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Quantum-entanglement production in a micromaser

Paweł Masiak
Institute of Physics, Polish Academy of Sciences, Aleja Lotniko´w 32/46, 02-668 Warsaw, Poland

~Received 3 September 2001; published 6 August 2002!

We show that a micromaser can work as an effective source of highly correlated atoms. We consider a
one-photon micromaser pumped by a Poissonian beam of atomic pairs. We show that the atoms forming the
pairs leave the micromaser’s cavity in entangled states and that they can violate the Bell inequality. We
consider two aspects of the violation of the Bell inequality: we study the maximal valueBmax of an expression

appearing in the Bell inequality and we evaluate a vector-dependentB(aW ,aW 8,bW ,bW 8) depending upon experi-
mental setup. We calculate the entanglement of the formation of states of the atomic pairs. We show that the
pairs of atoms, which fly out from the micromaser cavity, are entangled for almost all values of control
parameters characterizing the considered two-atom micromaser. This happens even if they do not violate the
Bell inequality.
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I. INTRODUCTION

Quantum information theory has been developed dur
recent years very rapidly. Recent progress in new experim
tal techniques is also significant. Quantum logic gates h
been demonstrated in many cavity QED@1#, ion trap@2#, and
NMR @3# experiments. Quantum teleportation has been r
ized in experiments using optical systems@4# and NMR@5#.
It may be possible, in the near future, to store and proc
information encoded in microscopic quantum systems. F
progress in high-speed photon detection, high-speed l
optoelectronics, wavelength, and time division multiplexi
has occurred, making it possible for the first time to conte
plate the design of high-speed quantum cryptography
tems implemented in actual physical environments via eit
free-space or fiber-optic cable quantum channels@6#. Quan-
tum correlations are the key feature of quantum syste
which allows us to perform many computational and co
municational tasks with an efficiency unattainable using c
sic devices. We consider a micromaser, which is an exp
mental realization of the Jaynes-Cummings model of a sin
two-level atom interacting with a single mode of the elect
magnetic field@7#, as a promising source of such highly co
related quantum systems. The micromaser can also be
to investigate many interesting quantum effects, such
quantum revivals@8#, trapping states@9#, sub–Poissonian
photon statistics@10#, or to prepare pure photon numb
states@11#. Preparation of EPR states and testing of the B
inequality in the micromaser have also been recently con
ered@12–14#.

In this paper, we consider a two-atom micromas
pumped by a Poissonian beam of pairs of excited two-le
atoms. We investigate how interaction of the atoms with
electromagnetic field in the micromaser causes creation
quantum correlations between the atoms. We show that
atoms leaving the cavity are in entangled states. We ch
the nonlocality of the states of the atoms in two ways: fir
we analyze the violation of the Bell inequality, and seco
we calculate an entanglement of formation of the atoms@15#.
In Sec. II, we present the theory of the micromaser pum
by the Poissonian beam of atomic pairs. We work ou
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steady-state photon distribution, which will be used in t
next section to calculate an atomic correlation function.
Sec. III, we demonstrate the violation of the Bell inequali
We consider a CHSH version of the Bell inequality@16#. The
two-atom correlation function used in the Bell inequality d
pends upon some parameters, which in the original formu
tion related to an experiment with polarized photons have
interpretation of vectors characterizing a spatial orientat
of polarizers. We analyze also the maximal value of the
pression appearing in the Bell-CHSH inequality. The ma
mal value of this expression is the quantity, which is alrea
independent of any additional parameters characterizing
perimental setups, and it is very useful in the evaluation
the quantum correlations actually present in the atomic pa
In Sec. IV, we calculate the entanglement of formation of
states of the atomic pairs. This quantity is much more se
tive to the nonlocal quantum correlations and it allows us
identify the entangled states, even if they do not violate
Bell inequality. We compare different ranges of the para
eters used to a characterization of the considered mode
the two-atom micromaser. We find these values of the par
eters for which the Bell inequality is violated and these v
ues for which the entanglement of formation is greater th
zero. The comparison will allow us to judge how the micr
maser can be efficient as a source of two-~or more! atom
correlated systems. Finally, in Sec. V, we summarize the
sults and we present conclusions.

