
RAPID COMMUNICATIONS

PHYSICAL REVIEW A 66, 021602~R! ~2002!
Split vortices in optically coupled Bose-Einstein condensates
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We study a rotating two-component Bose-Einstein condensate in which an optically induced Josephson
coupling allows for population transfer between the two species. In a regime where separation of species is
favored, the ground state of the rotating system displays domain walls with velocity fields normal to them.
Such a configuration looks like a vortex split into two halves, with atoms circulating around the vortex and
changing their internal state as they cross the domain wall.
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Vortex formation is generally viewed as an unequivo
signature of superfluid motion in atomic Bose-Einstein co
densates. Both in one- and two-component systems, a n
ber of vortexlike structures have been created and obse
@1,2# that confirm theoretical predictions@3–5#. The Joseph-
son effect between two weakly coupled condensates is
other paradigm of superfluid transport that so far has
ceived less attention@6–8#. In this paper, we present
combined study of these two fundamental properties of
perfluid systems: vortex and Josephson dynamics. We s
the ground-state properties of a rotating double conden
system in which the combined role of vortex formation a
optical coupling between two different hyperfine states gi
rise to a rich physical behavior.

A crucial consequence of the internal Josephson coup
is the generation of aneffective attractionbetween both
atomic species due to the energy that atoms gain by choo
a symmetric mixture of the coupled internal states. The
fore, the most interesting physics is reached by combin
this coupling with setups that otherwise favor species se
ration, such as a particular combination of atomic scatter
lengths@9,10# or a separation of the respective confining p
tentials@11#. In these types of setups we find that the effe
tive attraction due to the optical coupling causes an incre
in the thickness of the domain wall where the two comp
nents physically overlap. More important is the fact that
we add rotation to a Josephson coupled condensate
separate domains, atoms can use the domain wall to mu
their internal state and shift between components in a c
tinuous way. Combining this persistent current in the inn
space with a persistent current in real space, the double
densate may now easily create a vortex core for each c
ponent in the region where that component has a low den
Even for otherwise small values of the Josephson coupl
thesesplit vorticessupport a net mass flow comparable
that of conventional vortices. The formation of these no
structures is less costly in terms of angular speed becaus
vortex of a given component is formed not within its ow
domain but in the opposite one, where its superfluid den
is low and the cost in kinetic energy is therefore small.
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To study this type of vortex structure, we analyze firs
rotating two-component condensate without optical coupl
~i.e., with impenetrable domain walls! and show that its be-
havior is essentially that of a one-component system wit
displaced axis of rotation. Then we show that vortex form
tion is strongly inhibited because of the ability of the syste
to gain angular momentum by merely distancing itself fro
the rotation axis. The picture changes qualitatively whe
Raman coupling is introduced to permit coherent hopp
between the two internal states. Because the flow of parti
in a given state is no longer a conserved quantity, the cir
lation lines of a component can cross the domain wall wit
concomitant decrease in their supporting superfluid dens
This results in a global structure of two asymmetrical vor
ces where matter is efficiently transported both in real sp
and within the hyperfine doublet.

I. THE MODEL

In this paper we focus on double condensate systems
as those made of Rb at JILA@1#, but this time in rotating
traps and with a permanent optical coupling between
species. In the rotating frame of Ref.@5#, the Gross-
Pitaevskii equations for the condensate wave functions r

i\]tC15FH11(
j

U1 j uC j u2GC12
1

2
\VRC2 , ~1a!

i\]tC25FH21(
j

U2 j uC j u2GC22
1

2
\VRC1 . ~1b!

Here H j correspond to the noninteracting Hamiltonia
H1,252(\2/2m)D1V(r2r1,2)2\VLz1\d̄1,2, whereV(r )
5 1

2 mv2r 2 is the trapping potential,r j is the center of the
trap for componentj, andV is the angular speed. The mutu
interactionsUi j 54p\2ai j /m are proportional to thes-wave
scattering lengthsai j . The last term in each equation mode
an optical coupling between species. This is a Joseph
type coupling that allows atoms to change their internal st
Since we focus on stationary configurations, the normali
tion of each wave function is fixed,Ni5* uC i(r )u2dr . Fi-
©2002 The American Physical Society02-1
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nally, \d̄ i is a tunable energy splitting in the hyperfine spa
which controls the population of each component.

In this paper, we restrict our attention to axially symm
ric two-dimensional configurations which may descri
pancake-type traps@12#. In such traps the nonlinear param
eter is affected by a corrective factor@5# andN1 andN2 are
interpreted as the effective number of particles. To facilit
the analysis, we introduce dimensionless variablesx5r /a0

and t5t/T. With this change andc j (x,t)5Nj
21/2C j (r ,t),

we write the equations for stationary states

m1c15FH11(
j

g1 j uc j u2Gc12lc2 , ~2a!

m2c25FH21(
j

g2 j uc j u2Gc22lc1 , ~2b!

with rescaled Hamiltonians (k51,2)

Hk5 1
2 @2D1~x2xk!

