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Generation of entangled photon states by using linear optical elements
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We present a scheme to generate the polarization-entangled two-photon state 1/A2(uH&uV&1uV&uH&), which
is of much interest in the field of quantum information processing. Furthermore, we demonstrate the capability
of this concept in respect of a generalization to entangleN-photon states for interferometry and lithography.
This scheme requires single-photon sources, linear optical elements, and a multifold coincidence detection.
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The generation of entangled quantum states play
prominent role in quantum optics. An experimental realiz
tion in this context can be achieved with trapped ions@1#,
cavity QED @2#, or Bose-Einstein condensation@3#. Experi-
ments with polarization-entangled photons opened a wh
field of research. Polarization entanglement was used to
the Bell inequality@4# and to implement quantum informa
tion protocols such as quantum teleportation@5#, quantum
dense coding@6#, and quantum cryptography@7#. The experi-
mental generation of GHZ states of three or four photo
were reported@8#. These polarization-entangled photon sta
were only being produced randomly, since there was no w
of demonstrating that polarization entanglement was ge
ated without measuring and destroying the outgoing state@9#.
Some quantum protocols such as error correction were
signed for maximally entangled quantum states without r
dom entanglement@10#. Thus, a photon source is neede
which produces maximally polarization-entangled outgo
photons. Remarkably, an efficient quantum computation w
linear optics was put forward@11#. Such schemes can be us
directly to generate polarization-entangled quantum state
was suggested to arrange an array of beam splitters in o
to implement a basic nondeterministic gate@11#. A feasible
linear optical scheme@12# was proposed to generate pola
ization entanglement by making use of single-photon qu
tum nondemolition measurements based on an atom-ca
system@13#. There is a potential interest in generating e
tanglement of optical modes with greater photon numb
EntangledN-photon states of the form

C5
1

A2
~ u0,N&1uN,0&) ~1!

are of much interest in respect of the phase sensitivity i
two-mode interferometer@14#. They should allow a measure
ment at the Heisenberg uncertainty limit@15#. Recently it
was shown that such states allow subdiffraction limited
thography@16#. In the case ofN52 the entangledN-photon
state~1! can be generated easily by using linear optical e
ments. For higher values ofN, a scheme was proposed b
using nonlinear media@17#. It was assumed that the gener
tion of quantum states of this type is possible by using lin
optical schemes. Recently, the first linear optical scheme
proposed to entangle four-photon states@18#. Furthermore, it
was shown that any two-mode photon states can, in p
ciple, be generated using a linear optical scheme base
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nondetection@19,20#. Kok et al. presented a linear optica
scheme to generate the state~1!, which is based on aN-fold
photon coincidence detection.

At first we show that two-photon polarization entangl
ment can be generated with our scheme, if the initial stat
uH&1uH&2. We use the abbreviationsH and V to denote the
horizontal and vertical linear polarization of each photon.
Fig. 1 the required symmetric experimental setup of our p
tocol is shown. Two optical input modes are entangled b
beam splitter BS. In each of these entangled branches a
larization rotator, a single-photon injection block and anoth
rotator is inserted. Finally these branches pass a polariza
beam splitter~PBS!. This setup looks like an optical interfer
ometer with the possibility to vary the angle of the rotato
continuously, to inject a photon and to get classical inform
tion with the aid of the detectorsD1 andD2.

In the following the performance of this arrangement
linear optical devices will be analyzed in detail. The acti
of the symmetric BS can be described by the unitary oper

FIG. 1. This figure shows the required experimental setup
generate polarization-entangled two-photon states. The polariza
beam splitters@PBS, PBSi ( i 51,2,3,4)] transmitH photons and
reflect V Photons. Four polarization rotatorsRi ( i 51,2,3,4) are
required. BS and BSi ( i 51,2) denote symmetric beam splitter
The scheme requires three photon-number detectorsD1 andD2.
©2002 The American Physical Society02-1
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Ubs5expFp4 ~a1Ha2H
† 2a1H

† a2H!G . ~2!

