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Line shapes of atomic-candle-type Rabi resonances

J. G. Coffer,1 B. Sickmiller,1,2 A. Presser,1,3 and J. C. Camparo1

1Electronics and Photonics Laboratory, The Aerospace Corporation, M2-253, P.O. Box 92957, Los Angeles, California 9000
2Physics Department, Whittier College, 13406 East Philadelphia, Whittier, California 90608

3Henry Samueli School of Engineering and Applied Science, University of California, Los Angeles, California 90095
~Received 11 March 2002; published 8 August 2002!

When atoms interact with a phase-modulated field, the probability of finding the atom in the excited-state
oscillates at the second harmonic of the modulation frequency, 2vm . The amplitude of this oscillating prob-
ability is a resonant function of the Rabi frequencyV, and this is termed ab Rabi resonance. In this work, we
examine the line shape of theb Rabi resonance both theoretically and experimentally. We find that a small-
signal theory of theb-Rabi-resonance condition captures much of the line shape’s character, and, in particular,
that the resonance’s ‘‘lineQ’’ ~i.e., 2dV1/2/V) is proportional to the modulation frequency. This result can be
applied to the atomic candle, whereb Rabi resonances are employed to stabilize field strength. Considering our
results in the context of developing an optical atomic candle, we find that a free-running diode laser’s intensity
noise could be improved by orders of magnitude using the atomic candle concept.
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I. INTRODUCTION

As has been known for quite some time@1#, when an atom
interacts with a phase-modulated resonant field, the proba
ity of finding the atom in the excited state,Pe , oscillates. In
general, since this probability is a nonlinear function of t
resonant field’s frequency, the oscillatory behavior ofPe can
be quite complicated@2#. However, under typical experimen
tal conditions~as will be discussed more fully below! Pe(t)
is well described in terms of just the modulation frequen
vm and its second harmonic, so that

Pe~ t !5pa sin~vmt1fa!1pb sin~2vmt1fb!, ~1!

wherepa and pb are oscillation amplitudes that depend
various modulation and atomic parameters. Near resona
pa is proportional to the field-atom detuningD, so that when
the field is exactly on-resonance the probability oscillates
2vm .

Belying the deceptively simple appearance of Eq.~1! is
the fact that there is no generally valid closed-form expr
sion for pa and pb . This is of particular significance in th
case of atomic clocks, where the Rabi frequencyV, the
modulation frequency, and the atom’s intrinsic dephas
rate g2 are all on the same order of magnitude. Con
quently, in recent years there have been various attemp
examine the modulated field-atom interaction problem fr
a broader perspective@3#, and, in general, there has been
growing appreciation for the scientific and technological i
portance of this problem@4–7#. Of relevance for the presen
discussion are recent studies examining theresonantbehav-
ior of the pa and pb amplitudes, whenV5vm and V
52vm , respectively@8#; these resonant enhancements in
oscillation amplitudes are termed Rabi resonances; spe
cally, thea andb Rabi resonances.

While interesting in their own right, the Rabi resonanc
have a technological application. In particular, in recent st
ies it was shown that theb Rabi resonance could be used
stabilize theamplitudeof an electromagnetic field in muc
1050-2947/2002/66~2!/023806~7!/$20.00 66 0238
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the same way as the frequency of a field is stabilized t
resonant transition between energy eigenstates in an at
clock @9,10#. For ease of reference, and by analogy to
atomic clock, the device exploiting theb Rabi resonance in
this manner has been termed an ‘‘atomic candle.’’ While
atomic candle’s original application was in the area of sma
clock technology@11#, recent work has shown that the devic
can be used to make precise measurements of absor
coefficients and indices of refraction@12#, and that it may
find application in measuring electromagnetic-field stren
in terms of time@13#.

In the present work we consider the line shape and li
width (2dV1/2) of the b Rabi resonance. In Sec. II, w
present a small-signal theory of the Rabi-resonance phen
ena, demonstrating the existence of two distinct Rabi re
nances~i.e., thea andb resonances!. Additionally, we con-
sider the influence of inhomogeneous broadening on thb
Rabi resonance, since this can arise when atoms are un
to sample the resonant field’s spatial mode structure on
time scale of a Rabi period. Of particular interest in th
section will be the atomic lineQ of the b Rabi resonance
~i.e., V0/2dV1/2, whereV0 is the resonant Rabi frequency!,
since this parameter, in combination with the signal-to-no
ratio, determines an atomic candle’s stability. In Sec. III w
describe our experiment and our results verifying the sm
signal theory. Finally, in Sec. IV we consider the implic
tions of our work with regard to the development of anop-
tical atomic candle.

