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Statistical theory of Fano resonances in atomic and molecular photoabsorption
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A statistical theory of Fano resonances is presented for highly excited atomic and molecular systems with a
classical chaotic limit. The probability distribution of the Fano parameter, which characterizes the asymmetry
profile of a single resonance, is derived both for the case when the quantum system obeys time-reversal
symmetry and when time-reversal symmetry is broken. Applications of the theory to photodissociation spectra
of molecules and autoionization of Rydberg atoms are discussed.
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I. INTRODUCTION picts schematically the situation envisaged. Consider a tri-
atomic molecule with two-dimensional potential surfaces in
Resonance phenomena are ubiquitous in highly exciteche diabatic representation. The molecule is coherently laser
quantum systems. Typical examples are autoionizing atomigxcited from the ground state or a low-lying sta@® of
resonancefl], photodissociation of rovibrational molecular energyE, onto two two-dimensional electronic potential sur-
stated[2], excitons in semiconductor quantum welll, and  ¢5ce5” The transition is accomplished by the dipole operator

resonant transport through nanostructufd$ Since the . .
seminal work of Fang5] it is known that the line shapes of D. Electronic surfacl is the open channel—the_ener_ay_
of the molecular complex is above the dissociation

resonances may differ considerably from the Breit-Wigner . ) . .
form in a resonant excitation process. Interference betweefhiréshold—while the motion on the potential surfe& is
the indirect and the direct decay process results in a BeutlePound(closed channgl The dipole matrix element for tran-
Fano resonance profile of the photoabsorption cross secticHtion to the open channel is given gy = (0| D| {9,
[1,6]. where|#®9) is the regular continuum solution at enerigy
This Rapid Communication is aimed towards a statisticain the open channel, normalized in energy. WEsepincides
theory of Fano resonances in highly excited quantum syswith the energyE,, of a bound staté¢,) in channel 2, the
tems. From a classical point of view, these systems ofteglosed channel carries the transition amplit4@eD| ¢,,) in
exhibit chaotic behavior. It is now common practice to ex-the absence of coupling to the continuum. In the following it
tract information from such quantum systems by analyzings assumed that transitions between the two excited mani-
their statistical propertie§7—9]. Work so far has concen- folds are possible. In the diabatic representation the coupling
trated on level spacing statistits0], resonance width distri- between the two surfaces is given by a nondiagonal potential
butions[11,12, and correlation function§13]. Fano reso- V. Then the eigenstate,) turns into a resonance with width
nances on the other hand are best characterized by their =2 7|(y®9|v| )%
asymmetry properties since maxima or minima in the reso- | the regimel’,<A of isolated resonances (being the

nant part of the cross section do not coincide with the formaj,egn energy spacing of resonanct® oscillator strength
energy positions of resonances, which are difficult to deteer(E) for the dipole transition is given bji]

mine. A statistical description of Fano resonances is also mo-
tivated by the increased availabilty of high-resolution experi-
ments on highly excited atomic systems, such as the
diamagnetic hydrogen atofi4], and small molecules, such
as NG and SQ [15]. Furthermore, it will be demonstrated
that even low-resolution experiments which do not fully re-
solve the line shape of individual resonances contain signifi-
cant information on the statistics of line shapes.

The theory is formulated within the framework of photo-
dissociation of molecules. Since photoabsorption can be
viewed as a half collision process we anticipate that it can
easily be related to full scattering problems such as quantum
transport through nanodevicgs6]. In order to demonstrate
the broad applicability of the theory, we discuss briefly the
diamagnetic Kepler problem, a paradigmatic atomic system,

as a further potential candidate in order to test our predic- FIG. 1. Schematic sketch of the photodissociation process: La-
tions ser excitation takes place from a low-lying electronic potential sur-

face (dipole operatoD). The classical dynamics on surfagg is
Il. THEORY bou_nd_and chaotic. Disso_cia_tion can take_' pl_ace directly by dipole
excitation to channel 1 or indirectly by excitation to channel 2, with
For the process of molecular photodissociation, Fig. 1 dethe couplingV between the surfacedl andS2.
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+el? and P, (x) is the probability distribution ok (and likewise
_ (bg)lqn En| X ) )
Df(E)=Df a2 (1) fory). Integrating Eq(3) results in

