PHYSICAL REVIEW A, 66, 032318 (2002
Controlled dense coding for continuous variables using three-particle entangled states
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A simple scheme to realize quantum controlled dense coding with a bright tripartite entangled state light
generated from nondegenerate optical parametric amplifiers is proposed in this paper. The quantum channel
between Alice and Bob is controlled by Claire. As a local oscillator and balanced homodyne detector are not
needed, the proposed protocol is easy to be realized experimentally.
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In the development of theoretical and experimental studbright EPR beams and the simple direct measurement for
ies of quantum information, the quantum teleportation that iell state, the controlled dense coding is within the reach of
the disembodied transport of an unknown quantum stateurrent technology and significantly simplify the implemen-
from a sender to a remote receiJé&i and the dense coding tation.
in which the single bit sent from a sender to a receiver can The schematic diagram for phase-sensitive NOPA is
successfully carry two bits of classical informatig#i, have ~ shown in Fig. 1. Two coherent input signas anda._. with
attracted extensive interests. The nonlocal quantum entangléame frequency, and orthogonal polarization are injected
ment plays a determinant role in the quantum informationinto a NOPA. For simplification, the polarizations of the in-
processing. Towards possible applications in quantum comected signal and idler field are orientated along the vertical
munication, both theoretical and experimental investigation@nd horizontal directions, and their intensities and original
increasingly focus on quantum states of continuous variableghases before NOPA are considered to be identical. The am-
in an infinite-dimensional Hilbert space, since the Einsteinplifier is pumped with the second-harmonic wave ®f
Podolsky-Rosen[EPR entangled state can be efficiently =2wo and amplitude of pump field,>a; ,a.. ; in this case
generated using squeezed light and beam splitters, for irthe pump field can be considered as a classical field without
stance, the entangled EPR pairs resulting from two-modéepletion during the amplification process. The output signal
squeezed vacuum state have been successfully employedaﬁd idler fields polarized along the vertical and horizontal
demonstrating unconditional quantum teleportatipa. directions are rotated by a half-wave plate at anyl2, then
Later, the schemes realizing highly efficient dense coding fopass a polarizing beam splitter with the output fidbdsand
continuous variables are theoretically proposed, in which thé.. . We define the operators of the light fields at the center
two-mode squeezed-state entanglement is utilized to achieVeequencyw, in the rotating frame,
unconditional signal transmissio#—6]. The bright EPR ~ o
beams have been experimentally produced with a nondegen- O(t)=o(t)e', (1)
erate optical parametric amplifi@OPA) [7] and the dense
coding for continuous variables based on bright EPR bearwhereO= [31, - ,bI .b_.] are the field envelope operators
has been demonstrated initiall]. Loock and Braunstein ando= [AI A 'BI’ ] are the field operators correspond-
have given that the superposition of more than independentling to input and output signal and idler fields. By the Fourier
squeezed states can yield multipartite entanglement for conransformation, we have
tinuous variables and presented the scheme of quantum tele-
portation using entangled three-mode sf&g The fidelity N 1 A ot
in this scheme depends on the measurement of the third par- Oo(Q)= \/?f dtO(t)e ™. @
ticle. Controlled dense coding for discrete variables was pro- T
posed recently using the Greenberger-Horne-Zeilinger state
(GHZ) [10]. Inspired by the similarity and difference be- a,
tween dense coding and quantum teleportation, in this pape
we study dense coding using the tripartite entangled state. |
is shown that when using the tripartite entangled state, the
information transmission capacity of dense coding is con- Pump
trolled by the measurement of the third particle. We intro-
duce a simple, experimentally realizable, controlled dense
coding protocol for continuous variables by exploring non- A2

degenerate optical parametric amplifier. Due to adopting the v
by
*FAX: +86-351-7011500. FIG. 1. The schematic for phase-sensitive NOPA. DM repre-
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Here, the fields are described as functiorls of trle modulation A b316+1e—i0+ b015f19i0
frequency Q with commutation relatiorf O(22),0"(©")] Xp,(0)= log1]
=5(Q—Q'). A practical light field can be decomposed to a !