II. THEORY

A. Density-matrix evolution

In order to describe the Rabi-resonance phenomenon
consider the density-matrix equations describing the inte
tion of a two-level atom with a phase-modulated field@i.e.,
u̇5mvm cos(vmt), wherem is the modulation index#, and we
consider a small-signal solution for the density-matrix e
ments,s i j @10#. Specifically, we lets i j 5^s i j &1d i j , where
©2002 The American Physical Society06-1
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the ^s i j & represent unmodulated density-matrix evoluti
and thed i j are modulated additions to the density-mat
elements’ evolution:

~^ṡee&1 ḋee!52g1~^see&1dee!1V Im@^seg&1deg#,

~2a!

~^ṡeg&1 ḋeg!52g2~^seg&1deg!1 i ~ u̇1D!~^seg&1deg!

2
iV

2
@2~^see&1dee!21#. ~2b!

Here, g1 and g2 are the longitudinal and transverse rela
ation rates, respectively,D is the average field-atom detun
ing, and we have normalized the density matrix so thatsgg
1see51. To proceed, Eqs.~2! are decomposed into two se
of equations, one for thês i j & and the other for thed i j .
Solving for the unmodulated evolution in steady-state yie

^see&5
1

2 F ~g2 /g1!V2

g2
21D21~g2 /g1!V2G , ~3a!

^seg&52
1

2 F V~D2 ig2!

g2
21D21~g2 /g1!V2G . ~3b!

Solving for thed i j , we obtain

d̈ee1g1ḋee1V2dee52Vg2 Im@deg#1V~u̇1D!Re@deg#

1Vu̇ Re@^seg&# ~4a!

and

ḋeg52g2deg1 i ~ u̇1D!deg2 iVdee1 i u̇^seg&. ~4b!

In order to simplify Eqs.~4!, we consider a situation in
which uu̇u;mvm is much greater thanD andg2 . ~Note for
later reference that this does not preclude the conditionm
!1.! Then, under the small-signal assumption th
Im@^seg&#.Im@deg#, Eqs.~4! become

d̈ee1g1ḋee1V2dee>Vu̇@Re~^seg&!1Re~deg!# ~5a!

and

Re@ ḋeg#1g2 Re@deg#>2 u̇ Im@^seg&#. ~5b!

We will return to this specific small-signal assumption su
sequently.

Substituting from Eq.~3b! into Eq. ~5b! then yields

Re@deg#>2
1

2

mVg2

@g2
21D21~g2 /g1!V2#

sin~vmt !, ~6!

and after substituting Eq.~6! into Eq. ~5a!, we get for the
modulated probability of finding the atom in the excited st
~i.e., p[dee!,
02380
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p̈1g1ṗ1V2p52
1

2 F V2mvmD

g2
21D21~g2 /g1!V2Gcos@vmt#

2
1

4 F m2vmV2g2

g2
21D21~g2 /g1!V2Gsin@2vmt#.

~7!

As is readily apparent, Eq.~7! is the equation of a dampe
harmonic oscillator, driven by two sinusoidal forcing fun
tions. The solution of Eq.~7! can therefore be written as th
sum of two oscillating probabilities,pa1pb , which indi-
vidually obey damped, driven, harmonic oscillator equatio

p̈a1g1ṗa1V2pa52
1

2 F V2mvmD

g2
21D21~g2 /g1!V2Gcos@vmt#,

~8a!

p̈b1g1ṗb1V2pb52
1

4 F m2vmV2g2

g2
21D21~g2 /g1!V2Gsin@2vmt#.

~8b!

The solutions of Eqs.~8! are, of course, well known@14# so
that we get finally,

pa~ t !52
1

2 F V2mvmD

g2
21D21~g2 /g1!V2G sin~vmt1fa!

A~V22vm
2 !21g1

2vm
2

,

~9a!

pb~ t !5
1

4 F m2vmV2g2

g2
21D21~g2 /g1!V2G cos~2vmt1fb!

