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Boson-induceds-wave pairing in dilute boson-fermion mixtures

L. Viverit
Dipartimento di Fisica, Universita` di Milano, via Celoria 16, 20133 Milano, Italy

~Received 18 March 2002; published 15 August 2002!

We show that in dilute boson-fermion mixtures with fermions in two internal states, even when the bare
fermion-fermion interaction is repulsive, the exchange of density fluctuations of the Bose condensate may lead
to an effective fermion-fermion attraction, and thus to a Cooper instability in thes-wave channel. We give a
simple condition to know when this is going to happen, and an analytic expression for the associatedTc in the
most important limit where the phonon branch of the Bogoliubov excitation spectrum of the bosons is impor-
tant. We find aTc of the same order as for a pure Fermi gas with bare attraction.
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I. INTRODUCTION

The interest in the effective interaction between fermio
in boson-fermion mixtures is not new. Already in the 196
Pines @1# suggested that the effective interaction betwe
3He atoms in solution in superfluid4He could be attractive
due to the exchange of density fluctuations of the boso
background. This attraction was then observed experim
tally by Edwardset al. @2# and Andersonet al. @3#. From the
experimental data Bardeen, Baym, and Pines@4# estimated
the expected critical temperature for Cooper pairing in b
the s-wave andp-wave channels. The situation is similar
that in ordinary superconductors where the effective attr
tion between electrons is well established to be caused by
exchange of lattice phonons@5#.

The renewed interest in the issue stems from the re
availability of trapped atomic gases at the ultralow tempe
tures required for quantum phenomena to be relevant. A
Bose-Einstein condensation~BEC! was observed, huge step
were also made in the cooling of fermions@6–10#. One way
to obtain the cooling@10# has been to mix6Li atoms~fermi-
ons! with 7Li atoms ~bosons!, and to proceed with the stan
dard technique of evaporative cooling on the latter so a
cool the former ‘‘sympathetically,’’ i.e., indirectly, by simpl
thermal contact. At the end of the process a stable ne
pure BEC of 7Li on top of a cloud of degenerate6Li was
observed. It is therefore timely to calculate the effective
teraction between fermions in a dilute boson-fermion m
ture when fluctuations of the BEC are taken into accou
and to study the consequences on Cooper pairing.

In two recent works Heiselberget al. @11# and Bijlsma
et al. @12# found the same expression for the boson-indu
contribution to the interaction, but proceeded in differe
ways to analyze the effects ons-wave pairing. The equiva
lence of the two approaches in dealing with the latter pr
lem is not obvious, and the results were given in very diff
ent forms, one analytical@11# and the other numerical@12#.
Moreover, the calculation in Ref.@11# is restricted to the cas
of an already attractive bare fermion-fermion interaction, a
that in Ref.@12# is limited by the lack of transparency an
physical understanding of numerical calculations. In this
per a third way to treat the problem is developed. The ide
to give an approximate, but under usual circumstances a
rate, analytical solution to the numerical approach of R
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@12#. This third method has several advantages. First of a
applies to the case of bare fermion-fermion repulsion, a
confirms that, as conjectured in@12#, even if the bare
fermion-fermion interaction is repulsive, the effective o
may be attractive when the boson-induced contribution
taken into account. But much more than that, one can de
a precise and simple criterion to know when this is going
happen, and an elegant expression for the associated
critical temperature. Since the method is valid for ba
fermion-fermion attraction as well, we show that it give
within its range of applicability, the same results as we
found in Ref. @11#, and thus prove the consistency of th
three methods. Finally, the result in Ref.@11# was derived
under the assumption that the induced interaction is m
smaller than the bare one, but we shall prove that, in
appropriate limit in which their result coincides with our
this assumption is not necessary.