After passing the BS the initial state is transferred into
other mode,

C15
1

A2
~ u2H&1u0&22u0&1u2H&2). ~3!

The two output modes of the beam splitter pass through
polarization rotators with the rotation angleu. These linear
optical devices can be described by the transformation

aH
† →~cosu!aH

† 1~sinu!aV
† ,

aV
†→~cosu!aV

†2~sinu!aH
† . ~4!

In order to obtain a maximum efficiency of our scheme
rotation anglesu are calibrated to fulfill cosu5A1/3. The
two-photon state transforms to

C25
A2

3
@0.5u2H&18u0&281uHV&18u0&281u2V&18u0&28

20.5u0&18u2H&282u0&18uHV&282u0&18u2V&28].

~5!

The two output modes of the rotators pass two polariza
beam splitters: PBS1 and PBS2. Since the polarization beam
splitters transmit only the horizontal polarization compon
and reflect the vertical component, the state evolves into

C35
A2

3
@0.5u2H&31uH&3uV&41u2V&420.5u2H&5

2uH&5uV&62u2V&6]. ~6!

The scheme uses the output modes 4 and 6 to couple s
rately a single-photon source as the second input port of
symmetric beam splitters BS1 and BS2. We assume that thes
single-photon sources are in the single-photon stateu1&. If
the twofold coincidence detection results in one photon
each detectorD1 andD2 the quantum state is projected in

C45 1
2 @ u2H&32u2V&482u2H&51u2V&68]. ~7!

Conditioned on this outcome the polarization beam splitt
PBS3 and PBS4 transform the two-photon quantum state in

C55 1
2 @ u2H&72u2V&72u2H&81u2V&8]. ~8!

These two output modes 7 and 8 pass through two polar
tion rotators which are calibrated to fulfill:u25p/4. Finally
the quantum state

C65
1

A2
@ uHV&782uHV&88] ~9!

is incident on a polarization beam splitter in order to obt
the two-photon polarization-entangled quantum state
01410
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C75
1

A2
~ uH&uV&2uV&uH&) . ~10!

In order to present the principal idea of our scheme to g
erate entangledN-photon states we introduce in Fig. 2 simp
building blocksQ as optical two-mode devices. Two sep
rate single-photon injections and two photon-number de
tors are involved in this device. In the following, we wi
demonstrate the generalization capability of the concep
entangleN-photon states. A detailed estimation of the gen
alized scheme will be presented in the following. It will b
shown how the quantum state~1! can be generated and ho
the different terms of theN-photon state can be deleted.

We consider an arbitraryN-photon state

C in5 (
n50

N

Cnun&auN2n&b ~11!

to be the input mode of the basic blockQ. In contrast to the
previously analyzed two-photon system we label in Fig
the four input modes 1,2,3,4 with the lettersa,b,c,d. In or-
der to formulate the functionality of this basic block for a
bitrary photon-number states transformation we relate
these modes the annihilation operatorsa,b,c,d and the cre-
ation operatorsa†,b†,c†,d†. The interaction with the beam
splitters BS1 and BS2 can be formulated with the unitar
operators

U15exp@u~ac†2a†c!#, ~12!

U25exp@u~bd†2b†d!#. ~13!

The output of these beam splitters is the four-mode state

F5U1U2uC in&u1&cu1&d

5 (
n50

N
Cn

An! ~N2n!
~cosua†1sinuc†!n

3~cosuc†2sinua†!~cosub†1sinud†!N2n

3~cosud†2sinuc†!u0&au0&bu0&cu0&d . ~14!

The function of the building block is based on postselecti
A twofold coincidence detection projects the four-mode st

FIG. 2. The basic element to entangleN-photon states.u de-
notes the parameter of the beam splitter.
2-2
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F into the two-mode statesC. Conditioned on the coinci-
dence of one photon in each detector the~not normalized!
quantum state

C5 (
n50

N

Cn cosN22~cos2u2n sin2u!

