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Engineering entanglement between two cavity modes
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We present a scheme for the generation of entanglement between different modes of radiation field inside
high-Q superconducting cavities. Our scheme is based on the interaction of a three-level atom with the cavity
field for precalculated interaction times with each mode. This work enables us to generate a complete set of
Bell basis states and a quantum entangled Greenberger-Horn-Zeilinger state.
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Quantum-information theory combines quantum mechangk,, andE., as shown in Fig. 1. The dipole transition be-
ics with classical information theory. The Einstein-Podolsky-tween the upper two leve|a) and|b) of the atom is forbid-
Rosen—(EPRJBell correlations, and quantum entanglementden, whereas transitions from the two upper levels to the
[1,2] in general, form the essential ingredients that distin-lower level|c) are allowed. We consider that the frequencies
guish quantum-information theory from its classical counter-o, and wg of the two modesA and B, respectively, of the
part. An entangled state of two or more quantum systems is eavity field are in resonance with the transition frequencies,
state that cannot be factoriz¢8]. The most familiar ex- such thatw,=(E,—E.)/%# and wg=(E,—E.)/%. With the
ample of an entangled state is the Bohm stdte, (| g) help of a Ramsey field we prepare the upper two levels of the
+|lA,TB>)/\/§, which represents the state of two spin-1/2atom in linear superposition before it enters the cavity field.
particles decaying from a spin-zero pargfk The two par- We may express the initial state of the system as
ticles are correlated, their spins are always antiparallel, and
they remain that way no matter what is the separation be- 1 ,
tween them. Hence entangled systems demonstrate nonlocal l4(0))= T[|a>+e"f’|b>] 104,08), 1)
guantum effects. 2

Entanglement is one of the main pillars of quantum com- . . .
pution[5], quantum cryptograph}6], quantum teleportation where ¢ IS the rglatwe _phasge between two atomic states.
[7], and many other applications of quantum-information We er_te the mteractlon_ plct_ure Hamiltonian in the dipole
technology{8—13; therefore, generation of entangled states?"d rotating wave approximation as
and its further applications are of immense importance. Sev-
eral schemes have been proposed for the generation of en-
tangled states in atoms, ions, and phothé—22.

The first evidence of entangled state generation of two
cavity fields was seen in the teleportation procedure pre-
sented by Davidoviclet al.[23]. This entangled state of two
cavity fields of the same mode occurs as an intermediate step
in the teleportation procedure and it requires the presence of @
one photon in either of the two cavities. The generation of a
Greenberger-Horn-ZeilingelGHZ) state between two cavi-
ties has been suggested as Wel]. An entangled state in
which the number of photons distributed between two cavi-
ties is fixed has also been propodéd]. All these schemes
provide entanglement between radiation fields of the same

H=7g,(ala)(c|+a'[c)(al) +Ag,(b|b)(c|+ bT|C><b|)(2)

|2)

mode in two cavities. Recently, R4R6] reported the exis- o I e
tence of a Bohm entangled state between different modes of Atom
the radiation field. ()

In this paper we propose schemes to generate entangle-
ment between different modes of the electromagnetic field
and engineer an EPR-Bell basis and a GHZ entangled state
[27]. We propagate a three-level atom through a cavity which
contains initially field modes in vacuum. We may express the A

three levels aga), |b), and|c) with their eigenenergieg,, B

FIG. 1. Schematic diagram for the generation of an entangled

state between two cavity modes. We prepare a three-level atom with

*Electronic address: mikram@pinstech.org.pk superposition of the upper two levels by a Ramsey field and let it
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whereg,; and g, are vacuum Rabi frequencies of the two integer multiple of one-half of the Rabi cycle. This ensures
modes whilea (a") andb (b") are the annihilatioricreation  that the cavity will obtain one photon in either of the two
operators of the two cavity modésandB, respectively. The modes when the atom is detected in the ground state after its
atom-field state vector after the atom field interaction can bgropagation through the cavity.

written as The interaction times of the atom with the two modes of
. the cavity field will be different because of the different cou-
|/ai (A,B))=C,0,0@,0,0)+ Cp 0,0/b,0,0) pling constants of each mode of the radiation field. These

interaction times of the atom in the cavity can be controlled
+Ce1d.1.0)+Ce4/€,0,2) ®) by using a velocity selector before the cavity and then apply-
whereC, s Conm» andC. , m represent the time depen- ing Stark field adjustment so that the atom becomes resonant

dent probability amplitudes for the atom to be in the stategVith the cavity field modes only for the suggested amount of
|a), |b), and|c), respectively, witm the number of photons time in each mode of the cavity fie[@3].

in modeA andm photons in modd. The rate equations of  Hence the atom passing in the superposition of lefls
these probability amplitudes can be obtained by the ‘Schro@nd |b) interacts with the two cavity mode& and B for

i i interaction timesns/2g, andn/2g,, respectively. As a re-
dinger equation as L

sult the atom leaves the cavity in the ground state and devel-
d ) ops an entangled state between the two cavity modes, viz.,
aca,o,o: —191C¢ 10, (4)

—i _

d |[¥(A,B))= E[IOAJBHe"f’IlA,OBﬂ. (11
acc,l,O: —i91Ca0,0, )