II. EFFECTIVE INTERACTION

When the gases of the mixture are dilute all interactio
can be described by one parameter each: the approp
scattering length@13,14#. In a mixture of fermions in two
different internal states 1 and 2~with the same mass!, and
bosons in one internal state only, the scattering lengthsa12,
aBB , aB1, andaB2 characterize all the relevant interaction
since the Pauli principle allows us to ignore interactions
tween identical fermions at the temperatures and densitie
interest here. In the following we shall suppose, without lo
of generality, thataB15aB25aBF , and renamea125aFF .
Often in the text pseudopotentials will be used instead
scattering lengths. They are defined as follows:UFF
54 p\2aFF /mF , UBB54 p\2aBB /mB , and UBF
54 p\2aBF /mBF , where mBF52mBmF /(mB1mF) is
twice the reduced mass for a boson with massmB and a
fermion with massmF . Since we are interested ins-wave
pairing we shall suppose that the densities of 1 and 2 fer
ons are the same,n15n25nF , and therefore also thei
Fermi energies and momenta,eF and \kF . Moreover, we
shall introduce in the theory small parameters of the ty
kFa andnB

1/3a, where bya we indicated a generic length o
the order of a scattering length and bynB the boson density.

In a mixture the effective interaction between a type 1 a
a type 2 fermion is the sum of the direct oneUFF , the one
©2002 The American Physical Society05-1
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arising from polarization of the bosonic mediumUFBF , and
that due to polarization of the fermionic medium itse
UFFF . We shall show that under suitable conditions the fi
two interactions can be of the same order, and it is there
essential to consider both of them to predict whether
system undergoes Cooper pairing or not, and if so what is
critical temperatureTc . The third one is instead of orde
a(kFa) and is important for the renormalization of the pre
actor in the expression for the BCS critical temperature. T
way to deal withUFFF was shown in Ref.@15# ~see also
@11#!. There it was found that it causes a decrease in
prefactor of Tc by a factor (4e)1/3, and we take this for
granted here.

The boson-induced interaction between fermions int
duced in Refs.@11,12# is

UFBF~q,v!5UBF
2 x~q,v!, ~1!

where the boson density-density response function in the
goliubov approximation is given by

x~q,v!5
nB\2q2/mB

~\v!22eq
0~eq

012nBUBB!
, ~2!

eq
05\2q2/2mB and q5uqu. Since we are considering dilut

Bose and Fermi gases, we have neglected the renorma
tion of x(q,v) due to the presence of the fermions. This
correct to lowest order in the gas parameter. We used
zero temperature response function because the BCS cr
temperature is much smaller than the boson condensa
one if nB*nF .

The interaction in Eq.~1! provides an attraction betwee
two particles at the Fermi level, since in that casev50 and
UFBF(q,0),0. We remind the reader that in uniform sy
temsUBB.0 is required for stability of the mixture@16#.

At this point one has to analyze two possibilities. The b
fermion-fermion interaction can either be attractiveUFF,0
or repulsiveUFF.0. In the former case the gas would u
dergo pairing even in the absence of bosons at the cri
temperatureTc,0 . In the presence of bosons the direct a
induced contributions add up constructively to a stronger
tractive interaction, and the BCS critical temperature ris
This possibility was studied in detail in Ref.@11#. If UFF
.0 instead, the Fermi gas is not unstable to pairing with
the bosons. When the bosons are added, however, if th
tractive boson-induced interaction at the Fermi surface
stronger than the bare repulsion, the totaleffectiveinteraction
UFF1UFBF(q,0) is attractive, and the gas becomes unsta
to pairing. One can immediately recognize a mechanism
work completely analogous to that of electrons in superc
ductors. Just as in superconductors the induced interac
depends on the energy exchanged, and is attractive only
band centered about the Fermi surface@5#. Obtaining a solu-
tion for Tc for arbitrary densities is complicated. As is we
known, however@4,12#, if vF!s, wheres5(nBUBB /mB)1/2

is the sound velocity in the Bose gas, retardation effects
be neglected andv can be set to zero always. The induc
interaction is thus attractive in the whole Fermi sphere, a
we seek a solution to the problem under this assumption
02360
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The boson-induced interaction whenvF!s is then

UFBF~q!52
UBF

2

UBB

1

11~\q/2mBs!2
. ~3!

Notice that if mB*mF , since the typical momentum ex
changed in an interaction is\q;mFvF!2mBs, we expect
UFBF(q).2UBF

2 /UBB , i.e., a constant independent ofq @cf.
Eq. ~12! below#.

