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Coulomb-Volkov approach of ionization by extreme-ultraviolet laser pulses
in the subfemtosecond regime

G. Duchateau, E. Cormier, and R. Gayet
CELIA,* UniversitéBordeaux 1, 351 Cours de la Libe´ration, 33405 Talence Cedex, France

~Received 25 March 2002; published 28 August 2002!

In conditions where the interaction between an atom and a short high-frequency extreme ultraviolet laser
pulse is a perturbation, we show that a simple theoretical approach, based on Coulomb-Volkov-type states, can
make reliable predictions for ionization. To avoid any additional approximation, we consider here a standard
case: the ionization of hydrogen atoms initially in their ground state. For any field parameter, we show that the
method provides accurate energy spectra of ejected electrons, including many above threshold ionization
peaks, as long as the two following conditions are simultaneously fulfilled:~i! the photon energy is greater than
or equal to the ionization potential,~ii ! the ionization process is not saturated. Thus, ionization of atoms or
molecules by the high order harmonic laser pulses which are generated at present may be addressed through
this Coulomb-Volkov treatment.
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I. INTRODUCTION

In the last months, low-intensity extreme ultraviol
~XUV ! laser pulses of a few hundreds of attoseconds h
been produced by harmonic generation techniques@1#. Such
pulses are promising powerful tools to investigate thoroug
the dynamics of various elementary processes~e.g., elec-
tronic evolution of microscopic systems!. Further, the energy
of high-order harmonic photons is often high enough to io
ize atomic or molecular systems with the absorption o
single photon. It is at variance with infrared laser puls
where both a simultaneous absorption of many photons a
high laser intensity are required to achieve ionization wit
reasonable probability. Furthermore, with very short XU
laser pulses, the ionization of a microscopic system ta
place in a time interval much shorter than any relaxat
period of the system. Until now, most theoretical approac
of ionization were made in a context of both much long
pulse durations and much lower photon energies. Indeed,
numerical treatments of the time-dependent Schro¨dinger
equation are powerful ways to investigate the ionization
one or two-electron systems by subfemtosecond XUV la
pulses. However, running them involves intensive calcu
tions@2#. Therefore, the studies of future experiments call
adapted theoretical approximations that could provide e
reliable predictions of ionization by short XUV laser pulse
In this context, we examine an approach that was introdu
in the 1970s@3#. In order to avoid any further complication
we consider here the classic example of the ionization o
hydrogen atom initially in its ground state. A code impl
menting a full three-dimensional numerical approach, he
after referred to as TDSE~time-dependent Schro¨dinger equa-
tion! @2#, is used to indicate the domain where th
approximation is applicable.

*Centre Lasers Intenses et Applications~UMR No. 5107,
Unité Mixte de Recherche CNRS–Universite´ Bordeaux 1!,
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In previous papers@4–6#, we introduced a nonperturba
tive approach of atom ionization by ultrashort electroma
netic pulses. It was based on Coulomb-Volkov~CV! states
@3#, which are used in the framework of the sudden appro
mation. Compared to TDSE calculations, this approa
hereafter referred to as CV1, appears to be a very simple
powerful tool to study ionization by an external electric fiel
no matter what the strength of the perturbation is, when th
conditions are simultaneously fulfilled:~i! the pulse duration
is smaller than or comparable to the initial orbital period
the electron,~ii ! all this time the electric field does not pe
form more than two oscillations, and~iii ! its net integral over
this time is not zero~the electric field exhibits a dc compo
nent and shows mainly a classical aspect here!. This regime
may be called acollisional regimebecause the electromag
netic pulse presents similarities to the perturbation produ
by a fast impinging ion. CV1 predictions are shown to be
the better when the electric field amplitude is high, the init
quantum number is large, and the pulse duration is sh
Thus, it should be well adapted to study the ionization
impact of swift ions, more especially by fast multicharg
ions. Although CV1 cannot be used to make predictions w
genuine laser pulses~for which the dc electric-field compo
nent is zero!, the previous studies indicate that, during
short enough time, the exact state of the interacting syste
well described by CV wave functions.