A~V224vm
2 !214g1

2vm
2

,

~9b!

where fa5tan21@(V22vm
2 )/g1vm# and fb5tan21@(V2

24vm
2 )/2g1vm#. Thus, the amplitudes of each of the osc

lating terms exhibit resonance when the Rabi freque
equals eithervm , in the case ofpa , or 2vm , in the case of
pb . Since thepa and pb oscillating probabilities may be
experimentally distinguished, we refer to the resonant beh
ior of their amplitudes as thea and b Rabi resonances, re
spectively.

As our primary interest is in theb Rabi resonance~i.e.,
D50 andV52vm! due to its atomic candle application, E
~4b! yields for Im@deg# in this case,

Im@ ḋeg#1g2 Im@deg#5 u̇ Re@deg#2Vpb . ~10!

Substituting from Eqs.~6! and ~9b!, this then yields

Im@ ḋeg#1g2 Im@deg#'Fm2V

8 Gsin~2vmt1c!. ~11!

Consequently, for conditions associated with theb Rabi
resonance~i.e., g2!V;2vm!, we expectu Im@deg#u;m2/8.
Considering the specific small-signal approximation that
invoked above, this is to be compared with Im@^seg&#
;g1/2V05g1/4vm . Consequently, the small-signal approx
mation may be viewed as a constraint on the magnitude
the modulation index, such that we requirem,A2g1 /vm.
6-2
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LINE SHAPES OF ATOMIC-CANDLE-TYPE RABI RESONANCES PHYSICAL REVIEW A66, 023806 ~2002!
For signal-to-noise considerations, our experiment has n
essarily violated this constraint to some degree. Nonethe
as will be discussed below, our experimental results are
good agreement with the small-signal theory, suggesting
this condition on the modulation index may not be ove
constraining on the theory’s validity.

B. The b-Rabi-resonance line shape

As is clear from Eqs.~9!, whenD50 the oscillatory be-
havior of p(t) is considerably simplified, since only theb
resonance then has any significance. Writingpb(t)
5pb

0 cos(2vmt1fb), we obtain

pb
05

1

4

m2vmV2g2Fg2
21S g2

g1
DV2G21

A~V224vm
2 !214g1

2vm
2

. ~12!

This resonance line shape ofpb
0 as a function of the Rab

frequency is illustrated in Fig. 1 for the casevm/2p
5350 Hz andm50.1. As is clearly shown in Fig. 1~a! for
the case of fast modulation~i.e., 2vm@g1 ,g2!, pb

0 displays a
resonant increase whenV52vm , with a peak amplitude of
m2/8. In Fig. 1~b! we display the theory’s predictions in th
case where the modulation is not rapid, and though certa
suspect in this regime, we note for latter qualitative comp
son with experiment that the line shape of theb Rabi reso-
nance broadens and its peak shifts to higher Rabi frequ
cies.

FIG. 1. Line shapes of theb Rabi resonance for the case whe
g15g2 . ~a! Fast modulation, wherevm@g1 ,g2 ; this is the regime
of the theory’s validity and the line shapes correspond tog1/2p
550 and 200 Hz.~b! Regime of slow modulation, and the lin
shapes correspond tog1/2p5500 and 1000 Hz.
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C. Linewidth of the b Rabi resonance

To determine the half-width half-maximum,dV1/2, of the
b resonance, we definedV1/2 as uV22vmu and set
pb

0(dV1/2)5m2/16 in Eq.~12!. In this way, it is straightfor-
ward to show under conditions of fast modulation that

dV1/2562vmFA16
)

2

g1

vm
21G>

)

2
g1 . ~13!

This result has interesting implications for the atomic cand
since the candle’s instability as defined through its All
standard deviation,sDP/P(t) @15#, is inversely proportional
to theb-resonance lineQ ~i.e., V0/2dV1/2! @16#. In previous
work we verified thatV052vm for theb resonance@13#, so
that Eq.~13! then yields

Q5
2vm

g1)
⇒sDP/P;

g1

vm
. ~14!

