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The Zeemar; factors are calculated for thé?R; and 3P, states of lithium and lithiumlike ions, including
relativistic corrections of ordex?, using variational wave functions in Hylleraas coordinates. Comparison with
other calculations is made.
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|. INTRODUCTION 6
Hzeemar ZO Hi, 1

Recently we have performed several calculatidrs3] of !
the Zeemary; factors for lithium and its lowZ ions in S here
states. The formalism is based on the extended Breit equatiovﬁ
of Hegstrom[4] which includes relativistic corrections of
order & a.u.(atomic units are used throughdutelativistic
recoil corrections of ordet?m/M, and radiative corrections 1

3 ; i - 2 2
of order «”. Although this theory was proven rigorously to Hy=— = a?ugH- 2 V]‘ (ir;xVv;)
be accurate up ta® for a neutral atomic system in @wstate, 2 i
it is expected that the extended Breit equation also describes
the Zeeman effect accurately to ordet for an Sstate low- +alugH- >, sjij, 3
Z ion. For nonS states, however, the theory is correct only j
to the order ofa?, although computationally it is much more
1 3rJ(rJ . Sj)
3r 3 r r]-2

Ho=ugH- (g L +0sS), (2

demanding than th&state case due to nonvanishing angular z

terms. So far, most of the calculations have concentrated on M2~ 5@ “pugH- 2
S states, except the work of Guan and Wadbg¢) who were

the first to evaluate the relativistic corrections to the Zeeman

g; factors of lithium in then ?P; states withn up to 5, using _1 i

the method of full core plus correlation. Nevertheless, it is H3_ o’ pgH J#k r3k[(sj+25‘)xr'k]xr“ ©
difficult to assess the reliability of their calculatiofsee the :

discussion in Sec. Il Since the values ofj; factors are 1 1

important in high-precision measuremefs-9], it is desir- Hy== a?ugH- >, {. — (1 XV +1, X V)

able to calculate thg; factors definitively using high-quality 2 k>]

wave functions. For two-electron atomic systems, such work

has been carried out by several authors, including Lewis and o v

Hughes[10], Anthony and Sebastiafill], and Yan and r3k(r‘><rk)r”‘ VitV |, ©
Drake[12], who used the calculategl; factors to reanalyze J

the level-crossing experimental values of the fine-structure m

splittings for the 3P, states of helium measured by Yang 5= M8 (iryxXVy), (7)

et al. [6,7]. The main purpose of this paper is to present J’&"

high-precision calculati2(2)ns of thgeJZ factors for lithium and 1
lithiumlike ions in the 2°P; and 3°P; states, withZ up to _= 2 2r1_ 0/,
12, including relativistic corrections of ordef. The second He 3(MBHZ) 2 ritd=Car)l. ®
purpose is to establish a benchmark for other atomic struc-
ture calculations involving three electrons. It should beln the above,r;j=r;—r;, m/M is the electron to nuclear
pointed out that, as the nuclear chargeincreases, the mass ratioZ is the nuclear chargd is the external mag-
electron-nuclear interaction will eventually dominate netic field with itsZ component beindgd,, ug is the Bohr
electron-electron correlations, and thus higher-order relativmagneton,CJ= \4/(2k+1) YJ{(r), L is the total orbital
istic and QED effects become important. At present, theangular momentum operat@s= =5 is the total spin angular
theory of higher-order effects, however, is available only formomentum operator, arg{ andgg[14] are
one-electron hydrogenic systerfis3].
g .=1-m/M, 9
Il. FORMULATION

. o L gs=2[1+ a/27—0.328 478 966/ 7)*
The starting point is the magnetic-field-dependent part of
the Hamiltonian4] +1.181 241 456/ w)3+ - - -]. (10
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TABLE |. Convergence of the reduced matrix elemeRidor the 22P state of lithium.N is the number of terms in the wave function.
Units are atomic units.

N Fy F, Fs F, Fs Fe
56 —0.196 475 —0.071 3144 —1.01827875 —0.021 907 26 —0.5799228 0.564 388 11
139 —0.203 462 —0.0738071 —1.019044 63 —0.021 849 39 —0.5805921 0.564 559 24
307 —0.204 664 —0.0741102 —1.019 14549 —0.021 84518 —0.5806623 0.564 593 34
623 —0.205 097 —0.074 1936 —1.019 15392 —0.02184578 —0.5806622 0.564 597 82
1175 —0.205 364 —0.074 2363 —1.019 156 40 —0.021 84596 —0.580 6996 0.564 604 51
1846 —0.205426 —0.074 2452 —1.019156 34 —0.021 846 14 —0.5806911 0.564 603 03
2882 —0.205 489 —0.074 2532 —1.019156 09 —0.021 846 02 —0.580 7003 0.564 604 67
3463 —0.205493 —0.074 2537 —1.019156 18 —0.021 846 06 —0.580 7004 0.564 604 70
o ~0.205493(4) —0.074253(5) —1.01915618(9) -—0.02184606(4) —0.58070@(1)  0.564 604 7(8)