II. TWO-ATOM MICROMASER WITH POISSONIAN
PUMPING

In the one-atom micromaser, the pumping rate is so l
that at most only one atom at a time is present inside
cavity. This condition, easy to fulfill in the case of regul
pumping by appropriate choosing of the intensity of t
atomic pumping beam, is also fulfilled with very good acc
racy in the case of the Poissonian pumping. Such a situa
is particularly desirable in experiments, when confirmati
of the possibility of the generation of an electromagne
field in such a system, and nonclassical properties of
obtained field, are investigated. However, there are effe
©2002 The American Physical Society04-1
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that should be more evident when the simultaneous pres
of more than one atom in the cavity is allowed. Recently
was shown that the atoms leaving the micromaser’s ca
can violate the Bell inequality@12,14#. We think that the
quantum correlations between the atoms flying out from
micromaser should be distinctly stronger when more ato
present in the same time in the cavity will interact with t
electromagnetic field. We concentrate on the simplest c
when two atoms fly simultaneously through the cav
@17,18#.

We consider the one-photon micromaser pumped by
beam of pairs of excited two-level atoms. Velocities of t
atoms in the pairs can differ, so times of flight of the ato
through the cavity can also be different,t15” t2, but we as-
sume that they are of the same order of magnitude. We
sume that delays of the second atoms,dt, and the times of
flight t1 and t2 are the same for all pairs. We assume a
that the lifetime of atoms,tat, is much larger than the time
of the interaction of the atoms with the field in the cavi
t1,2, and we neglect the spontaneous emission. We ass
that the following conditions are fulfilled:t1,2!tp!tcav,
where tp is a time distance between succeeding pairs,
tcav51/k is a cavity damping time. The delay of the seco
atom can change from 0, when both atoms fly into the ca
at the same time, tot1, when the atoms interact with the fiel
separately. We use the delaydt and the interaction timest1,2
as control parameters of the model. The pairs enter the ca
according to the Poisson process with mean spacing 1/R be-
tween events, whereR is the flux of the pairs. Int050, let
the first atom from the pair fly into the cavity. Next, at th
moment t1 the second atom arrives and both atoms
through the resonator together. At the momentt2 the first
atom leaves the cavity and, at the end, in the momentt3 the
second atom flies out from the cavity. We neglect all kinds
direct interatomic interactions such as the dipole-dipole
teraction or the van der Waals interaction. However, dur
the periodtc5t22t1, when both atoms are in the cavity, the
interact with the same field and they entangle due to
interaction. We assume that the atoms entering the cavity
in the same excited state\v0. The Hamiltonian in the inter-
action picture has the following form:

HI~ t !5HJC,1
I h1~ t !1HJC,2

I h2~ t !,

HJC,1
I 5

1

2
V@~ I ^ s†!a1~ I ^ s!a†#, ~1!

HJC,2
I 5

1

2
V@~s†

^ I !a1~s ^ I !a†#,

where HJC,(1,2)
I are the time-independent Jaynes-Cummin

Hamiltonians for the first and the second atom,h1(t)
5u(t)2u(t2t2) and h2(t)5u(t2t1)2u(t2t3) are step
functions equal to 1, when, respectively, the first or the s
ond atom is present in the resonator,a† and a are photon
creation and annihilation operators, ands† ands are raising
and lowering atomic operators, respectively. We assume
that the atoms are in the resonance with the field, i.e.,
02380
ce
t
ty

e
s

se

e

s

s-

o

me

d

y

ity

f
-
g

is
re

s

c-

so
at

D5v2v050. We expand the state vector of the whole sy
tem in the basis of statesun,(6)2(6)1&,

uC~ t !&5 (
n50

`

@cn,11~ t !un,11&1cn11,21~ t !un11,21&

1cn11,12~ t !un11,12&

1cn12,22~ t !un12,22&], ~2!

and we solve the Schro¨dinger equation

i
]

]t
uC~ t !&5HI~ t !uC~ t !&. ~3!

In our notation, the right symbol at the vectoru.,.(6)1& cor-
responds to the first atom, which flies into the cavity, and
left symbol,u.,(6)2 .&, corresponds to the second atom. T
time dependence of the HamiltonianHI(t) is trivial and we
can solve the Schro¨dinger equation in each time interva
@ t0 ,t1#, @ t1 ,t2#, and @ t2 ,t3# separately. FortP@0,t1#, we
have the following set of equations for amplitudes of t
basis states appearing in the expansion of the state ve
uC(t)&:

ċn,11~ t !52
1

2
iVAn11cn11,12~ t !, ~4!