carrier O(0) oscillating at the center frequenay, with an :6+Iefi(0+¢)+6tlei((}+¢),

average amplituded,y) that equals to the amplitude of its
steady-state field, and surrounded by “noise sidebands”
O(Q) oscillating at frequencwq= Q) with zero average am-
plitude [4]

Xp (0)=b, e 0T +pT_ell0re) 7)

wherep=arg(b,;) =arg®,..) = arge'* +e ' tanhr) is the
phase of the modey; ,by.. relative to g,, and® is the

phase of the modes); ,a,.. relative tod,, . Taking#=0 and

, , 0= m/2 in Eq.(7), the amplitude and phase quadrature of the
The noise spectral component at frequefirys the hetero- output field are obtained,

dyne mixing of the carrier and the noise sidebands. The am-

(6(0=0))=0¢; (O(Q+0))=0. (3)

plitude and phase quadrature are expressed by Xp.=X;, (O)=B+Ie‘i‘*’+6+lei“’
I — 1)
Xo(2)=0(Q)+0" (- Q); X5 =X5 (0)=b._e *+b"_ei¥,
S 1 A o o |7 L
¥o(Q)=+[0(Q) - 0% (- )], @ ¥5,=%p, E)z—i(bJrIe'“"—bee'“”),
with N - | LA e B4
Yo =Xp_ 5 =—i(b,_e '"*—bl_eg'%). 8

Xo(Q),Yo(Q")]=2i6(0+Q"). 5
[Xo(f2).Yo(£25)] ( ) ® When the injected subharmonic signal and harmonic pump

ield are in phase® = ¢=0), maximum parametric ampli-
ication is achlevec[7] The difference of the amplitude
quadratures and the sum of the phase quadratures between
two orthogonal polarization modes &t=0 are

The input-output Heisenberg evolutions of the field modes 0{
the NOPA are given by11,17]

Doy =sind(uag + vag..) +cosd(uao.. + vag),
5(51—5(5H=e‘r5(51—e"5(5H,

bo_ =cosd(uag; +vay..) —sind(uag.. + vag), o A )
YBI+Y5H=e‘rY£;I+e"Y5H. 9)

b, ;=sind(ua, +val _)+cosd(ua, +rval,), . o
1 (nayytra;.) (ayot+vasy) Under the limitr—oc, the output orthogonal polarization

R ~ R R R modes are the perfect EPR beath#partite entanglement
b,_=cosd(pua,;+ val_)—sind(ua, . + vail), with quadrature amplitude correlation and quadrature phase
anticorrelation[7]. When the injected subharmonic signal
and harmonic pump field are out of phase, i®.=¢
= /2, NOPA operates at parametric deamplificati8ri3].
Therefore the sum of the amplitude quadratures and the dif-
b__=cosd(ua_;+va’ )-sind(ua__+va’)), ference of the phase quadratures of the orthogonal polariza-
(6)  tion modes aty=0 are as follows:

b_;=sind(ua_;+val_)+cosd(ua__+valy),

wherea,a*, andb,b* denote the annihilation and creation Xp, +Xp_ =€ Y5 +e "Y;

operators of the input and the output modes. The subindices

0 and+ stand for the central mode at frequenay and the \?5 -Y; =e‘r)A(;1 —e "X, . (10)
sidebands at frequenay,= (2, respectively. The parameters - h