+ €,
. . 1 S

whereDf(*"9=2 4 (E—E)|d,;|%/#%? is the background oscil- Pooe(d;8) = — =5, s=oy/oy. (4

lator strength for the transition to the open channel in the T s°+(q—q)

absence of coupling to the closed chanpels the reduced . o .
mass of the excited complex, and the reduced energy is dd"€ Probability distribution of the Fano parameter in the
noted bye,=2(E—E,—A,)/T,. The energy shif, of the =~ GOE case thus turns out to be Lorentzian with mean value

resonance is neglected in the following. The line shape of thénd widths.

resonance is parametrized by the Fano paranigtefFor a The widths of the probability distribution is related to the
nondegenerate continuum it is given [ coupling strength/ between the closed channel and the con-
tinuum channel and the ratio of the dipole transition matrix
(0|D| ¢p) — — (0|D|ylmy elements in both channels. Assume thiatan be written in
N edl .\ =T AN e (2)  the form V=A\V,, where N characterizes the coupling
mdi (g V|V bn) (0|D[ %) strength and/, is fixed. Theno,~\ and therefores~ 1/A.

(i _ _ _ . For strong coupling to the continuum, the Lorentz distribu-
|42 is the irregular continuum solution whose phase is

shifted asymptotically byr/2 with respect to the regular so- tion acquires a small width centered arouﬁd The same
luti (re%) pl It y Dyl th P ) bg holds if direct photoexcitation dominates over the indirect
ution |£°%) [1]. It appears in e expression fgr because grocess, since them, becomes small.

near resonance the wave function in the open channel ac-

: dmi fthe | | . | In the case of broken time-reversal symmetry the Hamil-
quires a strong admixture of the irregular continuum solu+,nian of the closed channel is modeled My N matrices

tion. Bothd; andq depend only weakly oft and are as- from the Gaussian unitary ensemHi@UE). In this casex
sumed to be constant within the energy window over which andy are complex Gaussian random variables with indepen-
sample of resonances is taken. From @jjit is seen thatthe  dent real and imaginary parts and the Fano parameter is, in
distribution of a set of Fano parametelt,} taken over a general, complex. Most conveniently the distributionod
stretch of the energy spectrum is determined by the statistic@haracterized by the probability distribution of the phase
properties of the set of eigenstaf¢sn)} of the closed chan-  and the modulus, of the quantityg—(q). The phases, of
nel. o _ _ x and ¢, of y are uniformly distributed, mod(2), and the
The distribution of the Fano parameter is derived undegme holds folpq= ¢x— @, . Denoting the modulus of by

the following two conditions: First, the classical motion of y and ofy by ry the probability distributionPgue(r) is
the excited molecular complex on the electronic surféte gjven by

of the closed channel is chaotic. This ensures that the statis-

tical properties of generic wave functions in chaotic systems = o My

apply and that the closed channel subspace can be modeled Poue(rq)= fo erJo dryP(rx)P(ry)ﬁ( fq— r_)’ ®)
by random matrix theory7]. Second, the excitation process Y

and the coupling between the two electronic surfaces argnere r, (and likewise r,) has the probability distri-
as_s_,umed to be spatially well separated_: the ove_rlap of thgution P(r) =0, 2r,exp(-r2202). [Notice that P(r?)
initial wave packetr|D|0) and the coupling potentiaf(r) 2 2y x L

in coordinate representation is negligible. Therefore —~ €XP(1x/207) has the form of a Porter-Thomas distribu-
=(0|D| ¢,)/d; andy=m()'®9V|¢,) can be taken as sta- tion for GUE] The final result for Eq(5) reads

tistically independent random variables. )

