
PHYSICAL REVIEW A 66, 014301 ~2002!
Symmetric scheme for superdense coding between multiparties
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Recently Liu, Long, Tong, and Li@Phys. Rev. A65, 022304~2002!# proposed a scheme for superdense
coding between multiparties. This scheme seems to be highly asymmetric in the sense that only one sender
effectively exploits entanglement. We show that this scheme can be modified in order to allow more senders to
benefit from the entanglement-enhanced information transmission.
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Quantum dense coding, first proposed by Bennett
Wiesner@1#, is one of the quantum information processi
protocols that is superior to classical ones. It allows tra
mission of two bits of classical information by sending o
qubit only. It is possible due to the nonlocal properties
quantum entanglement. Briefly, two parties~sender and re-
ceiver! share two qubits in a given Bell state. Because
four Bell states form an orthogonal base they can be
criminated in a single measurement. Moreover, starting fr
a given Bell state one can achieve any other Bell state
performing only unitary operations on a single particle. Th
the sender performs one of these unitary operations
sends the particle to the receiver. The receiver when poss
ing both particles can discriminate among four orthogo
states to obtain two bits of classical information. Quant
dense coding was experimentally presented by Mattleet al.
@2# in an optical system, and by Fanget al. @3# by the use of
NMR techniques.

Recently Liu, Long, Tong, and Li@4# presented a protoco
for superdense coding betweenN11 users with the use o
qudits ~d -dimensional generalization of qubits!. In their
schemeN11 parties~one receiver andN senders! share ini-
tially an (N11)-particle maximally entangled state. Ea
particle is ad-dimensional quantum system. Each party h
one particle. Explicitly, the initial state is

uC0,0, . . . ,0&5~ u0,0, . . . ,0&1u1,1, . . . ,1&1¯

1ud21,d21, . . . ,d21&)/Ad. ~1!

The first qudit belongs to the receiver and the remainingN to
the senders. In order to send information each sender
forms unitary operation on his particle and then sends i
the receiver. Finally the receiver has one of thedN11 maxi-
mally entangled, mutually orthogonal (N11)-particle states
of the form

uC i 1 ,i 2 , . . . ,i N
n &5(

j
e2p i jn /du j & ^ u j % i 1& ^¯^ u j % i N&/Ad,

~2!

wheren, j ,i 1 ,i 2 , . . . ,i N50,1, . . . ,d21 and % denotes ad-
dition modulod. Because each ofn,i 1 ,i 2 , . . . ,i N can taked

*Email address: agie@amu.edu.pl
†Email address: antwoj@amu.edu.pl
1050-2947/2002/66~1!/014301~2!/$20.00 66 0143
d

-

f

ll
s-

y
s
nd
ss-
l

s

er-
o

values, the number of these states is clearlydN11. Because
of their orthogonality they can be discriminated by the
ceiver in a single measurement. Thus the receiver obt
log2 dN11 bits of information. The unitary operations tha
transform between the initial state~1! and the final states~2!

Ui 1 ,i 2 , . . . ,i N
n 5uC i 1 ,i 2 , . . . ,i N

n &^C0,0, . . . ,0u ~3!

can be obtained as a tensor product

Ui 1 ,i 2 , . . . ,i N
n 5I ^ Ui 1

n1^ Ui 2

n2^¯^ Ui N

nN ~4!

~wheren5n11n21¯1nN! of one-qudit unitary operations

Ui k

nk5(
j , j 8

e2p i jn k /dd j 8 j % i k
u j 8&^ j u ~5!

For a givenn one can, however, choosen1 ,n2 ,...,nN in
many different ways. So in order to avoid confusion, ea
sender must be obliged to choose hernk from a given setSk
only. These sets must be constructed in a way allowing o
one choice ofn1 ,n2 , . . . ,nN (nkPSk) fulfilling the condi-
tion n5n11n21¯1nN for any value of n (n
50,1, . . . ,d21). This restriction is necessary for a reco
struction of each sender’s unitary operations by the recei
Let uSku denotes the number of elements ofSk . The kth
sender is thus allowed to perform one ofuSkud unitary op-
erations Ui k

nk, which is equivalent to a transmission o

log2 uSkud bits of information.
For example, although the authors of@4# did not express it

explicitly, they considered a specific construction of setsSk .
The setS15$0,1, . . . ,d21% and all other setsSkÞ15$0%.
Thus the first sender can transmit log2 d2 bits of information
but all the remaining senders can transmit only log2 d bits of
information each. It should be emphasized that the same
can be easily performed without the necessity
(N11)-particle entanglement. One can use only two p
ticles in the entangled state and the product state ofN21
particles. More explicitly, the (N11)-particle state can be o
the form

uF0,0, . . . ,0&5S (
j

u j & ^ u j & D ^ u0& ^¯^ u0&/Ad. ~6!