III. COOPER PAIRING

We now want to properly take into account both the ba
and the induced interactions. According to Emery@17# if the
fermions with opposite spins interact via a potentialU(r )
and if tand0(kF) is greater than zero, whered0(kF) is the l
50 phase shift associated with the potentialU(r ) and evalu-
ated at the Fermi wave number, the system undergoess-wave
pairing at the critical temperature,

kBTc5
g

p S 2

eD 7/3

eF e2p/2 tand0(kF). ~4!

In writing Eq. ~4! we have already included the correction
the prefactor due to the polarization of the fermions.

In the case of a pure two-species Fermi gas with b
attractionU(r ) is the bare potential. The associated scat
ing length and pseudopotential areaFF andUFF ~both nega-
tive!, respectively. Since by assumptionkFuaFFu!1, then
tand0(kF).2kFaFF , and Eq.~4! reduces to the well known
formula @15#

kBTc5
g

p S 2

eD 7/3

eF ep/2kFaFF. ~5!

In a mixtureU(r ) is more complicated but the same pri
ciple applies. This approach for finding the effects of t
boson-induced interaction has been used by Stoof and
workers@12#. To use Eq.~4! in our case one has to take th
Fourier transform into real space coordinates of Eq.~3!:

UFBF~r !52
UBF

2

4pUBBjB
2

1

r
e2r /jB, ~6!

wherejB5\/2mBs is the boson coherence length. The 1r
divergence atr 50 is artificial, since the potential must i
any case be cut off at a distancer 0 of the order of a scatter
ing length. UFBF(r ) is a Yukawa potential with rangejB

5aBB(16p nBaBB
3 )21/2, which is much greater thanaBB if

the gas is dilute.
The fermions interact via bothUbare(r ) and UFBF(r ) so

that the total interaction potential is given byU tot(r )
5Ubare(r )1UFBF(r ). The aim is then to calculate th
s-wave phase shift due to the total potentialU tot(r ). In prin-
ciple this is a difficult problem, since one should solve t
radial Schro¨dinger equation
5-2
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S 2
d2

dr2
1

mF

\2
U tot~r !2k2D u0

tot~r ;k!50, ~7!

where, however, the bare potential is not known, as only
scattering lengthaFF is a measured quantity. Fortunately,
is not necessary to know also the detailed variation withr of
Ubare. Equation~7! can be greatly simplified by noticing tha
Ubare and UFBF act on two different length scales, the fir
one from r 50 to r;r 0 and the second one fromr;r 0 to
r;jB@r 0. One can then just solve Eq.~7! for r .r 0, with
U tot(r )5UFBF(r ), and introduce a boundary condition o
u0

tot(r ;k) at r 5r 0, which accounts for the phase shift due
the bare potential. This is due to the fact that, by the time
wave function reaches the region of distances wh
UFBF(r ) is relevant, the bare potential has stopped act
and the wave function has recovered its sinusoidal form w
phase shiftd0

bare(k).
Using these replacements Eq.~7! has been solved numer

cally by Bijlsmaet al. @12# for various sample elements an
densities, and the results ford0

tot(k) are in their publication.
Whenever tand0

tot(kF).0 the critical temperature is foun
by replacing the value obtained into Eq.~4!. Analyzing their
numerical results, the authors of Ref.@12# noticed that, for a
87Rb-40K mixture with the values of the scattering lengt
they use, the bare repulsion is overcome by the bos
induced attraction and the system becomes unstable to
ing @18#. However, by their approach one cannot tell wh
this is going to happen. Moreover, they do not give nume
cal results for the critical temperature but only for the pha
shifts, so that the temperature scales involved in the ef
are not predicted.

We now want to show that ifkFjB!1 ~a condition auto-
matically satisfied ifmB*mF , since by assumptionvF!s!
then tand0

tot(kF) can in fact be found analytically.
It is well known ~see, for instance,@19# that, given any

two potentialsU (1)(r ) andU (2)(r ) for the interaction of two
particles with reduced massmred, and given the solutions
with wave numberk to the corresponding radial Schro¨dinger
equations,ul

(1)(r ;k) and ul
(2)(r ;k), the associated phas

shifts d l
(1)(k) andd l

(2)(k) are related by

tand l
(1)~k!2tand l

(2)~k!52k
2mred

\2 E
0

`

ul
(2)~r ;k!

