of Gaussian basis functions used for t
computation of orbitals of each symmetry for Ba1.

s(1/2) p(1/2,3/2) d(3/2,5/2) f (5/2,7/2) g(7/2,9/2) h(9/2,11/2)

32 28 25 20 15 10
5-2
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TABLE II. Orbital generation.

Symmetry No. of orbitals in Numerical orbitals Gaussian orbitals
- each symmetry used in the calculation used in the calcula

s(1/2) 9 3s,4s, . . . ,8s 9s, . . . ,11s
p(1/2,3/2) 9 3p, . . . ,8p 9p, . . . ,11p
d(3/2,5/2) 10 3d, . . . ,7d 8d, . . . ,12d
f (5/2,7/2) 9 4f ,5f 6 f , . . . ,12f
g(7/2,9/2) 9 - 5g, . . . ,13g
h(9/2,11/2) 7 - 6h, . . . ,12h
a

al-
of
the
^F f ue$Sf
1%eT†

OeTe$Si %uF i&F 1

A^C f uC f&A^C i uC i&
21G .

~7!

The possible diagrams given in Fig. 3 can be classified
03250
s

DF, random phase approximation~RPA!, Bruckner correla-
tion, structural radiation, and the correction due to norm
ization. A very elaborate description of the above types
corrections with the associated diagrams are given in
paper by Blundellet al. @15#. TheT part of Eq.~6! gives rise
TABLE III. Reduced electric dipole and quadrupole matrix elements in length form for the Ba1 ion. HereŌ1 andŌ2 denotes one- and

two-bodyŌ diagrams. MBPT~1! is first-order MBPT,D is dipole, andQ is quadrupole.

Transition DF DF1MBPT~1! Ō1 @S1Ō1#c @Ō1S#c (S1Ō1S)c (S1Ō2)c (Ō2S)c (S1Ō2S)c
Norm. D matrix

6s1/226p1/2 3.8909 3.4729 3.892220.3586 20.1667 0.0543 20.0009 20.0018 20.00004 20.05714 3.3266
6s1/227p1/2 0.0654 20.1151 0.0657 0.412020.3554 0.0157 20.0003 20.0018 0.0002 20.0019 0.1193
6s1/228p1/2 20.0071 20.1214 20.0053 20.2825 20.1713 20.0103 20.0002 0.0023 0.0002 0.0057 20.4696
7s1/226p1/2 22.5487 22.6082 22.5481 20.3152 0.5197 20.0011 0.000220.0002 0.0000 0.0289 22.3220
7s1/227p1/2 7.3917 7.2412 7.391820.1130 0.1350 0.010020.0008 20.0017 0.0001 20.0825 7.3300
7s1/228p1/2 0.1989 0.1132 0.199820.3792 20.4501 0.0263 20.0002 0.0013 0.0002 0.0045 20.6021
8s1/226p1/2 0.3806 0.4015 0.3793 0.0113 0.3228 0.014920.0011 0.000220.00001 20.0065 0.7283
8s1/227p1/2 1.2751 1.2993 1.2744 0.2653 0.557020.0017 20.0008 0.000420.0001 20.0160 2.0804
8s1/228p1/2 8.3436 8.3686 8.3428 0.067920.1238 20.0218 20.0009 20.0011 20.00003 20.0329 8.2315
6s1/226p3/2 25.4776 24.9108 25.4795 0.5248 0.204620.0738 0.0005 0.002720.00004 0.0764 24.6982
6s1/227p3/2 20.2610 20.0072 20.2613 20.5742 0.4690 20.0231 0.0001 0.002820.0004 0.0055 20.3610
6s1/228p3/2 20.0786 0.0838 20.0810 0.3973 0.2409 0.0121 0.000120.0031 20.0003 20.0068 0.5710
7s1/226p3/2 3.9567 4.0217 3.9558 0.438120.7154 0.0049 20.0007 0.0003 0.000120.0420 3.6482
7s1/227p3/2 210.3120 210.1116 210.3121 0.165820.2319 20.0094 0.0010 0.002520.0002 0.1081 210.2645
7s1/228p3/2 20.5675 20.4504 20.5687 0.5702 0.584820.0354 0.000220.0018 20.0002 20.0040 0.5514
8s1/226p3/2 20.5521 20.5739 20.5499 20.0011 20.4875 20.0211 0.001720.0003 20.00002 0.0084 21.0518
8s1/227p3/2 21.8334 21.8610 21.8322 20.3699 20.8347 0.0045 0.001320.0007 0.0001 0.0211 23.0172
8s1/228p3/2 212.7376 212.7672 212.736320.1041 0.1615 0.0283 0.0014 0.0016 0.00005 0.0458212.6033
5d3/226p1/2 23.7454 23.3883 23.7475 0.6913 0.077220.0602 20.0015 0.001020.0003 0.0645 22.9449
5d3/227p1/2 20.3513 20.1946 20.3525 20.1850 0.2799 20.0185 20.0005 0.000420.0001 0.0062 20.3050
5d3/228p1/2 20.19563 20.0953 20.1966 20.0636 0.1560 20.0190 20.0002 0.000220.0001 0.0019 20.1121
5d3/226p3/2 21.6354 21.4917 21.6358 0.3137 0.025720.0254 20.0012 0.000420.0001 0.0269 21.2836
5d3/227p3/2 20.1864 20.1226 20.1866 20.0701 0.1130 20.0297 20.0005 0.000220.00004 0.0032 20.1645
5d3/228p3/2 20.1019 20.0611 20.1022 20.0240 0.0658 20.0094 20.0002 0.000120.00003 0.0011 20.0650
5d5/226p3/2 25.0011 24.5697 25.0021 0.9152 0.077220.0770 20.0034 0.001220.0005 0.0660 23.9876
5d5/227p3/2 20.5425 20.3530 20.5429 20.2149 0.3431 20.0878 20.0014 0.000520.0002 0.0073 20.4788
5d5/228p3/2 20.2976 20.1762 20.2981 20.0777 0.1977 20.0273 20.0007 0.000220.0001 0.0024 20.1926