High-order harmonic subfemtosecond pulses fit in with
quite different context. They are very short and their inte
sity is quite small~see, e.g., Ref.@1#!. Thus, investigations
may be restricted to conditions where the laser field is
perturbation. Further, a pulse always contains enough fi
oscillations to appear as a photon field, whose spectrum
be quite broad, depending upon the pulse length. Now,
field exhibits mainly its quantum aspect. With the absorpt
by a hydrogen atom of a photon, whose energy is h
enough to ionize the atom, the electron is rapidly transfer
to the continuum. Thus, a Coulomb-Volkov approach
stricted to perturbation conditions may be imagined sinc
Coulomb-Volkov state is a good description of the intera
ing system as long as the time of energy transfer is sm
©2002 The American Physical Society12-1
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compared to any characteristic atomic period~e.g., the or-
bital period! @6#.

The interest of this type of approach comes from the f
that the Coulomb-Volkov phase offers all possibilities of
multaneous exchange of many photons. In addition, the C
lomb influence of the nucleusbeforeandafter interaction is
kept, thus preserving the asymptotic behaviors. A similar
proach has already been introduced a long time ago by
and Tzoar@3#. The method was examined in various situ
tions ~stationary laser beams, low-frequency photons!, which
differ completely from the physical conditions of ultrasho
XUV laser pulses~see, e.g.,@7,8# and references therein!. In
the present paper, we investigate to which extent a sim
perturbation Coulomb-Volkov approach may be employed
predict single ionization of atoms or molecules by hig
frequency photons of a short laser pulse. It is worth not
that our study does not include backscattering, thus exclud-
ing all further processes such as higher-order harmonic e
sion or high-energy above threshold ionization~ATI !.

In Sec. II, the perturbative Coulomb-Volkov theory
ionization, hereafter referred to as CV22, is briefly de-
scribed in the context of short XUV laser pulses. In Sec.
it is applied in conditions that can be achieved actually w
present-day high-order harmonic radiation. CV22 energy
spectra of electrons ejected from hydrogen atoms initially
their ground state are compared to TDSE predictions. C
clusions are drawn in Sec. IV. Atomic units are used throu
out unless otherwise stated.

II. THEORY

In nonrelativistic conditions, the wave functionC(rW,t) of
a monoelectronic system interacting with an external elec
magnetic fieldFW (rW,t), which is assumed to be almost un
form in a large region around the atom at a given timt
~dipole approximation!, is given by the time-dependen
Schrödinger equation

i
]C~rW,t !

]t
5@Ha1rW•FW ~ t !#C~rW,t !,

~1!

Ha52
¹2

2
1Va~rW !,

whererW gives the position of the electron with respect to t
nucleus identified with the center of mass.FW (t) is the exter-
nal field at the atom.Va(rW) represents the interaction be
tween the electron and the rest of the target. With a hyd
genlike target of nuclear chargeZ, it is simply

Va~rW !52
Z

r
. ~2!

In what follows, the study is made for a hydrogen ato
initially in the ground state. However, the formalism can
extended to atoms or ions with a single valence elect
using a procedure similar to that of Ref.@9# for alkali-metal
atoms. Thus, the field-free initial state is
02341
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f t~rW,t !5w i~rW !exp~2 i« i t !, ~3!

where « i520.5 is the energy of the ground statew i(rW),
which is

w i~rW !5
e2r

Ap
. ~4!

The unperturbed final continuum statef f
2(rW,t) is the incom-

ing regular Coulomb wave function:

f f
2~rW,t !5w f

2~rW !exp~2 i« f t !, ~5!

wherew f
2(rW) is a continuum state of hydrogen normalized

d(kW2kW8); it is explicitly given by

w f
2~rW !5~2p!3/2expS 1

pn

2 DG~11 in!

3exp~ ikW•rW !1F1~2 in;1;2 ikr 2 ikW•rW !, ~6!