3@U (1)~r !2U (2)~r !#ul
(1)~r ;k! dr.

~8!

This formula can be applied to our case by lettingU (1)(r )
5U tot(r ) and U (2)(r )5Ubare(r ), mred5mF/2, and k5kF .
For thel 50 channel then

tand0
tot~kF!5tand0

bare~kF!2kF

mF

\2

3E
0

`

u0
bare~r ;kF!UFBF~r !u0

tot~r ;kF!. ~9!
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Again the bare phase shift is

tand0
bare~kF!.2kFaFF .

We can now use the special form of our potentials. B
causeUFBF(r ) is zero forr &r 0, the relevant lower limit of
the integral in Eq.~9! is really r 0. But for r .r 0 we can
replaceu0

bareby its asymptotic value forr→` since the bare
potential has decayed by then. Thusu0

bare(r ;kF)
.kF

21@sin(kFr)2kFaFFcos(kFr)#. If in addition kFjB!1, we
can approximateu0

bare(r ;kF).r 2aFF .
Later we shall prove that if the gases are dilute and

typical values of the parameters the potentialUFBF(r ) is
shallow, i.e., not strong enough to form ‘‘bound states.’’ Th
we can to a first approximation~Born! also let u0

tot(r ;k)
5u0

bare(r ;k). This yields

tand0
tot~kF!.2kFaFF2A, ~10!

with

A52
mFkF

4p\2

UBF
2

UBBjB
2Er 0

`

dr~r 2aFF!2
1

r
e2r /jB ~11!

52
kFaFFUBF

2

UBBUFF
H e2 r̃ 0~11 r̃ 0!22ãFFe2 r̃ 0

1ãFF
2 E

r̃ 0

`

dx
1

x
e2xJ ,

r̃ 05r 0 /jB , andãFF5aFF /jB .
The boson coherence length is in general much larger t

the cutoffr 0 which in turn is of orderuaFFu. Thereforer̃ 0 and
ãFF can be set equal to zero in the first two terms in the cu
brackets. The last integral is dominated by the logarithm
divergence and it varies as;ãFF

2 lnr̃0, but since ãFF; r̃ 0

!1 also the last term can be set to zero. We finally obta

tand0
tot~kF!.2kFaFFS 12

UBF
2

UBBUFF
D , ~12!

which is the main result of the present work. In order for t
system to condense we need to have tand0

tot(kF).0. This is
always the case ifaFF,0, and we recover the result of Re
@11#, in the limit kFjB!1. Notice that whenkFjB;1 we can
no longer expandu0

bare as we did, and we expect correction
to our result. However, the boson-induced attraction is ma
mized in the limitkFjB!1 since it is the phonon branch o
the Bogoliubov spectrum that provides most of the attracti
and that is why it is satisfactory for the time being to co
sider only this limit. It is important to underline that th
assumptionUBF

2 /UBB!UFF did not enter the present deriva
tion anywhere, while it did in Ref.@11#. We have thus proved
5-3



s-

o
e
a
w
in
ce
h
s
is

he

ve
lu
-
a
th
c

he

ca
u
d

o

-
o
h

it-
s

ol
ein
e

on
q

ro

k
p-
ef
a
s,
d

cale
of

ing
cal-

xi-
l-

ties
ove

il,
ay

ope

son
ial

roxi-
to
a-

spe-
be

in-

ve
to
era-

is
r

f
tal

L. VIVERIT PHYSICAL REVIEW A 66, 023605 ~2002!
that, as long askFjB!1, the assumption is in fact unnece
sary and the result is valid for arbitrary interactions.

On the other hand, the use of the Born approximation
the approach of Ref.@12# to obtain analytical values of th
phase shifts allows a deeper physical understanding
shows a simplicity which was hidden by the numerics. As
anticipated, we now have a precise condition to determ
when a bare repulsion is overcome by the boson-indu
interaction, making the system unstable. This happens w
UBF

2 /UBBUFF.1. Recall that the condition was obtained a
suming kFjB!1, but again that is when the attraction
expected to be strongest.