ċn11,12~ t !52
1

2
iVAn11cn,11~ t !,

ċn11,21~ t !52
1

2
iVAn12cn12,22~ t !,

ċn12,22~ t !52
1

2
iVAn12cn11,21~ t !,

for nPNø$0% and

ċ0,21~ t !50, ċ0,12~ t !50,

ċ0,22~ t !50, ċ1,22~ t !50, ~5!

for the amplitudes of the remaining states, which do not p
ticipate in the interaction. Because we assume that the at
fly into the cavity in the excited states, the initial conditio
has the following form: cn,11(0)5cn(0),cn11,21(0)
50,cn11,12(0)50, cn12,22(0)50. The amplitudescn(0)
5Apn(0) correspond to the initial probability distribution o
the photons in the cavity. We set the amplitudes of the n
interacting states equal to zero,c0,21(0)5c0,12(0)
5c0,22(0)5c1,22(0)50. At the momentt1 the state vector
is the following:

uC~ t1!&5 (
n50

`

@cos~xnt1!un,11&

2 i sin~xnt1!un11,12&], ~6!
4-2
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wherexn5 1
2 VAn11. We use the amplitudescn,66(t1) as

the initial condition in calculations of the evolution fromt1
to t2. The equations for the amplitudes have a similar form
that in the previous case,

ċn,11~ t !52
1

2
iVAn11@cn11,12~ t !1cn11,21~ t !#,

~7!

ċn11,12~ t !52
1

2
iV@An11cn,11~ t !

1An12cn12,22~ t !#,

ċn11,21~ t !52
1

2
iV@An11cn,11~ t !

1An12 cn12,22~ t !#,

ċn12,22~ t !52
1

2
iVAn12@cn11,12~ t !1cn11,21~ t !#.

We solve them and obtain the amplitudes

cn,11~ t2!5
~n12!1~n11!cos@yn~ t22t1!#

2n13
cn,11~ t1!

2 iA n11

2~2n13!
sin@yn~ t22t1!#cn11,12~ t1!,

cn11,12~ t2!52 iA n11

2~2n13!
sin@yn~ t22t1!#cn,11~ t1!

1cos2F1

2
yn~ t22t1!Gcn11,12~ t1!,

cn11,21~ t2!52 iA n11

2~2n13!
sin@yn~ t22t1!#cn,11~ t1!

2sin2F1

2
yn~ t22t1!Gcn11,12~ t1!,

cn12,22~ t2!52
2A~n11!~n12!

2n13

3sin2F1

2
yn~ t22t1!Gcn,11~ t1!

2 iA n11

2~2n13!
sin@yn~ t22t1!#cn11,12~ t1!,

~8!

where yn5VA 1
2 (2n13). Again the amplitudescn,66(t2)

are used as the initial condition in calculations of the n
stage of the evolution in the interval@ t2 ,t3#. The state vector
of the system, when the second atom leaves the cavit
given by the expression
02380
o

t

is

uC~ t3!&5(
i 50

`

(
a,b56,6

cn,ba~ t3!un,ba&,

where the amplitudes are the following:

cn,11~ t3!5cos@xn~ t32t2!#cn,11~ t2!

2 i sin@xn~ t32t2!#cn11,21~ t2!,

cn11,21~ t3!52 i sin@xn~ t32t2!#cn,11~ t2!

1cos@xn~ t32t2!#cn11,21~ t2!, ~9!

cn11,12~ t3!5cos@xn11~ t32t2!#cn11,12~ t2!

2 i sin@xn11~ t32t2!#cn12,22~ t2!,

cn12,22~ t3!52 i sin@xn11~ t32t2!#cn11,12~ t2!

1cos@xn11~ t32t2!#cn12,22~ t2!.

We want to obtain the probability distribution ofn-photon
states. We need to take into account cavity losses. We ca
late a reduced density operatorr̂ f of the electromagnetic
field. At the momentt i 115tp1t31t i , when the first atom of
the next pair flies into the resonator, the field is given by
density matrix

r̂ f~ t i 11!5eL̂tpĜ~ t3!r̂ f~ t i !,

where the operatorĜ(t3) describes the interaction of th
atoms with the field, and its explicit form can be obtain
from the calculations presented above:

^nuĜ~ t3!r f~ t i !un&[pn~ t i1t3!