Transition DF DF1MBPT~1! Ō1 @S1Ō1#c @Ō1S#c @S1Ō1S#c @S1Ō2#c @Ō2S#c @S1Ō2S#c
Norm. Q matrix

6s1/225d3/2 14.7633 14.5582 14.761920.3387 21.9384 0.1532 20.0051 0.0035 0.000620.0799 12.6251
6s1/225d5/2 218.3840 218.1581 218.3794 0.4151 2.378720.2221 0.006420.0041 20.0007 0.0703 215.7832
7s1/225d3/2 26.1995 26.2751 26.1994 20.9615 3.0868 0.173520.0012 0.0021 0.0003 0.0270 23.9021
7s1/225d5/2 7.9363 8.0165 7.9373 1.190323.7278 20.1998 0.001420.0025 20.0004 20.0262 5.2072
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TABLE IV. Electric dipole matrix elements in different transitions for Ba1 and the comparison of transition probabilities with expe
mental values.

Transition Present work @21# @21# @13# Expt. Expt.
D ~a.u.! Af i3109 sec21 D ~a.u.! Af i3109 sec21 Af i3109 sec21 Af i3109 sec21 D~a.u!

6s1/2 3.3266 0.09368 3.300 0.09178 0.092327 0.09560.009,a 3.3664b

26p1/2 0.095560.0010,b

0.09560.007c

6s1/2 4.6982 0.11937 4.658 0.11625 0.117066 0.10660.009,a 4.6729b

26p3/2 0.11760.004,b

0.11860.008c

5d3/2 1.2836 0.004255 1.312 0.00435 0.004492 0.0046960.00029,a 1.3633a

26p3/2 0.004860.0005,b

0.004860.0006c

5d5/2 3.9876 0.03493 4.057 0.03595 0.034453 0.037760.0024,a 4.1547a

26p3/2 0.03760.004,b

0.03760.004c

5d3/2 2.9449 0.032609 3.009 0.03342 0.037033 0.033860.00019a 3.0262a

26p1/2 0.033360.008b

0.03360.004c

aReference@22#.
bReference@23#.
cReference@24#.
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to possible diagrams of the typePP, HP, PH, andHP as
shown in Fig. 1. After connecting these diagrams to theS
operator, one obtains the kind of diagrams shown in Fig
with the open lines denoted byv andv8 being identical and
with the Ō interchanged with the connected effective on
body T part. The expression for the single-particle elect
dipole and quadrupole transition matrix elements and tra
tion probability are given in Appendices A and B.