w=coshr and v==¢'% sinhr are the function of the squeez- Obviously, the EPR beams with the quadrature amplitude
mg factorr (rocLX2|ap| L is the nonlinear crystal length, anticorrelation and quadrature phase correlation are obtained
x? is the effective second-order susceptibility of the nonlin-for r >0. Recently, the dense coding for continuous variables
ear crystal in NOPA, and, is the amplitude of pump fieJd demonstrated experimentall§] is just based on bright EPR
and the phas@, of the pump field. In the following calcu- beam from NOPA operating at parametric deamplification.
lation, the phas@, is set to zero as the reference of relative  The proposed scheme is shown in Fig. 2. We generate
phase of all other light fields. For bright optical field, the tripartite entangled state using two NOPAs that can yield
quadratures of the output orthogonal polarization modes at four-particle entangled stateliscard a squeezed mod#&Ve
certain rotated phase are expressed by assume that the two NOPAs operating at parametric deam-
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FIG. 2. Schematic for controlled dense coding using NOPA. + E(Xésefrz_xézle—rz)’
plification have the squeezing factarsandr,, respectively.
The polarizations of two output modes from NOPA1 are ro- - -
tated with9, = arcsifi(y2—1)//6] by a half-wave plate and 8= \/—zYal( J2e "1—e')+ \/—Y (V2e Ti+e')
the polarizations of two output modes from NOPA2 are ro-
tated with#,=45° by a half-wave plate, then the beams are 1 . R
mixed respectively on polarizing beam splitt¢BS1 and - E(YaseYZ—Y;ue@),
PBS2. The resulting output beams are given by
o1 1. Vo= X (V21— )+ X, (V2eire )
Xe= g Tale ﬁefl>+%vaz<e-rl— V2e'), s 127 r
1. -
- E(Xglse’FZ—X54e’r2), (12
N 1. 1.
O 7Xal(e“1+ J2e ")+ 7X52(e'1— J2e ),
6 6 where (c;)=(c,)=(c3)>0. The outgoing bright “GHZ-
like” state is a “three-mode position eigenstate” with total
Koo i \/_e_rl_ » i? (\/Ee‘rlJrerl) posmgr? x61+x;32+x;:3—>0 and relative moment%x(gi—ng
b \/‘ J6 a ' —0 (i,j=1,2,3). It corresponds to a three-mode squeezed
state, obtained by superimposing one bright amplitude-
quadrature-squeezed state and two vacuum phase-
1. o 1. o quadrature-squeezed states. Now we construct controlled
Yb’ T \/_e l—e ')+ T i V2e'it+e "), dense coding protocol using this tripartite entanglement state
and involving three participants Alice, Bob, and Claire. Let
us send the three modes of Eq42) to Alice, Bob, and
A 1 . A Claire, respectively. We assume that Alice wants to send
Xp,= —=(Ya, r2—Y;;14e ) classical information to Bob, while Claire supervises and
V2 controls the transmission through his measurement. To send
the information to Bob, Alice modulates classical amplitude
1 and phase signals on two quadratures of her modéy
Y,= =(X3,6 "2 X3,e7"2), amplitude and phase modulators, which lead to a displace-

V2

where(bs)= \2(c,)>(b3). The beam®), andb; then are
mixed on a 50% beam splittdBS1). Finally three output
modesc,, C,, andcs obviously exhibit tripartite entangle-

ment,

ment ofag

ci=C;+as, (13
wherea,= X +1Y is the sent signal via the quantum chan-
nel. From Eqs (12) we know the amplitude and phase
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guadrature of EPR beams have large noi(sé(f(gl)2>
—o0, (8(Yg,)?)—e for ry,r,—». The signal-noise ratios
are given by

_(8(X9)?

_ . (0099
sk

Ty o4

No one other than Bob and Claire can gain any signal infor-
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fgzi 2+g\/§e*rl+ 1_g\/zerl Y;
IRENG 12 :
+ 2+g\/§efrl_ 1—g\/§er1 Ya
V6 V12 2
1-gvy2 . . 1
+ 5 (Ya,e'2=Y;,e2) +EXS, (18

mation from the modulated EPR beam in the ideal condition . . .
because the signal is submerged in large noises. Then Alickhereg describes gain at Bob for the transformation from

sends the beam), to Bob. Now Bob demodulates the trans-

mitted signal from the bear; . He combines her mode,

Claire’s photocurrent to his sum photocurrent. Assuming

=r,=r andg=1/\/2, we obtain the power spectra of sum
photocurrent,

with ¢; on another 50% beam splitter BS2 and before com-

bination aw/2 phase shift is imposed between them. The two

bright output beams are directly detected Dy and D,.
Each photocurrent ob; and D, is divided into two parts