A comment is in order at this point. With the values of t
scattering lengths used in their87Rb-40K calculation (aBB
5109a0 , aFF5160a0, andaBF5100a0), the authors of Ref.
@12# find that there is an inversion in the sign of the effecti
interaction due to the bosons. However, using these va
we haveUBF

2 /UBBUFF50.66,1. Therefore we do not ex
pect the sign inversion to take place. Explicit numerical c
culations reveal that indeed it does not occur. We believe
the authors must have used a Bose-Fermi interaction a fa
of A2 larger, or inserted by mistake a factor of 2 in t
prefactor ofUFBF(r ). With this replacementUBF

2 /UBBUFF

51.33, we then expect the inversion, and our numerical
culations appear to give identical results to the ones p
lished by them. Moreover, in that case one numerically fin
that the ratio tand0(kF)/kF tends to'250a0 for kF!jB

21 ,
as we predict analytically.

In all cases in whichl is negative we have, according t
Eq. ~4!, that the critical temperature is given by

kBTc5
g

p S 2

eD 7/3

eF e1/l, ~13!

where

l5N~0!UFFH 12
UBF

2

UBBUFF
J , ~14!

and N(0)5mFkF /(2p2\2). This shows, as we already an
ticipated, that the critical temperature in the case of bos
induced pairing is of the same order as that of pairing wit
bare fermion-fermion attraction, and can be very large
UBF

2 /UBBUFF@1. The condition can be achieved by a su
able choice of elements. At this time it is difficult to sugge
an appropriate choice since the scattering lengths for c
sions between bosonic and fermionic atoms are mostly b
studied at the time of writing, and precisely in view of th
present developments to which this work is a contributi
We also point out that an interesting consequence of E
~13! and ~14! is that, so long askFjB!1, the new critical
temperature is independent of the boson density. The st
density dependence in the plots of Ref.@12# is explained by
the fact that the regimekFjB*1 is also probed. We remar
that from our conclusion it follows that, when the Born a
proximation is valid, as for all cases in Figs. 1 and 2 in R
@12#, the curves for the phase shifts tend to a common t
gent not only for largekF’s, as pointed out by the author
but also for smallkF’s. This is because, as we have prove
02360
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the phase shifts are independent ofnB whenkF!jB
21 . This

important aspect was not clear from the plots, since the s
chosen did not reveal it. The anomaly of curve 3 in Fig. 2
Ref. @12# cannot be explained and we believe someth
must have gone wrong. We again carried out numerical
culations and confirmed this hypothesis.

IV. NOTE ON VALIDITY AND CONCLUSIONS

In the derivation above we have used the Born appro
mation. This is valid only if the potential is sufficiently sha
low. But, as we see from Eq.~6!, the depth of the induced
potential depends linearly onnB through the square of the
coherence length in the denominator. At low boson densi
the potential is very weak and all the considerations ab
are certainly valid. But whennB is large enough for the
induced potential to be able to host a ‘‘bound state’’ they fa
and the new scattering length and critical temperature m
depend dramatically onnB as the calculations in Ref.@12#
indicate~see their Figs. 3 and 4!. This regime is interesting
and worth studying in greater detail, but is beyond the sc
of this work.

By a simple argument we may estimate the highest bo
density allowed for our model to apply. The typical potent
energy of a particle confined in the potential~6! is, apart
from the sign,Ep;UBF

2 /4pUBBjB
3 , and the kinetic oneEk

;\2/mFjB
2 . To be safe then we need to requireEp /Ek!1,

which implies

nB
1/3aBB!

1

~16p!1/3S UBB

UBF
D 4/3S mB

mF
D 2/3

. ~15!

Thus if the scattering lengths and the masses are app
mately the same, as in typical conditions, it is enough
require that the boson gas is dilute for the Born approxim
tion to apply, but specific checks may be necessary, e
cially for largeUBF . Recall that the boson density cannot
too low though if the conditionkFjB!1 also has to be ful-
filled.