N F7 Fg Fo Fio Fi
56 1.128 355 83 —0.364 2220 —0.5285319 68.564 451 —41.972 447
139 1.128 638 38 —0.364 2944 —0.528 7621 68.472014 —41.913877
307 1.128 706 33 —0.364 2945 —0.528 8092 68.460 940 —41.906 744
623 1.12871473 —0.364 2948 —0.5288197 68.459 350 —41.905730
1175 1.128 718 46 —0.364 2939 —0.528 8251 68.459016 —41.905510
1846 1.128 717 27 —0.364 2933 —0.528 8265 68.458 935 —41.905 457
2882 1.128 718 06 —0.364 2932 —0.528 8267 68.458 922 —41.905 448
3463 1.128 718 09 —0.364 2931 —0.528 8268 68.458 919 —41.905 446
o0 1.128 718 0B) —0.364 2931(1) —0.528 8268(1) 68.458 919 —41.905 446(2)

TABLE Il. Reduced matrix elements; for the 22P states of lithiumlike ions. Units are atomic units.

Term Li Be" B2+ c3* N4+
= —0.205 493(4) —0.526 20(1) —0.734673(3) —0.8697211(2) —0.962618(2)
F, —0.074253(5) —0.322199(2) —0.617627(8) —0.92451B(2) —1.234803(2)

F; —1.01915618(9) —4.09572@(1) —9.01210%(2) —15.69685D(2) —24.1293635(2)
F, —0.02184606(4) —0.0605960(2) —0.101783(2) —0.143967(3) —0.186680(3)

Fs  —0.5807004(1) —2.34640(1)  —5.228485(5) —09.194131(4) —14.231577(3)
Fe  0.5646047(8) 1.127 7910) 1.676 39096) 2.217 95983) 2.755 85282)
F, 1128718083  2.229 965 45) 3.283 08863) 4.313 78681) 5.333 06811)
Fg  —0.364293(1) —0.733728%(3) —1.0898777(1) —1.438544(3) —1.7830648(2)
Fo  —0.528828(1) —0.994984270(5) —1.433368(1) —1.86082895(4) —2.283068(1)

Fio 68.458 9193) 17.534 032 8) 8.07259938) 4.672726145) 3.057 306 622)
Fi1  —41.905446(2) —10.362610(1) —4.6605788(1) —2.65534424(6) —1.71789516(4)

Term (o (= Ne’* Naé+ Mg®*

F, —1029993(1) —1.080951(2) —1.120784(1) -—1.15274%(4) —1.178958(4)
F, —154622D(1) —1.858005(4) —2.169858(2) -—2.481688(1) —2.79344B(1)
F,  —34.3019763(3) —46.21126859(4) —59.855500(2) —75.2337023(2) —92.345 2895(2)
F, —0229738(3) -0.273017(3) -—0.316432(3) -0.35996D(3) —0.403573(3)
Fs  —20.335859(4) —27.504558(8) —35.736365(5) —45.03051(1) —55.386526(5)
Fe 3.29160973) 3.826 02074) 4.3595301) 4.892 40682) 5.42482181)
F- 6.345 857064) 7.354 62501) 8.360 73701®) 9.365 00581) 10.367 944R)
Fe  —2.1250006(3) —2.465516(3) —2.804852(3) —3.1434293(3) -—3.481433(3)
Fo —2702425(1) —3.1200390(1) —3.53651421(2) —3.952208(1) —4.367339(2)

Fio 2.159926201)  1.608673001)  1.245313541)  0.99294694l)  0.810439 64(B)
Fi, —1.20352842(2) —0.89059044(2) —0.68590043(1) —0.544 62627(1) —0.442 990 650(6)
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TABLE Ill. Reduced matrix elements; for the 32P states of lithiumlike ions. Units are atomic units.