Thus, the stability of the atomic candle in this approximati
has the potential to be improved greatly by simply design
the device to work at ever higher modulation frequencies

D. Inhomogeneous broadening

In many experiments, such as the one to be descri
below, the field will not be uniform over the atomic samp
volume, but will have some modal distribution. Cons
quently, if the atoms are unable to sample the field’s spa
distribution on the time scale of a Rabi period, then theb
Rabi resonance will be inhomogeneously broadened. Spe
cally, as the average field intensity is changed for fixedvm,
different spatial regions within the signal volume will go in
and out of theb-resonance condition. To account for inh
mogeneous broadening, we write the observed dynamic
sponse of a sample as the weighted average of atomic
sponses throughout the signal volume. Specifically, in
case of inhomogeneous broadening,pb

0(V) becomes a func-
tional of V(rW), and the observed line shape of theb Rabi
resonance,Lb(V̄), becomes

Lb~V̄!5E pb
0~V!W~rW !d3rW, ~15!

whereV̄ is the average Rabi frequency over the signal v
ume andW(rW) is a spatial weighting function that describe
how strongly a spatial region contributes to the integra
Rabi-resonance signal.

In the experiment to be described below, we optica
pump a sample of alkali atoms contained within a cylindric
TE011 microwave cavity, in this way creating a populatio
imbalance between the atom’s ground-state hyperfine lev
As our beam diameter is relatively small compared to
cavity radius, we need only consider the axial spatial va
tions, so that for the spatial variation of the Rabi frequen
we have

V~z!5VpeaksinS pz

L D , ~16!
6-3
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COFFER, SICKMILLER, PRESSER, AND CAMPARO PHYSICAL REVIEW A66, 023806 ~2002!
whereL is the cavity length. Though the weighting functio
W(z) is determined by a complicated interplay betwe
atomic diffusion to the resonance cell walls, where the
perfine population imbalance is destroyed by wall collisio
@17#, and the exponential attenuation of the optical pump
rate due to Beer’s law absorption in the alkali vapor, for t
purposes of the present discussion we considerW(z) to be
reasonably well approximated as the simple product of
terms. The first term describes the local ‘‘microscopic’’ i
fluence of various parameters on the signal, most notably
optical pumping rate, while the second term accounts for
macroscopic variation of the signal associated with spa
diffusion @18,19#, which for simplicity we assume to be we
described by the first-order diffusion mode@i.e., sin(pz/L)#:

W~z!5F Gabse
2zz

Gabse
2zz14g1

GsinS pz

L D . ~17!

Here, Gabs is the photon absorption rate at the front of t
resonance cell andz21 is the vapor’s optical depth. Clearly
we should only expect this empirical weighting function
be valid in alkali vapors that are not too optically thick a
for relatively slow optical pumping rates. Figure 2 provid
an example of the effect of inhomogeneous broadening
the line shape of theb Rabi resonance for a case where t
total longitudinal relaxation rate is 50 Hz and againvm/2p
5350 Hz. ~When optical pumping is included,g1'gcol
10.5Gabs, wheregcol is the relaxation rate due to all colli
sional processes including, phenomenologically, diffusion
that for Fig. 2 we setgcol/2p525 Hz andGabs/2p550 Hz.!
We note that there is a slight broadening and shift of the
shape, with the resonant Rabi frequency changing from
to 716 Hz or by'12%.

III. EXPERIMENT

Figure 3 shows a block diagram of our experimental
rangement. Light from a diode laser is tuned to the Rb87 D1
transition at 794.7 nm@i.e., 5 2S1/2(F52)-5 2P1/2(F851)#,
attenuated by neutral density filters, and then expanded
apertured to a final diameter of 0.8 cm.~Given the 520-MHz
Doppler broadening of the optical transition, we are just a

FIG. 2. Influence of inhomogeneous broadening on the
shape of theb Rabi resonance for a total longitudinal relaxation ra
~including the effect of optical pumping! of 50 Hz, vm/2p
5350 Hz, andm50.1. Additionally, for this specific example w
choose an optical depthz21 of 10 cm and a cavity lengthL of 5 cm.
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to resolve the 812-MHz excited hyperfine splitting betwe
the F851 and F852 hyperfine states.! The laser beam
passes into a resonance cell containing isotopically enric
Rb87 along with 10-torr N2 , which is housed in a cylindrica
TE011 microwave cavity resonant with the ground-state h
perfine transition at 6834.7 MHz. The Corning 7070 res
nance cell fits snugly into the cavity, and has a length of
cm, a diameter, 2R, of 5.7 cm, and is heated with braide
windings wrapped on the cavity body to about 45 °C cor
sponding to a Rb vapor density of;1011 cm23 @20#. The
cavity and cell are centrally located in a set of three mutua
perpendicular Helmholtz coils: two pairs zero out the Eart
residual magnetic field, while the third provides a quantiz
tion axis for the atoms~i.e., thez axis! parallel to the laser
propagation direction and cavity symmetry axis,Bz,dc
;400 mG. Transmission of the light through the vapor
monitored with a Si photodiode.