Ser
Pouerg) = 8(rg)+——55 (rg=0), 6)
[ll. DISTRIBUTION OF THE FANO PARAMETER (sy +rq)
The calculation of the probability distributid(q) of the  \yheres =o, /o, . The distribution iss—peaked ar,=0
Fano parameter is now straightforwartd@he indexn of the oy

resonance is omitted in the followindn the case of time- 3 : )
reversal symmetry the wave functions and therefoemdy ~ —5V3/(165). Again, as discussed for the GOE case, the

can be chosen real. The closed-channel subspace is model@{fith sr of the probability distributionPgye(r,) is deter-

by Nx N matrices taken from the Gaussian orthogonal eniTn€d by the strength of the coupling between the two chan-

semble (GOB). All results are understood in the limit nels and the ratio of the strength between the dipole transi-
N—o, wherex andy are Gaussian random variables with tion to the closed and to the open channel.

zero mean and variance$ and 03. The probability distri-
bution is given by IV. PROFILE AREA DISTRIBUTION FOR GOE

and has a local maximum at{’=s./\3 with P(r{)

In low-resolution experiments the experimental quantity

p ZJ dXJ dy P, (X)P, 5( A _) of interest pften is the distribution of the proflle'are'a attrib-
coe(d) —w — Y P ) y(y) a-d y uted to a single resonance rather than the distribution of the

(3 Fano parameter itself. To be more specific, assume that the
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FIG. 2. Distribution P(@)) of the scaled resonance aréh
=a0, see discussion after E(L0). The average value of the Fano

FIG. 3. Asymmetry parameter of the area distribution, Eq.
parameter is fixed aj=0 ands is varied.

(10), as a function of the average shape param?tand s~ The

] N . white dashed line marks the values, (is), whereu=0.
bandwidth SE of the exciting laser beam is larger than the

width I" of the resonance but still smaller than the mean ) . .
spacingA between adjacent resonancds<(SE<A). As- whereK, is the MacDonald function. Additionally thaesym-

suming a rectangular laser profile, the excess oscillatometry parameteru=b[+b?]"*? has been introduced,

strength averaged over the resonance profile with respect {gni-h determines how mudh((:)) deviates from a symmet-
the background strength is given fi/7]

ric distribution. P() diverges logarithmically a® ap-
proaches zero.
Figure 2 demonstrates the dependenc® @®) at fixed
(7)  g=0 in the three characteristic regimgs<0, =0, and
>0 by varyings. For x=0 the probability distribution is
symmetric with respect t@® =0 (solid line). For <0 the
area distribution is asymmetric with the flat side at negative
values of® (dashed ling The opposite holds fogrz>0 (dot-
dashed ling
Sinceu dep_ends both os andq, a contour plot ofuw as
de, (8) a function of @,1/s) is presented in Fig. 3. The variables1/
instead ofs has been chosen for purposes of discussion since
1/s—oo corresponds to the limit of strong coupling between
which, after performing the integration, gives(®/Df(9  the closed and the continuum channel. The range: dé
=7I'(gq?—1)/2=0. In the following, the statistical distri- —1<u<1. The white dashed line marks the subspace of
butiog of the obs_e;rvabl@2 is discus_sed. It can be Written. as parameters vlheré’((s)) is symmetric z=0), given byg?
O =x"+2qxy+(q°—1)y“=f(x,y) in terms of the matrix | s2—1 |f |q/>=1 the asymmetry parametgr is always
elementsx, y and the mean valug of the Fano parameter. positive regardless of 4/ For fixed [q<1 and weak cou-
The probability distribution oP is given by pling (1/s smal) the asymmetry parametgris positive, too.
If the coupling is enlarge@. becomes negative above a cer-
p():f dx P, (X)f dy P, (y)8(®—f(x,y)). tain value of 1# which depends ou. S
—o X — Y The expectation value of the scaled area distribution is
©) given Ey<®>=,u(1+4b2). Thus (@) is always positive
) - ) when|g|=1. Note that the area under amdividual reso-
Introducwj? the  scaled ar??Q;a@ with ~ @ nance is positive iflg/>1 holds for its Fano parameter.
=(oxoy) “J1/4+b” andb=[s+s *(q°—1)]/4, the distri-  When |g|<1 the area associated with an individual reso-
bution P(®) can be written as nance is negative. In contra@) can either be positive or
negative forlq| <1 depending on the coupling strength to the
continuum. Strong coupling to the continuum g3/ «) re-
sults in a negative value d®). In the limit u— +1 Breit-