5 (
i , j 566

ucn,i j ~ t i1t3!u2

5udn,11~ t3!u2pn~ t i !

1udn,12~ t3!u2pn21~ t i !

1udn,21~ t3!u2pn21~ t i !

1udn,22~ t3!u2pn22~ t i !, ~10!

where udn,66(t3)u2 denotes transition probabilities betwee
the appropriate states. The amplitudesd.,..(t3) are obtained
by the composition of the formulas describing the evoluti
of the system in three separately considered time interva

cn~0!→c$(n,11),(n11,12)%~ t1!

5d$(n,11),(n11,12)%~ t1!cn~0!→cg~ t2!

5dg~ t2!cn~0!→cg~ t3!5dg~ t3!cn~0!, ~11!

where the indexg takes the values (n,11), (n11,21),
(n11,12), and (n12,22). The Liouville superoperatorL̂
describes the damping of the field in the cavity,
4-3
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dr̂ f

dt
5L̂ r̂ f5

k

2
~nb11!~2ar̂ fa

†2a†ar̂ f2 r̂ fa
†a!

1
k

2
nb~2a†r̂ fa2aa†r̂ f2 r̂ faa†!. ~12!

We assume that the pairs of atoms arrive at the cavity in t
intervals given by the Poissonian distribution with me
value 1/R. We average the equation forr̂ f over the Poisso-
nian distributionP(tp)5Rexp(2Rtp) and obtain the follow-
ing equation:

rC f~ t i 11!5S 12
L̂

R
D 21

Ĝ~ t3!rC f~ t i !. ~13!

In order to obtain the steady-state solution, we equate
density matrices describing the field in the cavity at the m
ments t i and t i 11 rC f(t i 11)5rC f(t i). We have to solve the
following equation:@12(L̂/R)#rC f , st5Ĝ(t3)rC f ,st, which in
the basis of the Fock states takes the form

pn2
1

Nex
~nb11!@~n11!pn112npn#

1nb@npn212~n11!pn#

5udn,11~ t3!u2pn1@ udn,12~ t3!u21udn,21~ t3!u2#pn21

1udn,22~ t3!u2pn22 , ~14!

where Nex5R/k is an average number of the pairs th
traverse the cavity during the lifetime of the field andnb is
the steady-state temperature-dependent mean photon
th

e
d

of
ra
-

-
th

e
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ber. We collect coefficients at the probabilities of the sa
number of photons,pn , and we obtain the equation

anpn1bn21pn211cn11pn111dn22pn2250, ~15!

where

an5udn,11~ t3!u2212
1

Nex
@~nb11!n1nb~n11!#,

~16!

bn215udn,12~ t3!u21udn,21~ t3!u21
nbn

Nex
, ~17!

cn115
~nb11!~n11!

Nex
, ~18!

dn225udn,22~ t3!u2. ~19!

Due to the relations

ucn,11~ t !u21ucn11,21~ t !u21ucn11,12~ t !u2

1ucn12,22~ t !u25pn~ t i ! ~20!

and

udn,11~ t !u21udn11,21~ t !u21udn11,12~ t !u2

1udn12,22~ t !u251 ~21!

for tP@ t i ,t i 11#, expressing the normalization of the pro
ability distribution, Eq.~15! has a solution in the form of a
chain fraction@19#:
pn5p0)
k51

n
1

ckF bk211dk211
dk22ck21

bk221dk221
dk23ck22

�

b11d11
d01c1

b01d0

G . ~22!
nc-
d
d

e
n
l
rized
The steady-state solution is fully determined by values of
following parameters: the vacuum Rabi frequencyV, the
pumping rateNex, the interaction times of the first and th
second atom in the pairt1 ,t2, and the delay of the secon
atom dt. The timest1 , t2, and t3 are connected with the
parameterst i anddt by the relationst15dt, t25t1, and t3
5t21dt. In order to systematize and simplify analysis
the model, we relate the time parameters to the time inte
tion of the first atomt[t1. The time parameters are ex
pressed byt and the ratior 5t2 /t1 in the following way:
t25r t, t15dt, t25t, andt35r t1dt. We see that the am
plitudes dg characterizing the changes of the state of
system depend upon the Rabi frequencyV just by the prod-
uct of the frequencyV and appropriate interaction times. W
e

c-

e

get rid of the direct dependence uponV and we introduce a
family of dimensionless time parameters defined by the fu
tion Q(t)5 1