wherekW is the electron momentum,« f5k2/2 is the eigenen-
ergy ofw f

2(rW), andn51/k. Bothw i(rW) andw f
2(rW) are eigen-

states of the field-free HamiltonianHa .
The finite pulse duration is featured through a sine-squ

envelope. Thus, in the vicinity of the atom, the external fie
reads

FW ~ t !5FW 0 sin~vt1w!sin2S pt

t D when tP@0,t#,

~7!
FW ~ t !50W elsewhere,

wheret is the total duration of the pulse. In what follows, w
choosev50.855 a.u. in order to have a photon energy th
corresponds to the average high-order harmonic energy
ported in Ref.@1# ~15th harmonic!. Although it is not of great
importance when many oscillations are performed within@0,
t#, all calculations are made as in paper@4# with a time-
symmetric pulse, which impliesw5p/22vt/2. The electric
field of the laser is derived from a vector potentialAW (t) that
reads

AW ~ t !5AW ~ t0!2E
t0

t

dt8FW ~ t8!. ~8!

With the final statef f
2(rW,t), one builds an incoming

Coulomb-Volkov wave functionx f
2(rW,t). According to@3,4#,

it is

x f
2~rW,t !5f f

2~rW,t !L2~rW,t !,

L2~rW,t !5expH iAW 2~ t !•rW2 ikW•E
t

t

dt8AW 2~ t8!

2
i

2 Et

t

dt8AW 22
~ t8!J , ~9!
2-2
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whereAW 2(t) is the variation ofAW (t) over the time interval
@t,t#, i.e.,

AW 2~ t !5AW ~ t !2AW ~t!52E
t

t

FW ~ t !dt. ~10!

In previous papers@4,6#, it is shown that, within an inter-
action time shorter than the initial orbital period, a Coulom
Volkov wave function gives a good representation of the
teracting system.

In the Schro¨dinger picture, the transition amplitude from
the statei at t→2` to the final statef at t→1` may be
evaluated at any timet; it is

Tf i5^C f
2~ t !uC i

1~ t !&, ~11!

whereC f
2(rW,t) and C i

1(rW,t) are the exact solutions of Eq
~1! subject the asymptotic conditions:

C f
2~rW,t ! ;

t→1`

f f
2~rW,t !, ~12a!

C i
1~rW,t ! ;

t→2`

f i~rW,t !. ~12b!

In order to use the Coulomb-Volkov wave functio
x f

2(rW,t), calculations are made with the so-calledprior form
of the transition amplitude, that is,

Tf i
25 lim

t→2`
^C f

2~ t !uC i
1~ t !&5 lim

t→2`
^C f

2~ t !uf i~ t !& ~13!

according to Eq.~12b! and becausef i(rW,t) andf f
2(rW,t) are

orthogonal, one may write

Tf i
25 lim

t→2`
^C f

2~ t !uf i~ t !&2 lim
t→1`

^C f
2~ t !uf i~ t !&

5E
1`

2`

dt
]

]t
^C f

2~ t !uf i~ t !&. ~14!

After a standard easy algebra, the expression~14! may be
transformed into

Tf i
252 i E

0

t

dt^C f
2~ t !urW•FW ~ t !uf i~ t !&. ~15!

In perturbative conditions, one may substitutex f
2(rW,t) for

C f
2(rW,t) in Eq. ~12!. Then, according to expressions~3!, ~5!,

and ~9!, Tf l
2 may be written as

Tf i
2>Tf i

CV2252 i E
0

t

dt expH i S k2

2
2« i D t

1 ikW•E
t

t

dt8AW 2~ t8!1
i

2 Et

t

dt8AW 22
~ t8!J

3E drW w f
2* ~rW !exp~2 iAW 2~ t !•rW !rW•FW ~ t !w i~rW !.

~16!
02341
-
-

Let us introduce the useful functions

h2~ t !5 i S k2

2
2« i D1 ikW•AW 2~ t !1

i

2
AW 22

~ t !, ~17!

f 2~ t !5expH E
t

t

dt8h2~ t8!J , ~18!

g2~ t !5E drW w f
2* ~rW !exp~2AW 2~ t !•rW !w i~rW !. ~19!