In the absence of microwaves resonant with theF
52,mF50)-(1,0) hyperfine transition~i.e., 0-0 transition!,
depopulation optical pumping reduces the density of ato
in theF52 absorbing state@21#, and consequently increase
the amount of light transmitted through the vapor. Howev
when the resonant microwave signal is present, atoms re
to theF52 state, thereby reducing the amount of transmit
light. The transmitted laser intensity thus acts as a mea
of atomic population in theF52 level, so that any micro-
wave induced oscillation of this population will be observ
as oscillations in the transmitted light and will appear a
bright line on the spectrum analyzer. We note that Dopp
broadening plays no role in the microwave resonance a
consequence of Dicke narrowing@22#.

The microwaves are derived from a very low phase no
frequency synthesizer, whose output at 105.2 MHz is mu
plied up into the microwave regime and then mixed with t
output of a voltage-controlled crystal oscillator~VCXO! at
;102 MHz. The microwaves are attenuated by the combi
tion of a voltage-controlled attenuator~VCA! and a fixed
attenuator~labeled as2dB in the figure! before being ampli-
fied by a130-dB solid-state amplifier. A sinusoidal signal o

e

FIG. 3. Block diagram of the experimental arrangement as
scribed in the text.
6-4
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LINE SHAPES OF ATOMIC-CANDLE-TYPE RABI RESONANCES PHYSICAL REVIEW A66, 023806 ~2002!
frequencyvm is added to a dc voltage in order to provide t
VCXO’s control voltageVc . The dc level ofVc tunes the
average microwave frequency to the 0-0 hyperfine re
nance, while the sine wave provides microwave freque
~i.e., phase! modulation.

In our experiment, the N2 buffer gas ‘‘freezes’’ the atoms
in place on the time scale of a typical Rabi period, so that
atoms experience local values of the microwave magn
field’s z component: Bz(r,z)5BpeakJ0(3.8r/R)sin(pz/L).
Since we probe the center of the TE011 cavity with our laser,
the Bessel function term is essentially unity, so that any
homogeneity in our Rabi-resonance line shapes will
dominated by the axial variation ofBz .

We calibrated our microwave attenuators toV using the
linewidth Dn of the slow-passage 0-0 line shape@23#.
Though the measurement can be problematic due to the c
ty’s modal field distribution, at very low microwave powe
levels it can be shown that this linewidth is a good meas
of the peak Rabi frequency in the cavity ~i.e.,
Dn⇒mBpeak/\! @24#. We therefore used very low light in
tensities~;2 mW! to avoid light-shift effects on the line
shape@25#, and measured the 0-0 hyperfine transition wid
as a function of the microwave attenuation level. A lea
squares fit of the data then provided the attenuator cali
tion. Using the slow-passage linewidth measurements
also determined our collisional dephasing rategcol and opti-
cal pumping rate~i.e., 0.5Gabs!, finding gcol/2p>25 Hz and
Gabs/2p5kI , whereI is the laser intensity inmW/cm2 and
k;0.9 Hz/(mW/cm2).

The procedure for obtaining the line shapes of theb Rabi
resonance was relatively straightforward. With the mic
wave average frequency close to the 0-0 hyperfine re
nance, we set our fixed attenuator so as to maximize
second-harmonic atomic signal as observed on the spec
analyzer. At this power level, we then fine tuned the mic
wave frequency by making the first harmonic signal ze
The line shapes were obtained by changing the fixed atte
ator setting in combination with the VCA voltage, and me
suring the second-harmonic atomic signal amplitude perAHz
with the spectrum analyzer. Since the microwave attenua
setting was calibrated to the Rabi frequency, this proced
gavepb