2 VANext, wheret can be any of the considere
time parameters.1 In this parametrization, the considere
model is fully characterized by the pumping rateNex, the
ratio of the interaction timesr, the dimensionless delay of th
second atomdQ5Q(dt), and the dimensionless interactio
time Q5Q(t) of the first atom. All results of numerica
computations presented in the next sections are paramet
by these quantities.

1The parametersxn and yn have in theQ parametrization the
following form: xn5An11/ANex andyn5@2A(2n13)/2#/ANex.
4-4
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III. VIOLATION OF THE BELL INEQUALITY

The Bell inequality was primarily introduced in order
test local hidden variable theories considered as alterna
to the quantum mechanics@15#. Many modified versions of
the inequality proposed originally by Bell, adapted to diffe
ent experimental proposals, were studied@16#. A violation of
the Bell inequality was demonstrated in many experime
@20#, and now the old question, namely whether the B
inequality is violated, can be replaced by a new questi
how strong is the violation of the Bell inequality when
given system is investigated? A degree of the violation of
Bell inequality is also one of the few quantitative measu
of the quantum nonlocality.

The violation of the Bell inequality by the atoms interac
ing with the photons in the micromaser has recently b
studied theoretically@12,14#. The standard model of the one
atom micromaser with the very weak pumping beam w
used in these considerations. We extend the earlier obta
results to the case of the two-atom micromaser. We exp
that in the case in which two atoms simultaneously inter
with the field in the micromaser’s cavity, the quantum cor
lations should be much more distinct. We are more interes
in the opportunity to use the micromaser as a source of n
local multiatomic systems than in testing the local realis
theories, and we want to use the degree of violation of
Bell inequality to quantitatively evaluate the quantum cor
lations between the atoms@12#.

We suppose that at the beginning the field in the mic
maser is in a steady state described by probability distr
tion pn @Eq. ~22!# and a probe pair of atoms arrives into th
cavity. The initial state of the atom-field system, at the m
ment t50, when the first atom enters the resonator, is
scribed by the state vector

uC~0!&5 (
n50

`

cn~0!un,11&, ~23!

where the amplitudescn(0)5Apn. Atoms fly through the
cavity, and at the momentt3, when the second atom leave
the cavity, the system is in the state

uC~ t3!&5 (
n50

`

@cn,11~ t3!un,11&1cn11,12~ t3!un11,12&

1cn11,21~ t3!un11,21&

1cn12,22~ t3!un12,22&]. ~24!

Amplitudescn,66(t3) are given by Eqs.~9!. We calculate a
correlation function

E~aW ,bW !5^aW •sŴ 1bW •sŴ 2&

5 (
i , j 50

3

aibj^C~ t3!uŝ i
1ŝ j

2uC~ t3!&, ~25!

whereaW andbW are unit vectors andŝ i are the Pauli matrices
In experiments with spin-1

2 particles or photons, the vector
02380
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aW andbW have the usual meaning of polarization vectors o
Stern-Gerlach apparatus or light polarizers. Now the vec
have another interpretation because entanglement betw
internal degrees of freedom of the different atoms is cons
ered. Instead of a projection on the ‘‘polarization’’ vector
an auxiliary interaction of the atoms with an electromagne
field is necessary in order to transform the states of the at
in a manner assigned by the vectors. Then a standard m
surement of the atoms in their upper or lower states
enough to obtain a value of the correlation functionE(aW ,bW ).
If the atoms are in the state in which the quantum corre
tions are present, then the following inequality is violated

BªuE~aW ,bW !2E~aW ,bW 8!u1uE~aW 8,bW !1E~aW 8,bW 8!u<2. ~26!