With the expression~7! of the the external fieldFW (t), the
functionsh2(t) and f 2(t) may be calculated analytically. I
the form of FW (t) is more complicated, it is not difficult to
perform accurate numerical time integrations. One may a
get an analytical expression forg2(t) using a standard pro
cedure@10#. According to~10!, one has

]

]t
g2~ t !5 i E drW w f

2* ~rW !exp~2 iAW 2~ t !•rW !rW•FW ~ t !w i~rW !.

~20!

Thus,Tf i
CV22

may be written as

Tf i
CV22

52E
0

t

dt f2~ t !
]

]t
g2~ t !. ~21!

Integrating by parts and bearing in mind thatAW 2(t)50W , one
obtains

Tf i
CV22

5 f 2~0!g2~0!2E
0

t

dt h2~ t ! f 2~ t !g2~ t !. ~22!

It is worth noting that the first term of the right-hand side

Eq. ~22! is nothing butTf i
CV12

~prior version of CV1! multi-
plied by the phase factorf 2(0) @4,6#. For a genuine lase
pulse this term is zero, since one has alsoAW 2(0)50W ~no
direct electric field!. Therefore, a simple numerical time in

tegration over the pulse length is necessary to knowTf i
CV22

.
Then, the angular distribution of ejected electrons is given

]2Pf i
CV22

]EK]Vk
5kuTf i

CV22
u2, ~23!

where Ek and Vk are the energy and the direction corr
sponding to the impulsekW of an ejected electron. Integratin

over Vk gives the energy distribution]Pf i
CV22

/]EK and a

further integration overEk gives the total probabilityPf i
CV22

to ionize an atom with one pulse.A priori, one expects good

predictions from the present treatment as long asPf i
CV22

!1. The aim of the following section is to determine th

upper acceptable value ofPf i
CV22

.

2-3
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FIG. 1. Ionization of H(1s): electron distribution~density of probability per energy range! as a function of the energy of the ejecte
electron for a photon energyv50.855, a pulse lengtht5100, and various laser field amplitudesF0 : ~a! F050.01, ~b! F050.02, ~c! F0

50.04, ~d! F050.08, ~e! F050.16, ~f! F050.32. All quantities are given in atomic units. Dotted line, CV22; full line, TDSE.
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III. APPLICATION OF CV2 À TO IONIZATION OF
HYDROGEN ATOMS

To determine under which conditions CV22 applies, we
address here the ionization of hydrogen atoms in th
ground state by high-frequency laser pulses. As already m
tioned, the study is first carried out with a photon energyv
50.855~15th harmonic in Ref.@1#! in order to connect it to

a more realistic case. Then, we investigatePf i
CV22

as a func-

tion of v with laser parameters that ensurePf i
CV22

!1, irre-
spective of the value ofv.

A. Influence of the laser intensity

Let us first set two laser pulse parameters:v50.855 and
t5100. Thust ~2.4 fs! is comparable to the duration of
singlehigh-order harmonic pulse@12#, and it permits to get
well-separated ATI peaks. Further, a single photon absorp
is enough to ionizeH(1s). Electron energy spectra as pr
dicted by CV22 and TDSE are reported on Fig. 1 for in
creasing laser intensities. For laser field amplitudes up
F050.16 (I'931014 W cm22), there is an excellent agree
ment between the two spectra. The shape of peaks are
well reproduced by CV22. The difference between CV22

and TDSE backgrounds that shows up in between two c
secutive peaks at the highest ejection energies forF0
>0.04, may be due, not to a shortcoming of the CV22

method itself, but to rounding off numbers in the numeric
02341
ir
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l

time integration. For the background, the contribution o
given half-cycle is both, very small compared to the value
a peak and very close to the opposite of the contribution
the subsequent half-cycle. Thus, the final value seems ma
connected to the order of magnitude of the last signific
digit.