Term Li Be B2* c3 N4+

F, —0.060499(5)  —0.13&(2) ~0.18(6(2) —0.202(1) —0.21898(8)
F, —0.024145(4)  —0.09318(3) —0.16765(3) —0.24126(3)  —0.31368(3)
Fs ~0.43265D(3) —1.7247491(1) —3.810337(2) —6.67268567(2) —10.307 636(4)
F,  —000552A&(2) —0.015558(2) —0.027608(6) —0.0408986(6) —0.054948(1)
Fo —0.251558(1)  —1.01209(1) —2.25985(2) —3.98529(2)  —6.18512(3)
Fs 0.246 43172 0.491 6581) 0.7325341) 0.9714262) 1.209 2872)

F- 0.49250741) 0.97472672) 1.443 492%2) 1.906 6241) 2.367 0371)

Fe —0.158100798(1) —0.316652(1) —0.4710692(4) —0.6234161(2) —0.77468(M(2)
Fo —0.240287(2) —0.465176(5) —0.682488(1) —0.896565(4) —1.1089898(4)
Fio 415.19543) 103.85551(07) 46.719 39%5) 26.570 4664) 17.155 891)
F,,  —26120B(2) —64.96285(1) —29.10672(1) —16.507143(2) —10.636277(1)
Term o Fs* Ne'* Na®* Mg®*

F, ~0.22888(6)  —0.23590(4) —0.24112(4) —0.24513(4)  —0.24831(3)
F, ~0.38518(2)  —0.45600(1) —0.52634(2) —0.59631(2)  —0.66599(2)
Fs  —14713746(2) —19.890423(5) —25.8373607(4) —32.554396(3) —40.0414 436(5)
F. ~0.069478(6) —0.084328(4) —0.09939B(5) —0.1146316(5) —0.129986(5)
Fs —8.85800(3)  —12.00328(4) —15.62%(1) —19.70975(5) —24.27062(5)
Fe 1.446 54%2) 1.68342382) 1.920 0442) 2.156 4842) 2.3927913)

F- 2.8259501) 3.28395206) 3.7413601) 4,198 3611) 4.655 07026)
Fe —0.925319(5) —1.075562(6) —1.2255471(6) —1.375346(1) —1.525012(1)
Fo —1.320458(7) —1531319(1) -—1.741776(1) —1.951947(1) —2.161910(1)
Fio 11.997 6201) 8.864 348K1) 6.818 02691) 5.407 64782) 4,394 253 8B)
F.,  —7.426589(2) —5.48031G(1) —4.2110143(1) -3.3372017(2) —2.70996301(5)

TABLE IV. Comparison of (H;) for the 22P; and 3?P, states of lithium, where(H;)
=(LSJJH;|LSJJ. The first entry is the present calculation and the second entry is the value of Guan and
Wang[5]. Units are 108ugH(—J) a.u.

Term 22P ) 22Py, 32Py) 32P,,
(Hy) 5.585 45(1) 10.081 366() 2.328 961) 4.321901)
5.5826 10.0800 2.3291 4.3206
(H5) 14.363 9083) —5.6883598(3) 6.245528) —2.480400(2)
14.363 —5.6800 6.2459 —2.4802
(H3) —8.860931(1) 3.7195062) —3.969 383(3) 1.6332763)
—8.8651 3.7195 —7.6890 2.0051
(Ha) —0.537085(5) —0.268542(3) —0.190 80(4) —0.09540(2)
0.099 81 0.04990 0.12060 0.060 30
(Hs) —6.1858(1) —3.09291(5) —1.8211(1) —0.91058(6)
61.4888 30.7444 1.6195 0.8097
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The application of angular momentum algebra yields the expression for the matrix element of the Zeeman Hamiltonian
betweenJ’ andJ:

<LSJ,M |H ,|1LSJM>:( H _1 l*MJ J JI 172 J, 1 J \/6 L J’ S _1 J+3 +L+S~s
JIM zeema J meH)( ) (3,97 _ | 1 ( ) gL

M; 0 M J L
, L L 2
20 (-1 Sgg+(-1)"{ S S 19
S IS S X
J J 1
+E(MBH)2(—1)J“’MJ(JJ')M[( oo J)[L 7 S](—l)HSQ
3 ’ -M; 0 M;/|J L O Q
- oz s (—1)""5gqo (11)
-M; 0 M;/|J L 2 Q2|
|
where @,B, ...)=(2a+1)(28+1) ... . The fiveg fac- )
tors, which characterize the Zeeman effect to or@&rcan Fa=2 (W|[V2(—irx V)[w)S[1l]S), (19
be further expressed in terms of 11 reduced matrix elements '
according to
,_\/(2L+1)L(L+1) L m Fa=2 (I~  rXmlre (9) +VolllwXSa[S),
o 6 T Basrn Mt (20)
2
b (—Fp+ Pyt Fy), (12 Fs=2 (W|VZ[w)SlIsIS), (20
2\6(25+1) J
(2S+1)S(S+1) , 1
gi= /TGS(—DZJ Fe=; (\If||r—j||\I'><S||sj||S>, (22
2 ) 7
+——=(—-1)% F5+—F6——F7), (13
6(2L+1) 37673 JM(‘I’II er I‘P><S||(SJ+25K)IIS> (23
5 G
_ _ N 1
9=g | ~2Fst 3 o), (14 Fom 2 (VI Corpl[W)(Sllslls), 29
J
! F (15)
TS Fom 3 (W (310 @IS 5+ 250119,
jk
2
! F (16) =
ng—— 11-
25+1
Flo=; (W[ri[w)(sllls), (26)
The reduced matrix elemenks are defined by
: Fr=2> (¥|[r2Cy(rp||¥)(S]|1]|S). 2
Flzgk<‘I’||—”jXVk||‘I'><5||1||5>, (17) 11 ;( ||j 2( J)|| >< || || > (7)