The quantityB appearing in the Bell inequality is a functio
of the state of the quantum system and the vectorsaW , bW , aW 8,
bW 8. It is known thatB takes a maximal value equal to 2A2
for the singlet stateuC2&51/A2(u01&2u10&), when vectors
aW , bW , aW 8, and bW 8 lie in one plane and angles between tw
consecutive vectors are the same, and they are equal to
An optimal configuration of the vectors, for whichB is maxi-
mal, depends upon the state and should be fitted for diffe
states separately. This requirement makes the quantityB ap-
pearing in the Bell inequality slightly inconvenient to an
lyze. It is rather impractical and actually computationa
almost impossible to look for a new optimal configuration
the vectors every time the state of the system changes.
sidesB depending upon the set of vectors, we consider a
the maximal value ofB, which does not already depend upo
any additional parameters except the state of the system
compact expression for the maximal value ofB was recently
obtained by Horodeckiet al. @21#. Bmax is given directly by

the formulaBmax52Am( r̂), wherem( r̂)5maxi , j (ui1uj ),
and ui 51,2,3 are eigenvalues of the matrixU( r̂)
5T( r̂)†T( r̂), where Ti , j ( r̂)5Tr@ r̂ŝ i

(1)
^ ŝ j

(2)#. Using this
expression, we investigate the quantum correlations of
atoms leaving the micromaser’s cavity. The state of the
oms leaving the cavity depends upon the interaction tim
and the delay. We check howBmax changes with the chang
of the parametersr, dQ, and Q. We neglect a destructive
influence of the background field and we assume that
number of thermal photonsnb50. This assumption is no
too restrictive because for typical temperatures attainabl
real experimentsnb is really very close to zero. We decide t
neglect the thermal field present in the micromaser’s ca
also due to another reason. We are interested in an estim
of an upper limit of the quantum correlations between
atoms leaving the cavity of the micromaser. It is known th
in experiments there are a lot of sources of various kinds
noises, which can reduce subtle quantum effects and w
should be taken into account in the analysis of experime
results. However, we want to check whether it is in gene
possible to obtain entangled atoms in the micromaser. If
answer is no, in this slightly idealized situation, then all a
4-5
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FIG. 1. The values ofBmax cal-
culated for r 51 and dQ50.
Horizontal lines indicate the criti-
cal values:Bmax52, which sepa-
rates the classical and quantum r
gions; andBmax52A2, which is
the upper limit ofBmax.
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ditional factors decreasing the quantum correlations, suc
thermal fluctuations of the electromagnetic field, become
important.

First we calculateBmax for r 51 and dQ50, which
means that both atoms enter and leave the cavity toge
Such a situation may seem to be very similar to the cas
which only one atom is inside the cavity, however it is not
trivial as one might suppose. Although the atoms do not
teract directly, they interact with the same mode of the el
tromagnetic field in the cavity and their states are entang
due to this interaction. We will refer the results of the ne
computations to the results obtained in this case. In Fig
we show values ofBmax calculated as a function of the inte
action timeQ for pumping parameterNex equal to 0.01, 0.1,
1, 10, 20, and 200.

We see that the Bell inequality is fulfilled for very wea
pumping whenNex50.01.Bmax does not exceed 2 for almos
all values ofQ. In the few remaining cases in which the Be
inequality is violated,Bmax exceeds 2 only imperceptibly an
the quantum correlations are actually negligible. When
pumping parameter increases toNex50.1,Bmax becomes, for
some values of the interaction timeQ, distinctly greater than
the critical value, and forNex51 the values ofBmax approach
the maximal value equal to 2A2. The violation of the Bell
inequality, rather rare for the very weak pumping, becom
frequent forNex510, butBmax do not achieve as large value
as for Nex51. We interpret changes of theBmax in the fol-
lowing way. The quantum correlations come into being in
02380
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-

er.
in
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-
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t
1,

e

s

e

case of the two-atom micromaser when both atoms inte
with the field together. The field is weak for the low pumpin
and the connection between the atoms is small in this c
The quantum correlations do not appear and the Bell ineq
ity is fulfilled because the atoms do not feel themselv
enough strongly. The intensity of the field increases
larger Nex and the atoms correlate so strongly that the B
inequality can be violated. The connection between the
oms decreases for larger pumping because the interactio
one atom with photons cannot change the field stron
enough to have a significant influence on the state of
other atom, andBmax is in this case not as large as for small
values ofNex. The large field is too ‘‘inert’’ to create very
strong quantum correlations between the atoms, and the
gree of the violation of the Bell inequality is smaller in suc
cases. We notice thatBmax decreases slightly when the se
ond atom enters the cavity with some delaydQ. This effect
is common for all values of the pumping parameterNex.