1

5 (19

. 3
<5(i;)2>=§e*2f+ V-

divided photocurrents are expressed[BY

1. . 1
Y- Al ar i
+5(Vaez—Yae) |+ ﬁxs, (15)
S .
i_=—=Ya—-Yo)=—=| =Xz e "t—-—=X;e
20 2 127 J127 %
1, 1. 1
+§X53e —§X54e 2 +EYS. (16)

Assumingr,=r,=r, we obtain the power spectra of photo-
currents,

T2 2 —2r 1 2r 1
<5(|+) >=§e +§e +§sz'

(6(1_)y=e 2+ %VYS. 17)

at this time the coding capacity reaches twice. Therefore,
Claire can control the information transmission capacity of
dense coding by entangling with the other two parties.

We consider the general condition for finite squeezing.
There is an optimum gain for the maximum squeezin'Ag;qf
which one can easily find by minimizin\gj;r+

e2r1+ 3le2_ 4e—2rl
J2(e%1+3e¥24 2211

Jopt™ (20)

Assumingr,=r,=r, the optimum gain and the power spec-
tra of photocurrent are given by

B 2—2¢?
Gopt J2(2+s?)’

(8(1 )% =s+ %VYS,

252 +1 1V
3s 2V

(8(1)?)

1
“Vy,

SV, 21

(B apm ey +
i =
TP o1 g2
wheres=e~ 2", Figure 3 shows the noise floor of phase sig-
nal, amplitude signal without Claire’s help, and amplitude
signal with Claire’s help forr;=r,=r. In this case, the
noise floor of phase and amplitude signal with Claire’s help
are below the quantum noise limi@NL) whenr>0. The
noise floor of amplitude signal without Claire’s help is below

Thus ifr—oo, Bob only can gain the phase signal with high the QNL with 1>s>0.5 and above the QNL only wits
accuracy, however, he cannot gain the amplitude signal that 0.5 (3-dB squeezing in each modeHowever, the noise

is submerged in large noise. Bob wants to extract the amplifioor of amplitude signal with Claire’s help is consistently
tude signal, so he must need the Claire’s result of theelow that without Claire’s help. This shows Claire is en-
amplitude-quadrature detection. Claire detects the amplitudgingled with Bob. The GHZ state generated from three
quadrature of her mode; and sends the result to Bob. Bob beams of equal squeezimg=r,=r is not maximal, as dis-

displaces the Claire’s result on the sum photocurrent cussed in Ref[14], because the correlations between the
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FIG. 3. Noise floor of amplitude and phase signalsrfprr,
=r.

beams are biased in amplitude and phase quadratures.

shown in Eq.(21), the noise floor of amplitude signal is not

PHYSICAL REVIEW A 66, 032318 (2002

Claire’s help forr,=0. In this case, the noise floor of phase
and amplitude signal with Claire’s help can be also below the
QNL whenr>0. The noise floor of phase signal can only
reach 0.25(6-dB squeezingfor r—o. The noise floor of
amplitude signal without Claire’s help is above the QNL only
with s<1/8 (roughly 9-dB squeezing

The quantum channel capacity for dense coding has re-
cently been obtained in Ref5] by sharing a two-particle
entangled state. In the following, we briefly give the channel
capacity of controlled dense coding foy=r,=r. We as-
sume that the original signal is subject to the Gaussian dis-
tribution [5]

|l
— | (23

1
Pin(a)=—exg —
" wo? [{ a?
where the parametar? is the average value of the signal
Rgoton number. The information carrying capacity by shar-

ing a three-particle entangled state is given from &4),

equal to that of phase signal. One reason is that the nonmaxi-
mal GHZ state is used, the other reason is that decoding
amplitude signal must have the aid of Claire’s classical in-

formation and phase signal only needs the joint measure-

ment. Forr,=r andr,=0, the optimum gain and the power
spectra of photocurrent are given by