1 For the operatoH 3, a recoupling procedure was applied in
= (U= —(r X V1 X V)| [9)(S][2]]S), order to separate the orbital and spin péste[15], p. 85. It
ey Nk J is easy to show that the formulation for a two-electron sys-
(18  tem[12] is contained here as a special case.
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. CALCULATIONS AND RESULTS angular momentunt, and y; is a spin function with spin
angular momentum 1/2. As described previougly], all

We consider a lithiumlike ion for the case of infinite terms from Eq(28) are nominally included such that

nuclear mass. The wave functions for lithiumlike ions were
constructed variationally in multiple basis sets in Hylleraas o
coordinates containing terms of the form JitiotistjiatjastjasQ, (29

ritr e i 2 3lemerAra- 7r337'(g'\/l'e2)512,453(r1,rzirs))(l, and the convergence of the eigenvalues is studie ds
(28 progressively increased. The computational details of all nec-
essary integrals, including singular integrals, can be found in
Wherey'(e'\fez)flz,Q is a vector-coupled product of spherical [17]. Note that forS states the only nonzero terms dfe,
harmonics for the three electrons to form a state of totaFg, F, andF o due to the triangular rule of angular momen-

TABLE V. Contributions to theg; factors for lithium and lithiumlike ions in the 2P, and 3?P; states.
a° indicates the terms involving, , gs, andF,, and«? indicates the relativistic correction of ordef.

Term 2°Py, 2%Py, 3%Pyp 3%Pyp
Li
a® —0.6657954734(1) —1.33405738896(5) —0.665791108(1) — 1.334 055206 63(6)
a? 0.000 010551 33®) 0.000 007 843 97@) 0.000 004 4143@) 0.000003 379 3@)
95 ~0.665784922(1)  —1.33404954499(5) —0.665 786 6945(1) —1.334 051 827 25(6)
QBe+
a0 ~0.6658247157(3) —1.334072010(1) —0.665815635(3) —1.334067 469(2)
a? 0.000 041 160 1%®) 0.000 031 403 7®) 0.000 017 324®2) 0.000013527@)
g5 —0.6657835556(3)  —1.3340406063(1) —0.665798310(3) — 1.334053942(2)
llBZ+
@®  —0.66584120417(5) —1.33408025431(3) —0.665830575(2) —1.334074939(1)
o? 0.000 090 124 3@) 0.000 069 805 9@) 0.000 038 296() 0.000 030 186@)
g,  —0.66575107987(7) —1.33401044835(5) —0.665792278(2) - 1.334044753(1)
1203+
o®  —0.665847902699(4) —1.334083603576(2) —0.665836190(2) — 1.334077 7474(9)
a? 0.000 157 047 1(B) 0.000 122677 0B) 0.000 067 228®) 0.000 053 242@)
9,  —0.66569085558(3) —1.33396092650(3) —0.665768962(2) — 1.334024508(9)
1apja+
@®  —0.665855835608(2) —1.334087570030(1) —0.665844619(1) —1.33408196Q(6)
a? 0.000 241 815 4®) 0.000 189 881 43) 0.000 104 087@) 0.000 082 653(B)
9,  —0.66561402014(3) —1.33389768859(3) —0.665740532(1) - 1.333999308(7)
1605+
o®  —0.665861423747(1) —1.334090 364 1001(5) — 0.665 850 848(8) — 1.334 085 078(4)
a? 0.000 344 385 541) 0.000271 360 7(@) 0.000 148 8578) 0.000 118 3993®)
g,  —0.66551703820(4) —1.33381900332(4) —0.6657019878(9) - 1.333966 6755(5)
1956+
@®  —0.66586707194(1) —1.334093188198(7) —0.665857 6776(5) —1.334 088 490(2)
o? 0.000 464 736 87) 0.000 367 086 3®) 0.000201531&) 0.000160 47231
9,  —0.66540233507(7) —1.33372610185(6) —0.665656146(6) — 1.3339280187(4)
20Ne7+
«®  —0.665 868809 6388(6) — 1.334 094 057 0457(3) —0.665 859 516(4) —1.334 089 416(2)
a? 0.000 602 858 6(b) 0.000477 042 3@ 0.000 262 103@) 0.000 208 866@4)
g,  —0.66526595102(5) —1.33361701465(4) —0.665597419(6) - 1.3338805438(4)
23 B
@®  —0.665872331097(4) —1.334095817 775(2) —0.6658639929(3) —1.334 091 648(1)
o? 0.000 758 744 4®) 0.000 601 219 64) 0.000330572%) 0.000 263 579%)
9,  —0.66511358663(6) —1.33349459813(5) —0.665533420(6) - 1.333828 0694(5)
200+
o®  —0.665873442737(4) —1.334096 373594(2) —0.665 8652477(3) —1.334092 276(1)
a? 0.000 932 390 5%) 0.00073961223) 0.000 406 935() 0.000 324 608%)
g,  —0.66494105221(5) —1.33335676135(4) —0.6654583126(6) — 1.333767 6677(5)
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tum. Table | is the results of the convergence studies of théneir definition is the same as ours,=r;—r;, then the sec-
reduced matrix elements; for the 2°P state of lithium, as  ond term of their expression should have a sign chahgg