In conclusion we have shown that the boson-induced
teraction in a boson-fermion mixture can causes-wave Coo-
per pairing in a Fermi gas with bare repulsion, and we ha
given a simple criterion to predict when this is going
happen. We have calculated the associated critical temp
ture in the limitkFjB!1 where the highly efficient attraction
due to the phonon branch of the Bogoliubov spectrum
important, and found thatTc is of the same order as fo
s-wave pairing in a gas with bare attraction@see Eq.~13!#.

Note added in proof:Recently Roatiet al. @20# have ex-
perimentally realized a degenerate Fermi gas of40K in the
hyperfine stateuF59/2, MF59/2&, on top of a Bose-
Einstein condensate of89Rb in the uF52, MF52& state.
They predict aaBF52300(100)a0. Such a large value o
aBF opens very interesting possibilities for the experimen
study of the phenomenon presented here.
5-4



r-
n,

lso
at

BOSON-INDUCEDs-WAVE PAIRING IN DILUTE . . . PHYSICAL REVIEW A 66, 023605 ~2002!
ACKNOWLEDGMENTS

Finally, I express my gratitude to C. J. Pethick from No
dita and H. Smith from the O” rsted laboratory in Copenhage
l
,

M

k

02360
where a large part of the work was carried out. I would a
like to thank P. F. Bortignon and R. A. Broglia for support
the time of writing.
s.

A

-

e

nt
@1# D. Pines, inLiquid Helium, Proceedings of the Internationa
School of Physics ‘‘Enrico Fermi,’’ Course XXI, Varenna
1961, edited by G. Careri~Academic Press, New York, 1963!.

@2# D.O. Edwards, D.F. Brewer, P. Seligman, M. Skertic, and
Yaqub, Phys. Rev. Lett.15, 773 ~1965!.

@3# A.C. Anderson, D.O. Edwards, W.R. Roach, R.E. Sarwins
and J.C. Wheatley, Phys. Rev. Lett.17, 367 ~1966!.

@4# J. Bardeen, G. Baym, and D. Pines, Phys. Rev. Lett.17, 372
~1966!.

@5# P. G. de Gennes,Superconductivity of Metals and Alloys~Ben-
jamin, New York, 1966!.

@6# B. DeMarco, S.B. Papp, and D.S. Jin, Phys. Rev. Lett.86,
5409 ~2001!; B. DeMarco and D.S. Jin, Science285, 1703
~1999!.

@7# A.G. Truscottet al., Science291, 2570~2001!.
@8# F. Schrecket al., Phys. Rev. A64, 011402~2001!.
@9# K.M. O’Hara et al., Phys. Rev. Lett.85, 2092~2000!.

@10# F. Schrecket al., Phys. Rev. Lett.87, 080403~2001!.
.

i,

@11# H. Heiselberg, C.J. Pethick, H. Smith, and L. Viverit, Phy
Rev. Lett.85, 2418~2000!.

@12# M.J. Bijlsma, B.A. Heringa, and H.T.C. Stoof, Phys. Rev.
61, 053601~2000!.

@13# L. D. Landau and E. M. Lifshitz,Quantum Mechanics: Non
Relativistic Theory, 3rd ed.~Pergamon Press, Oxford, 1977!.

@14# E. M. Lifshitz and L. P. Pitaevskii,Statistical Physics, Part 2,
3rd ed.~Pergamon Press, Oxford, 1977!.

@15# L.P. Gorkov and T.K. Melik-Barkhudarov, Sov. Phys. JETP13,
1018 ~1961!.

@16# L. Viverit, C.J. Pethick, and H. Smith, Phys. Rev. A61, 053605
~2000!.

@17# V.J. Emery, Nucl. Phys.19, 154 ~1960!.
@18# Since the value for the87Rb-40K mixture is not yet known the

authors state they used the trial one 100a0, but we believe they
must have used 100A2a0 instead by mistake, see below in th
text for more on this.

@19# C. J. Joachain,Quantum Collision Theory~North-Holland,
Amsterdam, 1975!.

@20# G. Roati, F. Riboli, G. Modugno, and M. Inguscio, e-pri
cond-mat/0205015.
5-5