This state can be transformed into one of the mutually
thogonal states
©2002 The American Physical Society01-1
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uF i 1 ,i 2 , . . . ,i N
n &5S (

j
e2p i jn /du j & ^ u j % i 1& D

^ u i 2& ^¯^ u i N&/Ad ~7!

by the use of one-qudit unitary operations from the sa
sets.

Now we will present a more general scheme in wh
more than one sender can exploit the entanglement.
pedagogical reasons let us begin with a specific case whd
is a square of some integerm and we have two senders (N
52). Thenn can be written in the digital system of basem
as

n5~a1a2!m , ~8!

which meansn5a1m1a2 and a1 ,a250,1, . . . ,m21. If
we choosen15a1m and n25a2 then a unique representa
tion of n is established. Simply speaking, each sender
change one digit ofn @Eq. ~8!#. In this way each sender ca
transmit 1.5 log2 d bits of information.

Now we will return to the general case. Let us expresd
as a product of positive integerspk , i.e.,

d5p1p2¯pN . ~9!

It is clear that every integerd can be written in this form
~some ofpk can be equal to 1!. Let us define integersqk as

qk5pk11pk12¯pN ~k51,2, . . . ,N21!, ~10!

qN51.

With the use of the parametersqk we are able to present
systematic construction of the setsSk . For eachk the setSk
is defined as

Sk5$nk5mkqk :mk50,1, . . . ,pk21%. ~11!

This definition guarantees that each 0<n<d21 can be writ-
ten in a unique way asn5m1q11m2q21¯1mNqN . This
equation can be understood as a representation ofn in the
mixed-base digital system@5#. We see that the number o
elements ofSk is uSku5pk , so each sender is allowed t
perform one ofpkd unitary operationsUi k

nk. Thus, he can

transmit log2 pkd bits of information. Because

log2 p1d1 log2 p2d1¯1 log2 pNd

5 log2 p1p2¯pNdN

5 log2 dN11, ~12!
s.

01430
e

or

n

all senders together can transmit log2 dN11 bits of informa-
tion.

It is worth noting that in a case when onlyN8 of pkÞ1
one can use onlyN811 particles in the entangled state an
the product state ofN2N8 particles. More explicitly, ifpk
Þ1 for k51,2, . . . ,N8 then the initial state can be taken
the form

~13!

Let us present a simple example of dense coding am
three parties in four dimensions (N52,d54). There are two
possible choices for decomposition ofd. The first one is 4
5431 and the second one is 45232. Let us consider the
first case. We see thatp154, p251, which leads toS1
5$0,1,2,3%, S25$0%. Thus, the first sender can transmit fo
and the second only two bits of information. This is the ca
of the protocol of Liu, Long, Tong, and Li@4#. The second
decomposition givesp152, p252, and, consequently,S1
5$0,2%, S25$0,1%. So every sender can transmit three b
of information. This is an example of a fully symmetr
scheme in which every sender can transmit the same am
of information. Generally, fully symmetric dense codin
scheme allowing every sender to transmitx bits of informa-
tion requires qudits of the dimensiond52xN/(N11).

It should be mentioned that our protocol works even
one choosespk satisfying the inequalityd.d5p1p2¯pN
instead of the equalityd5p1p2¯pN . In this case, instead o
Eq. ~12! we get

log2 p1d1 log2 p2d1¯1 log2 pNd5 log2 ddN, ~14!

which is less than log2 dN11 but is still more than log2 dN. For
example, in the case of dense coding among three partie
five dimensions (N52,d55) one can choose not onlyp1
55, p251 but alsop152, p252. In the case ofp155, p2
51 the first sender can transmit log2 2554.64 and the sec-
ond one log2 552.32 bits of information. In the case ofp1
52, p252, every sender can transmit log2 1053.32 bits of
information.

In conclusion we have found a systematic way for co
structing general schemes for high-dimensional multipa
superdense coding. We have also shown that in specific c
one can useN811 (N8,N) rather thanN11 particles in
the maximally entangled state.
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