the size of the basis set is enlarged up to 3463. The resuli§o obvious explanation can be found for the disagreement
corresponding td\= 3463 are taken as the values of extrapo-for Hg. Table V summaries the contributions to #hgefactors

lation to N— e, with the differences of the last two calcula- for lithium and lithiumlike ions. The diagona; factor can
tions being the uncertainties. Tables Il and I1l list the reducede defined by

matrix elements; for the 22P and 3P states of lithiumlike

ions, respectively, wittZ up to 12. The consistency of our o im (LSIJHzeemahl SIP
values can be checked as follows. Since €acks a homo- 9 HeO meHJ '
geneous function im space, it can be expanded into a series

in powers ofZ~* according to the method of largeexpan-  Thus the contribution from the quadratic tedry can be
sion [16]. ConsiderF, for example. A fit to our numerical ignored. To the best of our knowledge, the only measure-

(32

results in the rang&=23 to 11 for the state of 2P yields ments for the 2P, and 2%P), states of lithium are due to
Ritter [19] using the optical-radio-frequency double-

F,=—0.04402026)Z+0.129 47281) resonance method. His results are0.6668(20) and
—0.061716)Z 1+ 0.060937)Z 2—0.14726)Z 3. —1.335(10), respectivelgsee also the review article by Ari-

mondoet al.[20]). Although our calculations agree with the
(300  measurements, the uncertainties in the experimental values
. . . are too large to provide a meaningful test for the relativistic
This eq.uat|0n pre_dmtsﬁ; _0‘40.3 57(35) for the case of effects of grderag. It should be mgntioned here that all the
Z=12, in comparison W'th the directly (_:alculated result_ Ofuncertainties assigned in Table V are purely computational
—0.40357983). Table |V is the comparison of our matrix ,nq have nothing to do with the uncalculated higher-order
elements oH; with the calculations of Guan and Wah§|

terms.
2 2 ithi
for the 2°P; and 3°P; states of lithium. Our results fdt In summary, we have performed high-precision calcula-

and H, agree with but are much more accurate than thgjong of the Zeeman, factors for lithium and lithiumlike
values of Guan and Wang. Fbir;, a similar agreement exists ¢ in the 2P, and 3?P, states using variational wave

2 2 : ;
only for the 2Py, and 2 P23/2 states; tgere are large discrep- nctions in fully correlated Hylleraas coordinates, including
ancies, however, for the“®,, and 3°Py, states. FoHs  the |owest-order relativistic corrections. The next higher-

andHs, their calculations completely disagree with ours. Forgger effects not included in the present calculations are rela-
the operatoH,, their expressiofiEg. (6) of [5]] seems to be jyistic recoil corrections of ordex?m/M and radiative cor-

in error [10]; rections of order®. No theoretical analysis has been carried

3 out on these effects to our knowledge for a three-electron
HEW= — a2uH- >, [(rixp)ir; system in an external magnetic field. We hope that our work
%] will stimulate further research activities in both theory and
3 experiment.
+(riXr)(rij-pyp/riil. (31
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