020701-3

1 (E+ER
DS E)= EJ'E—(SEIZ DfPY(E")[F(q;e)—1]dE’,

where F(q;€)=|q+ €|%/(1+ €?) is the profile function of
the resonancgcf. (1)]. Sincel’<SE, the range of integra-

tion in Eq. (7) can be extended to infinity ar@df(®(E) is
given by

% q2+2q6—1
EJ-w 1+¢2

_ r
(res) gy =D £(b9)
DfY"(E)=Df 53

P(O)= - exp(u@®)Ko(|0]), (10

1
V1+4b?
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Wigner resonances dominate the Spectrum. For fii@l molecular phOtOdiSSOCiation discussed above. If one fits the
this limit is reached both for weak and large coupling to therésonances between the first and second threshold to Fano

profiles, the statistical distribution of the Fano parameters is

continuum. Fotq|< 1 the Breit-Wigner limit is reached only expected to obey Ed4).

for weak coupling (1$—0). For|g|<1 and strong coupling
to the continuum (E-—x) the expectation value of the area
distribution is negative and window resonances with nega-
tive area dominate the spectrum in the limit-—1.

VI. SUMMARY

A statistical theory of Fano resonances for highly excited
atomic and molecular systems is presented. It provides a cri-
terion to test the predictions of quantum chaos through the

. statistical distribution of the Fano parameter. The broad ap-
While the theory was formulated for molecular phOtoab'plicability of the theory to mesoscopic, molecular, and

sorption it is applicable to any quantum system with a closedyiomic resonance phenomena is emphasized. Two potential

subspace coupled to a single open channel, provided the,jjications, photodissociation of triatomic molecules and
classical motion in the. closed subspace is chaotic. Here_ WEtoionization of the diamagnetic hydrogen atom, have been
focus on another prominent example, the hydrogen atom in giscyssed in detail. It has been shown that even low-
uniform magnetic field. Diamagnetic Rydberg atoms belongegg|ution experiments are capable of providing valuable in-

to the experimentally best studied systems in quantum chaogymation on the statistical properties of Fano resonances.
and high-precision measurements of photoabsorption spectra

are availablg14]. The system can be described as a set of
coupled Rydberg series with each series converging to a
single Landau threshold in each subspace of given azimuthal | am grateful to John S. Briggs for pointing out to me the
symmetry[1]. At intermediate magnetic-field strengths the problem of Fano resonances in classically chaotic systems.
different Rydberg series overldthe spacing between neigh- He and H. Friedrich are acknowledged for a critical reading
boring Landau thresholds is proportional to the magneticof the manuscript. | am much indebted to Thomas Seligman
field strength. The corresponding classical system behavegor discussions and his hospitality during a visit at CIC, Cu-
chaotically in this regime. At energies between the first ancernavaca, Mexico, where part of this work was completed.
second Landau threshold a single channel is open and th&dditional discussions with J. Flores, T. Gorin, and M.
Rydberg electron forms an autoionizing state. The set oMuller are appreciated. Financial support from the DFG in
closed channels can be modeled as a Gaussian orthogor&#B 276 and the EU Human Potential Program under Con-
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