Now significant differences show up forF050.32, i.e.,I
'3.631015 W cm22 @Fig. 1~f!#. All ATI peaks predicted by
CV22 are both higher than TDSE ones, and all shifted
wards the ionization threshold by the same value. In pr
ciple, due to energy conservation, the ATI peaks appea
energies verifying

En5« i1nv2Up , ~24!

wheren is the number of absorbed photons and whereUp is
a ponderomotive energy. In perturbation conditions, one
Up5F0

2/4v2, F0
2 being the peak intensity. However, in th

very case whereF050.32, the total ionization probability
given by TDSE isPf i

TDSE50.72, which indicates that ioniza
tion saturates. It means that the atom looses the opportu
of experiencing the maximum intensity, since the electr
has gone before. Rather, ionization occurs at some effec
intensity during the pulse raise whenUp was smaller. The
effect is clearly reproduced in TDSE calculations. At va
ance, CV22 does not account for saturation, as is indicat
by its unrealistic prediction of the total ionization probabilit
2-4
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FIG. 2. Total ionization prob-
ability of H(1s) as a function of
the laser intensityI 5F0

2 for a
photon energyv50.855 and a
pulse lengtht5100. All quanti-
ties are given in atomic units. Dot
ted line, CV22; full line, TDSE.
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i.e., Pf i
CV22

51.44. In fact, CV22 predicts that]Pf i /]EK is
maximum when the electric-field amplitude is maximu
i.e., when F(t)5F0 . In addition, CV22 overestimates
]Pf i /]EK in the vicinity of F0 : for F050.32, the closer to
F0 , the higher the overestimation. Therefore, the maxim
of an ATI peak given by CV22 shows up when the pondero
motive energy reaches its highest value, that is,Up'3.5
31022 for F050.32. Since TDSE never overestimat
]Pf i /]EK , one expects the shift to amount to this maximu
02341
,

value of the ponderomotive energy. It is what is observed
Fig. 1~f!. In fact, a similar~but very tiny! shift may be de-
tected in Fig. 1~e!. If saturation conditions still prevailed, i
would be 931023 according to formula~24!. Since this is
not the case, the shift is even smaller, thus being almost
visible.

In Fig. 2, total ionization probabilitiesPf i
CV22

and Pf i
TDSE

are plotted as functions of the laser intensityI 5F0
2. The two

curves stay close to each other tillPf i
CV22

approaches 1. They
-

,

FIG. 3. Ionization of H(1s):
electron distribution as a function
of the energy of the ejected elec
tron for a photon energyv
50.855, a laser field amplitude
F050.05, and various pulse
lengths:~a! t520, ~b! t550, ~c!
t5100, ~d! t5200, ~e! t5350,
~f! t5500. All quantities are
given in atomic units. Dotted line
CV22; full line, TDSE.
2-5
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FIG. 4. Total ionization prob-
ability of H(1s) as a function of
the photon energy for a laser fiel
amplitude F050.01 and a pulse
length t5100. All quantities are
given in atomic units. Dotted line
CV22; full line, TDSE.
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may be distinguished as soon asI>1023, but it is worth

noting that, even for values ofPf i
CV22

greater than 10%
CV22 and TDSE energy distributions are still in good agre
ment. For instance, whenI 52.631022 (F050.16), one has

Pf i
CV22

'0.33, whilePf i
TDSE'0.28, but the CV22 energy dis-

tribution still agrees with TDSE. Positions and heights of t
first five peaks are pretty much the same. Therefore, CV2

works in a domain that stretches slightly beyond the per
bation regime.

B. Influence of the pulse duration

In Fig. 3, we setF050.05 so that one can approach t
limits of the perturbation regime by increasingt. Calcula-
tions are performed forv50.855 and fort ranging from 20
to 500. The situation looks very similar to Sec. III A. A goo
agreement is found everywhere for ATI peaks except for
last two peaks whent5500. Again, due to the loss of sig
nificant digits in between peaks, CV22 predictions for the
background are all the worse whent is large. However, even
for t5500, the total ionization probabilities given by the tw

approaches are the same (Pf i
CV22

5Pf i
TDSE50.155). Keeping

in mind that high-order harmonic pulses last 200 a.u. at m
it is a good indication that CV22 is a valuable tool to addres
realistic cases.