1+ 3s—4s?
9ort™ 21+ 35+ 252)”

_ 3s+1 1
(8(i-)?)=

4 Vv

8s2+3s+1 1

* 2\ -
<6(|+) >_ 125 +2VX51

(5 o )2> B 3s(1+3s) 1 22
()% 0p= 2(1+3s+28?) 2

Figure 4 shows the noise floor of phase signal, amplitud
signal without Claire’s help, and amplitude signal with

1 o?\ 1 3sc”?
dense_ _
e 2In 1+ S +2In 1+ 21’
1 o\ 1 o?(s*+2)
dense_ — - - N =7
I 2In 1+ S +2In(1+ 3s ) (24)

wherel 4¢"5¢and|9®"s®are the Shannon mutual information
of dense coding without and with Claire’s help, respectively.
Suppose that the communication system is supplied with the

average photon number per mode. The photon numbers
supplied to the communication system are used for the signal
and squeezing, and thus the following equality should be
satisfied:

n=og2+sinkr. (25)

For simplification, we only maximize the mutual information
of the phase quadrature under the constraint,(25). When

n=e" sinhr and o= sinhr coshr, we obtain the approxi-
fnate optimum channel capacities

51 <8¢ ) > cdense=1|n(1+ﬁ+ﬁz)+ S 1+ﬂ
. & e 2 2 2+(2n+1)?)’
2 QNL
0 1 1 > _
c% . c36“39=§|n(1+n+n2)+ Sin| 1+ §(n+n2)
= <0@1) >
- ( -
ks n+n?
: - s 29
g 104 <6@,') > (2n+1)
3 whereCY®"S¢and Cd®"®are optimum channel capacities of
- 15 . . . . . . . dense coding without and with Claire’s help, respectively.
0 2 4 6 8 10 12 14 The channel capacity for dense coding has recently been ob-
S ing (dB) tained by sharing a two-particle entangled sté&ie
queezing

FIG. 4. Noise floor of amplitude and phase signalsrigr 0.

cdense|n(1+n+n?). 27
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5.0 Cor' CS9=In(1+2n). (29)

a4 e

a0y == Ccdenxe
» S - The channel capacity for the different quantum channels are
g 801 = shown in Fig. 5 as the functions of the supplied average
g 25] photon number. The transmitted information with Claire’s
T 201 help is twice of that without Claire’s help for the large
§ 1.54 s squeezing.

1.0 «’ In conclusion, we propose an experimental scheme of the

059 # guantum controlled dense coding with bright tripartite en-

0.0 0 s . : s 70 tangled state light. The bright tripartite entangled state light

7 that is a “three-mode position eigenstate” with total position

X;+X;+X3—0 and relative momentaY;—Y;—0 (i,]
=1,2,3) generates from two NOPAs operating in the state of
deamplification. Due to exploiting the bright entangled
eams generated from NOPA and the directly measuring
echnique of the “Bell state,” the trouble to meet high effi-
ciency of mode matching in experiment is eliminated. The
mature technique of producing entangled beams from NOPA
coh._ — and the simplicity of direct measurement make this scheme
C*"=In(1+n), (28 yaluable for performing experiments.

FIG. 5. Comparison of the channel capacity.

A fairer comparison is against single-mode coherent-stat
communication with heterodyne detection. Here the channq
capacity is well known[15] for the mean photon number
constraint to be

which is always beaten by the optimal controlled dense cod- This research was supported by the National Fundamen-
ing scheme described by E@26). An improvement on tal Research PrograifGrant No. 2001CB309304the Na-
coherent-state communication is squeezed state communicdenal Natural Science Foundation of Chiri&rant Nos.
tion with a single mode. The channel capacity of this channe60178012 and 698370)0and the Shanxi Province Young
has been calculatdd 5] to be Science FoundatiofGrant No. 20021014
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