21y2#1 iV~x]y2y]x!. ~3!

In Eq. ~2!, the splittingsd̄ i are included in the chemical po
tentials. The parameterl52VR /v measures the intensity o
the optical coupling. Although it is widely tunable, in ou
work it will be spatially uniform and at most of order unity
We have solved numerically Eq.~2!, looking for the solu-

FIG. 1. ~a! Density profiles in scenarioA for V50. We show a
gray-scale plot ofuc1u2 ~dark! and a contour plot ofuc2u2 ~solid
lines!. The trap separation is indicated with dashed lines.~b! TypeA
condensates forV50.135. Gray-scale plot for the phase (u
5argc1), arrows for the direction of the velocity field (v5¹u),
and contour lines foruc1u2. ~c! Separation of the atomic clouds an
~d! angular momentum as a function of the angular speed for
nariosA ~circles, solid line! andB ~crosses, dashed line!. All mag-
nitudes have been adimensionalized.
02160
,

-

e

tions that have lower energy, the so-called ground sta
Each of such solutions represents a stable, experimen
realizable configuration.

We will consider two different scenarios in which th
double condensate exhibits domain walls, and which g
qualitatively similar results. The first case, which we c
‘‘setup B,’’ corresponds to a situation in whichg115g22
5N, g1252N, with a choice ofN538. In this case the in-
equalityg12

2 .g11g22 is satisfied and the domains form spo
taneously@10# with no need for trap separation nor splittin
i.e., x1,250, m15m2.

The second and most important scenario, which we
‘‘setup A,’’ corresponds to the case of87Rb @1# with param-
eter values (g21

g11
g22

g12)5(0.94
1

0.97
0.94)aN ~i.e., N15N25N), and a

typical effective value ofN5100. This type of condensat
has been studied in many previous experimental and theo
ical works. For87Rb, the inequality mentioned above is clo
to saturation@10# and a separationx152x251 ensures the
formation of two different domains. The external splittin
takes small values,m12m2<0.01, and it does not influenc
the results.

II. ROTATION WITHOUT JOSEPHSON COUPLING

Here we consider the casel50. The existence of domain
walls implies that the motion of species is spatially co
strained. Therefore, if we impose some angular speed to
traps containing the condensates, each cloud tends to
tangentially to the domain wall. The density distribution
similar to the case without rotation, but now, due to the c
trifugal force, the species separate a little and gain lin
speed. Together with the deformation of the clouds, t
mechanism permits acquiring a large amount of angular m
mentum without generating vortices@Fig. 1~d!#, which only
form at very highV @.0.4 as Fig. 4~a! shows#.

In Fig. 1~a!, we show the ground state of the rotatin
double condensate system forl50, showing a structure o
domain walls that persists in the presence of rotation
prevents the formation of vortices, as revealed by the ph
and circulation patterns of Fig. 1~b!. From Fig. 1~c!, it is
evident that both the mutual repulsion and the rotation of
trap increase the separation among species. The flow pa
presents a curvature which is too small@Fig. 1~b!#, and the

e-

FIG. 2. Scheme of an off-axis rotating trap. Both the center
the trap and the trap itself rotate with angular speedV.
2-2
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gain of angular momentum@Fig. 1~d!# is due instead to the
displacement of the condensate away from the origin.

To get a deeper understanding of this configuration, i
useful to study the off-axis rotation of a single compone
condensate. It experiences a potentialV(x,t)5 1

2 @x
2r0(t)#A(t)@x2r0(t)# with A(t) andr0(t) rotating at speed
V around a displaced axis, as depicted in Fig. 2. Thanks
particular symmetry of the problem@13#, the wave function
for an off-axis rotating condensate can be written as a s
tion of the centered problem displaced a variable amoun

coff~x,t !5fcentered~x2u,t !eimu̇•x/\1 f (t). ~4!

This tells us that the behavior of a condensate in an off-a
rotating trap is qualitatively similar to that of a condensate
a centered trap: Vortices nucleate at similar angular spe
and they all appear inside the condensed cloud. The di
ence is that now the condensate has an additional sourc
angular momentum due to its displacement with respec
the origin,Lz}Vuuu2}V(12V2/v2)22r 0

2.
These arguments, which are rigorous for the single c

densate system, may be extended to the two-component
densate case when the overlap between clouds is sm
meaning that vortices should appear in the center of the
responding clouds even when each of the components is
placed from the axis of rotation.