III. RESULTS AND DISCUSSION

In the present calculation, the single-particle DF orbit
are generated with Ba11 (5p6) as the starting potential. W
make use of a hybrid approach@18# where we consider a par
numerical and part analytical orbitals on a grid. The anal
cal orbitals~in this case Gaussian-type orbitals! are generated
using the finite basis-set expansion~FBSE! method@19# and
the numerical orbitals from the general purpose relativis
atomic structure program~GRASP! @20#. The number of ana-
lytical orbitals used for the generation of orbitals of differe
symmetry is given in Table I.
For the coupled-cluster calculations, we have restricted
basis by imposing upper and lower bounds in energy for
single-particle orbitals as2100 a.u. and 100 a.u. for a
symmetries excepth. The reason for choosing such a basis
explained in our previous paper@14#. The number of analyti-
cal and numerical orbitals used for this calculation is ta
lated in Table II.

In this calculation the effective one- and two-bodyŌ
terms are first computed and later on sandwiched betw
the S operators. This leads to terms of the for

^ f uŌu i &,^ f uSf
†Ōu i &,^ f uŌSi u i &, and ^ f uSf

†ŌSi u i &. In Table III
the contribution from different terms classified as above
03250
3

-

i-

s

i-

c

t

e
e

s

-

en

r

the effective one- and two-bodyŌ are given separately. Th
correlation corrections to the DF term̂f uOu i & contributing
to ^ f uŌu i & represented in Fig. 3 as~1a! is found to be less
than 0.04% to the total value which has contributions fro
the DF as well as the correlation effects. The correctio
obtained by adding the 5th, 6th, 8th, and 9th columns
Table III, represented in Fig. 3 as~2a,2b,3a,3b! and in Fig. 4
as~1a,1b,2a,2b!, contributes;20% and the sum of the term
tabulated in the 7th and 10th columns of Table III, rep
sented in Fig. 3 as~4a,4b,4c,4d,4e,4f! and in Fig. 4 as
~3a,3b,3c,3d!, contributes;2%. The normalization correc
tion given in the 11th column contributes;2%. The effec-
tive one- and two-bodyŌ diagrams contributing to the abov
terms is around 14% and 0.1%. This indicates that the om
sion of the other two-body diagrams contribute less th

TABLE V. Lifetimes of states of Ba1 computed using theoreti
cal E1/E2 transition amplitudes.

State Present work Guet@21# Dzuba@13# Expt.
~nsec! ~nsec! ~nsec! ~nsec!

6p(1/2) 7.92 7.99 7.89 7.90~10! a

6p(3/2) 6.31 6.39 6.30 6.32~10! a

State Present work Guet@21# Dzuba@13# Expt.
~sec! ~sec! ~sec! ~sec!

5d(3/2) 81.4 83.7 81.5 79.8~4.6! b

5d(5/2) 36.5 37.2 30.3 34.5~3.5! c

aReference@27#.
bReference@28#.
cReference@29#.
5-4
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TABLE VI. Theoretical and experimental energy differences between the ground and the excited s
Ba11.

State Present work Guet@21# Dzuba@13# Kaldor @30# Experiment
(cm21) (cm21) (cm21) (cm21) (cm21)

6s26p(1/2) 20293 20995 20232 20396 20262
6s26p(3/2) 22020 22742 21953 22103 21952
6s25d(3/2) 4809 4688 4411 5268 4874
6s25d(5/2) 5713 5620 5288 6093 5675
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0.1% to the electric dipole and quadrupole matrix eleme
We have considered various transitions involving low-lyi
levels and high-lying levels like 7s(1/2),8s(1/2),
7p(1/2,3/2), and 8p(1/2,3/2) states.

Using the all orderE1 matrix elements, the transitio
probabilities were calculated using the expressions give
Appendix B. The above transition probabilities are compa
with experimental data and calculations by Guetet al. @21#
and Dzubaet al. @13# in Table IV. These two calculation
have certain semiempirical features in the evaluation of p
correlation effects, while as mentioned in Sec. II, we ha
used a completelyab initio approach based on the nonline
CCSD~T! method. Here the calculations were restricted
the low-lying levels, 6s(1/2), 6p(1/2,3/2), and 5d(3/2,5/2).

The electric dipole transition amplitude induced by PN
~E1PNC! from u5p66s1/2&→u5p65d3/2& for Ba1 using the
sum over states approach@25# can be written as

E1PNC5
1

~A^C i
(0)uC i

(0)&A^C f
(0)uC f

(0)&!

3(
I

S ^C f
(0)uDuC I

(0)&^C I
(0)uPNCuC i

(0)&

~Ei2EI !