C. Influence of the photon energy

So far, we have examined electron energy spectra tha
obtained with a photon energy greater than the ioniza
threshold. Let us now set the laser parametersF050.01 and
t5100 to ensure that the total probability stays well bel
1, irrespective of the value ofv. Therefore, the study is
always made in the perturbation regime. In Fig. 4, we co

parePf i
CV22

to Pf i
TDSE, while v is increased from 0 to 1. Both

predictions cannot be distinguished abovev50.5, i.e., with
02341
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a photon energy greater than the ionization potential. A r
sonable agreement is still found for 0.42<v<0.5 due to the
wide broadening of the pulse frequency fort5100. The two
predictions disagree by an order of magnitude between 0

FIG. 5. Ionization of H(1s): electron distribution as a function
of the energy of the ejected electron for a photon energyv
50.855, a laser field amplitudeF050.01, and three pulse lengthst.
~a! t55 ~collisional regime!, ~b! t520 ~lower limit of the photonic
regime!, ~c! t5100 ~photonic regime!. All quantities are given in
atomic units. Dotted line, CV22; full line, TDSE.
2-6
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0.42. A rough qualitative explanation of this behavior may
given as follows:L2(rW,t) contains the displacement facto
exp$2ikW•*t

t dt8AW 2(t8)%, thus leading to a factor exp$ikW•@rW

2*t
t dt8AW 2(t8)#% in x f

2(rW,t). The second term in the squa
bracket is nothing but the classical displacement of a f
electron under the influence of the laser electric field dur
the pulse. In the casev>0.5, the ejected electron isfree to
move immediatelyin the continuum after the absorption o
any number of photons. However, whenv,0.5 two or more
photons are necessary to achieve ionization. Thus, altho
the electron is notimmediately in the continuum, CV22 an-
ticipates its displacement, which is equivalent to anticipat
ionization. As a result, ionization is overestimated. Anoth
cause of disagreement comes from the fact that CV22 does
not account for intermediate Rydberg resonances whev
<0.5.

Therefore, the present form of CV22 provides reliable
data only when the photon energy is greater than the ion
tion potential. It is worth noting that similar calculation
have been performed using the post form of the transi
amplitude, in which the Coulomb-Volkov statex i

1(rW,t) con-
nected to the initial states replacesC i

1(rW,t) @4,6#. Since the
electron displacement is missing in this approach, ca
CV21, predictions are much worse than CV22 ones@11#.

D. Application in the collisional regime

In all cases that have been examined in the previous
tions, the electric field of the laser performs about three
cillations or more, thus placing the transition in the photo
regime. Although there is nothing indicating that CV22

could fail in the collisional regime~where the electromag
netic field performs less than two oscillations!, it is worth
checking that good predictions can still be obtained. To
ye

y
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that, we kept the first term in right-hand side of Eq.~22!

since one has generallyAW 2(0)Þ0W in this case. In Fig. 5,
electron spectra are reported forF050.01 andv50.855.
The pulse duration is increased fromt55 ~collisional re-
gime with less than one oscillation! to t5100 ~photonic re-
gime with almost 14 oscillations!. Predictions fort520 are
also displayed because the situation corresponds to the
rameters of the experiment of Paulet al. @1#. As expected,
CV22 agrees well with TDSE in all cases.

IV. CONCLUSIONS AND PERSPECTIVES

Atom ionization by short vacuum ultraviolet laser puls
may be described accurately by the first order of a pertur
tion approach based on Coulomb-Volkov states. This
proach, which we called CV22, consists in replacing, in the
prior form of the transition amplitude, the total exact wa
function connected to the final continuum state by the co
sponding Coulomb-Volkov wave function. On the classic e
ample of atomic hydrogen targets, we have shown that v
good predictions of ATI spectra are obtained when both
photon energy is greater than or equal to the ionization
tential of the target, and perturbation conditions prevail.
the present case, our study shows that the total ioniza
probability should not exceed, let us say, 20% to 30% to
accurate electron spectra. Therefore, CV22 looks very prom-
ising to study the ionization of atoms or molecules by t
high-order harmonic laser pulses which are now generat

The present study is an extended test of CV22 with sub-
femtosecond extreme ultraviolet laser pulses. Some def
showed up in the calculation of the spectrum backgrou
Hence, we plan to improve the time integration procedure
order to extend the domain where the method CV22 applies.
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