FIG. 3. Rotating two-component condensate with couplingl
50.1, scenarioB with N5100 and angular speedV50.2. ~a! Con-
tour lines for the moduli of the wave functionsuc1u ~solid line! and
uc2u ~dashed line!. ~b! Contour levels foruc1u, phase (u5argc1,
gray scale!, and velocity field (v15¹ argc1, triangles!. ~c! Con-
densate fluxesj x

( i )5uc i u2vx
( i ) , together with intensity of the optica

coupling,luc1uc2u, along the liney520.097.~d! Position of the
vortex for a typeB condensate withV50.28, as a function of the
coupling. All units have been adimensionalized.
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III. ROLE OF JOSEPHSON COUPLING

In order to explain the role of Josephson coupling, let
first consider situationA. It is easy to show that the Josep
son terms favor energetically the mixing of both species.
the limit of strong coupling, they coexist in space even wh
their traps are separated. This is most intuitively apprecia
by inspecting the energy functional associated to Eq.~2!,

E@c1 ,c2#5E @c̄1H1c11c̄2H2c2#

1E F (
i , j 51,2

gi j uc j u2uc i u22lRe~ c̄1c2!G . ~5!

The coupling term by itself is minimized with a solutio
such that argc15argc2. The analogy with the off-axis rota
tion of a single condensate@see Eq.~4!# suggests the varia
tional wave function

c1,2~x,y!}e2(x6u)2/22y2/2e7 ivy. ~6!

Substituting this ansatz into Eq.~5!, one gets an effective
energy

FIG. 4. ~a!, ~b! Angular momentum per particle,l z , versusV
andl, for type A andB condensates, respectively.~c!–~e! Density
plots and~f!–~h! phase plots of states of a typeA rotating conden-
sate: l50.315, V50.316 ~c!, ~f!, V50.447 ~d!, ~g!, and V
50.474 ~e!, ~h!. In ~c!–~h! we plot both species separately~al-
though they overlap!. All magnitudes are dimensionless.
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E; 1
2 ~u2d!21 1

2 v21Vuv2le2u2
1g12Ce22u2

, ~7!

whereC is of order unity. Minimization with respect to th
velocity v leads tov52Vu, and thusV favors separation
More importantly, it is clear from Eq.~7! that l effectively
decreases the repulsion between condensates. Thus, the
ration u decreases with the strength of the optical coupl
and becomes zero for a strong enough value of the Josep
coupling, lc . Both the repulsive interaction among boso
and the rotation of the trap tend to inhibit mixture of speci
thus increasing the value oflc . For high enoughl, the two
components become essentially miscible.

IV. VORTEX FORMATION

The structure of matter flow in the condensate suffer
drastic trasformation when the Josepson coupling is in
duced. The numerical results for setupsA andB show that,
for some frequencies, the existence of a nonzero coup
permits the formation of vortices that would be otherw
forbidden@Figs. 3~a! and 4#. These vortices involve a matte
flow which is orthogonal to the wall separating both conde
sates@Fig. 3~b!#. We note that the exact location of bo
vortex cores depends on the intensity of the coupling@Fig.
3~d!#.

The mathematical reason for this striking change is th
with a nonzero value ofl, the matter flow of each species
no longer conserved. Assuming a divergence-free flow,
equation of continuity along the trajectory of a boson b
comes

]uc1u2

] l
v152l Re~ c̄1c2!52

]uc2u2

] l
v2 . ~8!

Thus, as the current line is closed around the origin, ther
an exchange of bosons among components. A typical bo
flowing around the origin suffers a transformation from st
u1& to u2& and vice versa as it completes a circle.

Physically, there is a fundamental reason why bosons
transferred from one component to the other. Forl50, vor-
tices must lay inside each condensed cloud, due to cur
.E

ys
.
,
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conservation, which means that a large angular speed is
quired to create them. However, for any nonzero coupli
vortices may appearoutsidethe bulk of the clouds, at a vari
able distance from the origin. Placed at low-density regio
the twist of the phase requires less kinetic ene
* uc i u2(¹ argc i)

2 and provides more angular momentu
than the mere separation of clouds.

In Figs. 4~a! and 4~b!, we plot the angular momentum pe
particle as a function of the Josephson coupling and the
gular speed. The cliffs on the surface are due to the nu
ation of successive vortices. The separation of these vort
from thex50 domain wall decreases very fast with increa
ing l: Fig. 3~d! shows that, already forl50.05, the vortices
become visible. The limitl→01 for fixed V is physically
smooth because in it vortices disappear continuously mov
their core to infinity, and carry a vanishing mass flow,
evidenced in Fig. 4 by the decreasing height of the first s
At l50, a much higher angular speed is needed to cre
vortices, because these are necessarily off-axis~here, V
.0.45 is required!. The main result is that a moderate optic
coupling (l;0.1) permits the formation of split vortice
with important mass flow at lower angular velocities.

V. INTERNAL JOSEPHSON DYNAMICS

The Hamiltonian~5! may be written as that of a nonrigi
pendulum @8# with an effective interaction energyEc
5( i j gi j s i j (21)i 1 j , wheres i j [* uc i u2uc j u2, and an effec-
tive Rabi frequencyvR5VRs12, with s12[*c̄1c2. The con-
clusion is that, for the setups considered here (l&0.5), the
internal two-state dynamics lies in the collective Joseph
regime (2vR /N!Ec!NvR/2), while in the JILA experi-
ment@6#, where no walls are formed, the same dynamics
in the noninteracting Rabi limit (Ec!2vR /N).
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