0 as a function ofV.
Figure 4 is an example of ourb-Rabi-resonance line

FIG. 4. Experimental line shape of theb Rabi resonance forI
58 mW/cm2, vm/2p5328 Hz, andm50.74. The solid line corre-
sponds to the theoretical line shape of Eq.~12! for g1/2p
528.6 Hz.
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shape forI 58 mW/cm2, vm/2p5328 Hz, andm50.74. The
filled circles are the experimental data while the black so
curve corresponds to Eq.~12! using the experimental esti
mates ofgcol andGabs. In this particular example, we hav
A2g1 /vm50.63, so that we do not quite meet the sma
signal theory’s constraint on modulation index. Neverthele
the experimental data’s agreement with the small-sig
theory is quite good, considering that the experimental l
shape is inhomogeneously broadened. In this regard, re
ring back to Fig. 2, we note that the experimental line sha
is broader than the theoretical homogeneous line shape
that the experimental line shape appears to be shifted
slightly ~if at all! to a higher Rabi frequency. Specificall
though we measure a 3% shift of the resonance to a hig
Rabi frequency, our experimental uncertainty of the re
nance’s peak position is65% @13#.

Figure 5 illustrates the behavior of theb-resonance line
shapes as a function of light intensity forvm/2p5328 Hz
and m50.74: diamonds correspond to 30mW/cm2 ~i.e.,
g1/2p5gcol/2p10.5Gabs/2p539 Hz!, circles correspond to
56 mW/cm2 (g1/2p550 Hz), triangles correspond to 24
mW/cm2 (g1/2p5137 Hz), and squares correspond to 4
mW/cm2 (g1/2p5231 Hz). As the light intensity increase
the amplitude of the line shape increases, since the incre
rate of optical pumping produces larger population imb
ances and hence larger modulation amplitudes. Howe
consistent with Fig. 1~a!, for g1!vm the b-resonance con-
dition remains fixed at 2vm and the line shape simply broad
ens with the increase in relaxation rate. In the regime of s
modulation, consistent with Fig. 1~b!, we see that there is a
further broadening of the line shape accompanied by a s
in resonance to a higher Rabi frequency.

Of the small-signal theory’s predictions, probably the tw
most significant are~1! that theb Rabi resonance’s ampli
tude increases likem2, and~2! that the lineQ increases with
increasing modulation frequency. Figure 6 shows the am
tude of theb resonance as a function of the modulation ind
for vm/2p5328 Hz andI 58 mW/cm2. The solid curve is a
least-squares power-law fit to the data and yieldspb

0

;m(1.9560.05). Figure 7 shows the line shape of theb Rabi
resonance for two different modulation frequencies withI
55 mW/cm2 and m50.74: circles correspond tovm/2p

FIG. 5. Experimental line shapes of theb Rabi resonance as
function of laser intensity withvm/2p5328 Hz andm50.74: dia-
monds correspond to 30mW/cm2, circles correspond to 56
mW/cm2, triangles correspond to 249mW/cm2, and squares corre
spond to 457mW/cm2.
6-5
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5328 Hz, while diamonds correspond tovm/2p51 kHz. In
addition to the shift of theb resonance from about 650 Hz t
2 kHz, the higher modulation frequency line shape appe
narrower on the log plot. This appearance is a manifesta
of the line shape’s higher lineQ. In an effort to examine this
observation more quantitatively, we fit the peak portions
the line shapes~i.e., normalizedpb

0.0.7! to Lorentzians.~As
we had no quantitative theory for theinhomogeneousline
shape, we felt that a Lorentzian fit to the peak portion wo
be the least biased.! In this way we determined thatQ328
>4.1 and Q1000>7.9. Consistent with the small-signa
theory we find an increase in lineQ with modulation fre-
quency. Though we only see a factor of 2 increase in lineQ,
while theory would predict a factor of 3 increase for t
specific change in modulation frequency, we attribute t
discrepancy to the inhomogeneous broadening of the
shape of theb Rabi resonance.

IV. DISCUSSION

When an atom interacts with a phase-modulated field,
atom responds by oscillating between its excited state an
ground state. The amplitude of these oscillations display
resonant enhancement when the Rabi frequency take
specific values, and these resonant enhancements are te
Rabi resonances. Here, we considered a small-signal th
of the Rabi-resonance phenomena and demonstrated th
istence of two different types of resonance, thea Rabi reso-
nance and theb Rabi resonance. Given theb resonance’s

FIG. 6. Amplitude of theb Rabi resonance as a function of th
modulation index:vm/2p5328 Hz andI 58 mW/cm2.