We may adjust the interaction time of the atoms with the
d cavity fields, such that
acb,o,o: —i92Cc 01, (6)
—i A
d |4(A,B))= E[|OA118> —€'%]1,,09)]. (12
&Cc,o,lz —i92Cp 0,0- (7)
In order to generate the other two Bell bases we prepare
Solving these differential equations in the presence of thehe three-level atom in leveh) without considering the su-
initial conditions mentioned in Eq1), we find the atom-field perposition of the upper two leve|a) and|b). We let the
entangled state as excited atom pass through two cavities successively, which
are prepared initially in the vacuum state. The transition from
level |a) to |c) is again in resonance with the cavity motle
whereas the transition frofb) to |c) is in resonance with
_ _ the cavity modeB.
+€'? coqg,t)|b,0,0)—ie'? sin(g,t)|c,0,1)]. We adjust the interaction time of the atom with the first
® cavity field such that it experiencesmd2 pulse. Hence, there
occurs equal probability of finding the atom in ground state
For the generation of a maximally entangled field state belc), after contributing one photon to the cavity mo#leand
tween two cavity modes such that if one mode has one phaef finding the atom in the excited stdt&), leaving the cavity
ton then the other will be in vacuum, the atom after its inter-mode in the vacuum state. As a result we find an atom-field
action with the cavity fields is required to be detected in theentanglement such that
ground statgc). This leads to the condition that the prob-

ability amplitudes of the statés,1,0) and|c,0,1) are equal, 1
e > > A B Slla00+ e AIol0. (13

sin(gyt) =sin(gat). ©) Before the atom enters the next cavity, we apply a laser
The total probability of detecting the atom in the ground field resonant with the atomic transition frdim) to |c). The
state is determined as width of the beam is adjusted such that the atom exiting from
the first cavity field in the ground stafe) is pumped to the
excited statéb) with unit probability. However, if the exit-
ing atom is in excited statéa) after interacting with the
cavity modeA, the laser field will provide no excitation to
This probability becomes maximum when the time of inter-the atom.
action of the atom with modA and modeB is m#/2g; and After passing through the laser field, the atom interacts
nw/2g,, respectively. Herem and n are odd integer num- with the cavity modeB, which is initially in the vacuum
bers. Hence, in order to generate two-mode entanglement tlstate. The interaction time of the atom with the field is ad-
time of interaction of the atom with the cavity is an odd justed such that the atom in the excited stfte will be

1
| O(A,B))= E[Cos(gltﬂa!o!(»_i sin(gst)[c,1,0)

Pc=%{sin2(glt)+sin2(gzt)}. (10
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detected in the ground state) with unit probability, adding quency of theB, mode of the cavity field. Hence if the atom
a photon to the cavity modB. However, if the atom enters is in the ground statéc) after interacting with the second
the cavity in the excited staf@), it will contribute no pho-  cavity then it will contribute one photon to the cavity mode
ton and will exit in the same atomic state, leaving the cavityB, after this interaction, whereas if it is in the excited state
modeB in the vacuum state. Therefore, we find the entangleta) after the second cavity then the field will not interact
ment of the two modes of the radiation field with the atomicwith it because of the detuning. By repeating the process
states as using various different excited states we may develop a GHZ
entangled statg27] as
1
|ai(A,B))=—=[|2,0a,08) +[c,1a,15)]. (14 1
2 |¥(A,B, ...,N))ZEHOA,OB,...,Q\Q

For a time larger than the lifetime of the propagating atom,
the three-party entangled state will collapse to a two-party +1ads, .0, 17

entangled state, given as which indicates entanglement betwedmmodes.

1 In order to measure any component of the Bell basis we
AB)) = —[]0,.0a)+ 1.1 15 may make use of a quantum catal®]. We let an atom
|l/l( ' )> [ A B> As B>]1 ( ) ) N o i .
V2 interact with two cavities, one containing a known standing

. _ .. wave field and the other a known Bell basis. We consider the
which describes the entanglement of the two cavity fielderacting atom as far detuned from the cavity fields. We
modes._ . ) i .. store atomic interference pattern corresponding to each Bell

The interaction times of the atoms with the cavity field 55 therefore developing a catalog of interference patterns.
modeA, laser field, and cavity field mod® are found to be Later, we may measure any unknown Bell basis by compar-

mm/4g,, w/), andnw/2g,, respectively, whereandnare g jis interference pattern with the interference patterns
odd integers. Her€) is the Rabi frequency of the laser field giored in the guantum catalog.

which interacts with the atom between the two cavities. If the | order to realize our suggested scheme in a laboratory

relative difference of interaction times of atoms with the tWOexperiment within the microwave region, we may consider
cavities is taken to be, we may generate the entangled stateg|o Rp atoms in higher Rydberg states, which have life-
1 times of the order of a few millisecond23]. These slow
- _ atoms, initially pumped to a high Rydberg state, pass through
|¥(A.B)) \/§[|OA’0B> 121801 (16) a highQ superconducting cavity of dimension of a few cen-
timeters with a velocity of around 400 mj45,23,26. The
Hence, we can obtain the complete set of Bell bases by cornnteraction times of the atom with cavities come out to be of
trolling the interaction times of the atom with the cavities in the order of a few tens of microseconds, which is far smaller
both the schemes. than the cavity lifetime. Higl® cavities of lifetime of the
In order to generate a multimode entangled state we magrder of milliseconds are being used in recent experiments
repeat the same process again as suggested above. We [iz6]. The interaction time of the atom with different cavities
vide another laser pulse which is in resonance with the trancan be controlled by using a velocity selector and applying
sition from level|c) to another higher levéb,). The atomic  Stark field adjustment in different cavities in order to make
interaction with the laser pulse occurs for a timé2();,  the atom resonant with the field for the right amount of time
where(, is the Rabi frequency of the laser pulse. This pulsg23]. The atomic decay rates, interaction times, and cavity
causes the atom to be in the excited stdtg) with unit lifetime ensure that the atom does not decay spontaneously.
probability. The atom in the excited stdte;) then interacts As this entanglement remains only for the cavity lifetime
with the cavity modeB,, initially in the vacuum state, for an period, any application regarding this entangled state should
interaction timemm/2g;, wheregs is the vacuum Rabi fre- be accomplished during this period.
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