The properties of the micromaser and obviously the sta
of the atoms leaving the cavity depend upon the times of
interactions. Up until now, we have investigated the violati
of the Bell inequality in the case in which the times of th
interactions of both atoms were equal. Now we are going
analyze the situation when the second atom flies through
cavity longer than the first one. We putr 51.5 anddQ50.
The first atom resides in the resonator one and half tim
shorter than the second atom. In Fig. 2, we show the va
4-6
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FIG. 2. The values ofBmax cal-
culated for r 51.5 and dQ50.
Horizontal lines indicate the criti-
cal values:Bmax52, which sepa-
rates the classical and quantum r
gions; andBmax52A2, which is
the upper limit ofBmax.
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of Bmax calculated as a function of the interaction timeQ for
pumping parameterNex equal to 0.01, 1, 10, and 200.

In this case the violation of the Bell inequality is mo
distinct for weak pumping. The values ofBmax are largest for
Nex50.01 and they are, for some values ofQ, very close to
the maximal possible value.Bmax decreases for the next con
sidered values of the pumping parameter. It is interes
that, in this case, forNex5200 the values ofBmax are con-
stantly smaller than the critical value. AgainBmax weakly
depends upon the delay time and is slightly smaller for lar
dQ.

Up until now, we have analyzed the maximal value of t
quantity appearing in the Bell inequality.Bmax does not de-
pend upon the configuration of vectorsaW , aW 8, bW , andbW 8, i.e.,
it is independent of any measurement details. This makes
quantity very convenient and useful when the upper limit
02380
g

r

is
f

the quantum correlations present in the system is inve
gated. However, it is also interesting to know how mu

Bmax overestimate the vector-dependentB(aW ,aW 8,bW ,bW 8)[B,
which is measured in experiments. In Fig. 3, we sh

B(aW ,aW 8,bW ,bW 8) calculated forr 51, dQ50, andNex50.01,

1, 20, and 200. We compareB(aW ,aW 8,bW ,bW 8) with Bmax, which
has been considered previously~Fig. 1!. The values of the
pumping parameterNex are selected in such a way as
observe the most characteristic relations between consid
quantities.

The configuration of the vectors for whichB(aW ,aW 8,bW ,bW 8)
becomes maximal depends upon the state of the system
it is actually impossible to guess which vectors should
chosen in order to optimize experimental results. We dec
to take the vectors which are optimal for the singlet st
d

FIG. 3. The values of

B(aW ,aW 8,bW ,bW 8) calculated forr 51
anddQ50. Horizontal lines indi-
cate the critical values:B52,
which separates the classical an
quantum regions; andB52A2,
which is the upper limit ofB.
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FIG. 4. In ~a!,~b! the entangle-
ment of formation calculated for
the values of parametersr 51,
dQ50, Nex51 and r 51.5,
dQ50, Nex50.01 is shown. In
~c!,~d! dashed lines indicate the
values ofQ for which the states of
atoms are entangled~lower line!
and for which the Bell inequality
is violated~upper line!.
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uC2&. We see that for very weak pumping, values ofB are
much smaller than their counterparts corresponding toBmax,
and they do not even approach them. The situation chan
when the pumping parameter increases, and forNex51 the
values ofB(aW ,aW 8,bW ,bW 8) are closer toBmax. They exceed the
border value 2 for some values ofQ. The values of theNex
belonging to an interval@1–10# seem to be optimal becaus
already forNex520 the values ofB(aW ,aW 8,bW ,bW 8) are smaller
and they do not approach the quantum limit.B(aW ,aW 8,bW ,bW 8)
was investigated also forr .1, but we do not present appro
priate pictures. We just notice that the relation between co
paring quantities changes slightly when the ratio of the t
interaction times is greater than 1. The values
B(aW ,aW 8,bW ,bW 8) are, as previously, smaller than values
Bmax, but the separation between values of these two qu
tities, distinctly seen forr 51, does not appear in this cas
Generally, the values ofB(aW ,aW 8,bW ,bW 8) and Bmax are rela-
tively similar for r .1, except for the situation whenNex