1
^C f

(0)uHPNCuC I
(0)&^C I

(0)uDuC i
(0)&

~Ef2EI !
D . ~8!

From angular momentum considerations, we know that
nuclear spin independent~NSI! @11,12# PNC ~rank zero ten-
sor! can connect only states of the same angular momen
Hence, the first term in the E1PNC expression can have
termediate atomic state functions with angular momentuj
51/2 and the second term with angular momentumj 53/2.
For Ba1 @13,26# it is clear that the largest contribution t
E1PNC foru5p66s&1/2→u5p65d&3/2 results fromu5p66p&1/2
and u5p66p&3/2 intermediate states, respectively, for the fi
and second terms. Hence, accuracy of the E1PNC calcula
mainly depends on the matrix elemen
^5p65d3/2uDu5p66p1/2&, ^5p66p3/2uDu5p66s1/2&,
^5p66p1/2uPNCu5p66s1/2&, ^5p65d3/2uPNCu5p66p3/2&, and
the energy differencesE5p66s1/2

2E5p66p1/2
and E5p65d3/2

2E5p66p3/2
. Also the physical quantity that has been pr

posed to be measured in the PNC experiment on Ba1 cur-
rently underway at the University of Washington, Seattle i
parity nonconserving light shift~ac Stark shift! arising from
the interference of the parity nonconserving electric dip
transition amplitude and the electric quadrupole transit
03250
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amplitude (E2). Therefore in addition to E1PNC, an acc
rate calculation of theE2 matrix element betweenu5p66s&1/2
and u5p65d&3/2 states is also necessary.

From the experimental transition probablities and exc
tion energies, the electric dipole matrix elements for the
lowed E1 transitions were obtained and compared with o
calculated electric dipole matrix elements. The results
given in Table IV. For the electric quadrupole transition co
necting 5d3/2 to 6s1/2 states, neglecting theM1 transition
since it is weak@21#, the experimental electric quadrupo
matrix element was determined from the experimental li
time and the excitation energy as

^5d3/2uE2u6s1/2&5A gkl
5

t5d3/2
1.119131018

, ~9!

where l is the transition wavelength in Å,gk is the (2J
11) degeneracy of the upper level, andt5d3/2

is the lifetime

of the 5d3/2 state in the units of sec21. Using the experimen-
tal t5d3/2

579.864.6 sec@28#, the electric quadrupole matrix
element is found to be in the range 12.40 to 13.14 a
Our calculated electric quadrupole matrix element for
above-mentioned transition is 12.63 a.u. which is well with
the experimental error bar. In Table V we compare the val
of the lifetimes obtained from our calculatedE1 andE2 line
strengths and experimental excitation energies given in Ta
VI with the measured lifetimes.

IV. CONCLUSION

We have calculated the electric dipole transition amp
tudes for low-lying bound states of Ba1 and found that they
agree well with the experimental values derived from expe
mental transition probabilities and excitation energies. T
calculated electric quadrupole transition amplitude betw
5d3/2 and 6s1/2 also compares well with the experiment
value derived from the lifetime and excitation energy. W
find that the dominant contribution to electron correlati
effects comes from the one-bodyŌ diagrams for all the tran-
sition amplitudes that we have calculated.
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APPENDIX A: ELECTRIC DIPOLE AND ÕOR
QUADRUPOLE MATRIX ELEMENTS

The single-particle matrix elements in length form is c
culated in atomic units as

umn5CL~m,n!E drr L@Pm~r !Pn~r !1Qm~r !Qn~r !#,

~A1!

where

CL~m,n!5~21! j m11/2A2 j m11A2 j n11S j m L j n

1

2
0 2

1

2
D .

~A2!

HereL51 for electric dipole andL52 for electric quadru-
pole transitions.
S

. A
a-

n,

int

L

f.

. A

03250
-

APPENDIX B: TRANSITION PROBABILITIES

The following @31# are used for the calculation of trans
tion probabilities:

AE15
~2.026131018!SE1

gkl
3

~B1!

and

AE25
~1.119931018!SE2

gkl
5

, ~B2!

where l is the transition wavelength in Å,gk is the (2J
11) degeneracy of the upper level,SE1 andSE2 are theE1
and E2 line strengths in atomic unitseao and eao

2 . This
gives the transition probability in the units of sec21.
ev.

jat
ee,

. A

. A

nd

r
l.
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