FIG. 7. Experimental line shapes of theb Rabi resonance for
two different modulation frequencies: circles correspond
vm/2p5328 Hz, while diamonds correspond tovm/2p51 kHz.
For these experiments,I 55 mW/cm2 andm50.74.
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application in the area of atomic candles, our work focus
on the line shape of this particular Rabi resonance. Exp
mentally, we found that the small-signal theory was qu
accurate in predicting the shape of theb resonance, and o
particular relevance is the fact that we found that the lineQ
of theb resonance has the theoretical potential for very la
values. This result is significant, since it suggests the po
bility of employing very narrowb Rabi resonances fo
atomic candle operation, and thereby the production of fie
with ultrastable intensity in the long term.

Given the present work’s validation of the small-sign
line-shape theory, it is possible to address the question
how stable an atomic candle’s output field might conceiva
be. Specifically, if alaser was stabilized using theb-Rabi-
resonance phenomenon, what type of optical intensity sta
ity could one hope to achieve? For simplicity, we conside
situation in which the~not insignificant! issue of Doppler
broadening is ignored, and we assume that the line shap
the b Rabi resonance is homogeneously broadened. Un
these idealized conditions, it is straightforward to show t
the relative~white noise! intensity fluctuations of the can
dle’s output field,sDP/P , will be given by 2dV rms/V0 ,
wheredV rms is the root-mean-square deviation of the Ra
frequency averaged over some time intervalt andV0 is the
nominal Rabi frequency. Assuming a standard feedback l
for the atomic candle@16#, we therefore expect

sDP/P~t!'
2

Q~S/N!

1

At
, ~18!

where (S/N) is the signal-to-noise ratio in a 1-Hz bandwid
andt is in seconds.

As a specific example, we consider an optical candle
erating on the cesiumD1 line, so thatg1/2p54.6 MHz, and
we consider laser phase modulation at a 2-GHz rate; fr
Eq. ~14! we therefore have ab-Rabi-resonance lineQ of 500.
Figure 8 plotssDP/P as a function oft for this example,
assuming signal-to-noise ratios of 102 and 103. We note that

FIG. 8. Predicted intensity stability of a field stabilized by a
optical atomic candle based on the cesiumD1 transition’s ~894.4
nm! b Rabi resonance. The dashed line connecting open diamo
corresponds to the Allan standard deviation of a free-runn
single-mode diode laser as measured in Ref.@26#, while the dashed
line connecting open circles corresponds to the Allan standard
viation of a free-running diode laser as measured in Ref.@27#.
6-6



dt
n
m
.
vi
re

t-
pe
ta

e-
m

mic

ery

ad-
ns.
nd
-C-

LINE SHAPES OF ATOMIC-CANDLE-TYPE RABI RESONANCES PHYSICAL REVIEW A66, 023806 ~2002!
in our experiment, signal-to-noise ratios in a 1-Hz bandwi
were on the order of 102. Since the locked Rabi frequency i
this example would be 4 GHz, the laser would have to e
100 mW of power focused into a 100-mm-diameter beam
For comparison, Fig. 8 also shows the Allan standard de
tion of a free-running single-mode diode laser as measu
by Tsuchida and Tako~diamonds! @26# and Yamaguchi and
Suzuki~circles! @27#. Clearly, there is the potential for crea
ing very stable fields using an atomic candle, with the s
cific advantage that these fields would exhibit long-term s
bility.

As a final point, it is interesting to note from Eq.~4! that
with regard to opticalb Rabi resonances, both the Rabi fr
quency and longitudinal decay rate due to spontaneous e
sion depend on the transition’s electric dipole momentmeg .
Consequently,
Op

A

n-

n,

v.

al

02380
h

it
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d

-
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is-

Qopt5
)c3E0

4veg
3 meg

, ~19!

where veg is the resonant optical frequency andE0 is the
optical field strength. Thus, the highestb-resonance line-Q
transitions, and therefore the most stable optical ato
candles~not considering issues of signal-to-noise ratio!, will
be those based on weak infrared transitions employing v
strong fields.
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