5200. In this case,B(aW ,aW 8,bW ,bW 8),Bmax for almost all con-
sidered values of the parameterQ.

IV. ENTANGLEMENT OF FORMATION

In the preceding section we investigated the quantum
relations of atoms interacting with the field in the two-ato
micromaser analyzing the violation of the Bell inequali
For some values of the control parameters the Bell inequa
is violated, but for others it is fulfilled. The fulfillment of th
Bell inequality does not mean, however, that the atoms
not correlated. Unfortunately, the violation of the Bell i
equality, an effect that can be directly observed in the exp
ments, is not completely satisfactory as the measure of
quantum nonlocality@22#: it is not as sensitive as other me
sures of the entanglement. There are other quantities
have been developed as measures of the quantum co
tions. In the case of a pair of correlated two-level syste
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one such measure is the entanglement of formation@23#. This
quantity is much more sensitive to the quantum correlati
than the Bell inequality. The entanglement of formationE( r̂)
is defined in the following way@23#:

E~ r̂ !5E„C~ r̂ !…, ~27!

where

C~ r̂ !5max$0,l12l22l32l4%, ~28!

E~y!5hS 11A12y2

2 D , ~29!

and h(x)52x log2(x)2(12x)log2(12x). In these expres-
sions,l i ’s are the square roots of eigenvalues, in decreas

order, of the non-Hermitian matrixr̂ r̂̃, where r̂̃5(ŝy

^ ŝy) r̂* (ŝy^ ŝy). We check whether and in how man
cases the quantum correlated states of the atoms are om
in the analysis when the Bell inequality is used. We calcul
the entanglement of formation of the states of the ato
leaving the cavity of the micromaser. We choose for a co
parison the most important cases when the violation of
Bell inequality is the largest. In Figs. 4~a! and 4~b!, we show
the entanglement of formation calculated for two sets of
rametersr 51, dQ50, Nex51 and r 51.5, dQ50, Nex
50.01.

We see that actually almost all pairs of the atoms leave
micromaser’s cavity in entangled states. The degree of
entanglement of the atoms strongly depends upon the va
of the interaction timeQ. It seems that in the former cas
@Fig. 4~a!#, well-outlined peaks are present. In the latter ca
@Fig. 4~b!#, the Q dependence seems to be more irregu
but now the entanglement is much larger for almost all v
ues ofQ and approaches, for someQ, the maximal value
equal to 1. The atoms are entangled for almost all value
Q. This is even more evident when we look at Figs. 4~c! and
4-8
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4~d!, where we compare regions of the parameterQ for
which the atoms are in the entangled states~lower line!, and
for which the atoms can violate the Bell inequality, i.e., t
values ofBmax are greater than 2~upper line!. We see that the
atoms in the pairs are quantum correlated much more o
than can be detected in the experiments testing the viola
of the Bell inequality. The micromaser turns out to be
effective source of the entangled pairs of atoms. We th
that the micromaser can produce equally well highly e
tangled multiatomic systems, when more than two atom
the same time interact with the electromagnetic field in
cavity.

V. CONCLUSIONS

In this paper, we have investigated properties of the tw
atom micromaser, pumped by the Poissonian beam of
atomic pairs. We have shown that the atoms, after interac
with the electromagnetic field, leave the micromaser’s cav
in the quantum correlated states violating the Bell inequa
We have analyzed the violation of the Bell inequality usi
two quantities: the maximal valueBmax and vector-dependen
B(aW ,aW 8,bW ,bW 8) depending upon experimental setup. We ha
J
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.
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investigated the degree of violation of the Bell inequality f
the different values of the micromaser parameters. We h
shown that the Bell inequality is violated in many differe
regimes of work of the micromaser. In particular, we ha
found that in some cases the upper limit ofB is attainable.
We have checked also when the values ofB(aW ,aW 8,bW ,bW 8) ap-
proach the values ofBmax, i.e., when the given experimenta
configuration of the parameters can be considered as opt
and exploited in practice. Finally, we have considered
entanglement of the formation of the pairs of atoms that
out from the cavity. It turns out that actually all pairs o
atoms are entangled even if they do not violate the B
inequality. The atoms are entangled in the micromaser v
effectively. The entanglement approaches the maximal va
for some values of the parameters, and it is much gre
than zero in wide ranges of the values of the pumpingNex
and the interaction timeQ.
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