3~cos2u2~N2n!sin2u!un&auN2n&b ~15!

is generated. We intend to demonstrate that the termu i &auN
2 i &b and the termuN2 i &au i &b of the input state~11! ~with
n5 i andn5N2 i ) can be deleted by changing the valueu
of the beam splitters appropriately. This can be achieved
choosing the parameteru to satisfy tanu5Ai .

Now we propose the generation of the maximally e
tangledN-photon state~1! by arranging the building blocks
Q as it is shown in Fig. 3. For simplicity, we consider th
2N-photon state 1/A2(u0,2N&1u2N,0&), but the same
scheme can also be used to generate the entangledN
11)-photon state 1/A2(u0,2N11&1u2N11,0&). As the in-
put mode of the symmetric BS we useN photons in the mode
1 andN photons in the mode 2. The output of this first bea
splitter is the entangled 2N-photon state,

C5
1

2N (
m50

N

~21!m
A~2m!! ~2N22m!!

m! ~N2m!!

3u2N22m&18u2m&28 . ~16!

In order to generate the maximally entangled state~1! M
basic elements are required$M5N/2, if N is even;M5(N
21)/2, if N is odd%. Conditioned on the 2M -fold coinci-
dence detection the stateC51/A2(u0,2N&1u2N,0&) can be
generated, if the parameters are chosen appropriately: tu i

5A2i , (i 51, . . . ,M ). The probability of this outcome is
(2N)! @(2N22)!! #2@(N21)!! #2N/22N21(N!) 4(N!!) 2N, if
N is odd. Otherwise the probability of this outcom
will be (2N)! @(2N22)!! #2@N!! #2N/22N21((N21)!)2@(N
11)!#2@(N11)!! #2(N).

In order to demonstrate, how entangled (2N11)-photon
states can be generated, we require that the input of the s
metric beam splitter is in a quantum state with 2N11 pho-

FIG. 3. If M basic blocks are arrangedN-photon states can b
entangled in a very efficient way. Therefore the choice of the
rameteru i and a 2M -fold coincidence detection is needed.
01410
y

-

2

m-

tons in the mode 1 and 0 photons in the mode 2. The s
tially separated output photons of the beam splitter are in
dent onN basic elements whose parameter is chosen to
tanu i5Ai , (i 51, . . . ,N). Based on the 2N-fold photon
coincidence detection, the maximally entangl
(2N11)-photon state~1! will be obtained. The probability
of success is@(2N)! #2/4N(N11)2N11@N!(N11)!#2.

In summary, we have suggested a feasible scheme to
pare polarization-entangled quantum states and entan
N-photon states by using linear optical devices. In the cas
the polarization-entangled two-photon states the probab
of the outcome will be 1/18. This is a slightly smaller valu
than 1/16, which the scheme with the nondeterministic g
@11# makes possible. But the experimental setup of o
scheme is simpler. Instead of four detectors only a twof
coincidence detection is required. Thus, the number of de
tors is reduced to the half. In the case of entang
2N-photon states it is shown that not more thanN detectors
are required, which is definitely less than other schemes@19–
21# need. An entangled six-photon state can be gener
with the probability of 9.7%. This probability of the outcom
is three times larger than that of the scheme given in R
@19# and much larger than that of the schemes given in R
@20,21#.

A generalization to a multimode block can be made eas
because the building blocks, which are introduced with
Fig. 2, do not couple the input modes. The multiphoton c
incidence detection requires only the classical informati
which each detector provides. This is a main difference to
building blocks, which Dowling and co-workers suggested
their paper@21#. In our scheme, entanglement is only gen
ated in the first beam splitter, which is shown in Fig.
Thus, four-mode entangled photon states in the form
1
2 (uN&uN2m&u0&u0&1uN2 m&uN&u0&u0& 1 u0&u0&uN&uN2k&
1u0&u0&uN2k&uN&) can be generated within the generaliz
concept. These quantum states were employed to create
dimensional patterns on a suitable substrate in quantum
tical lithography@16#.

One of the difficulties of our scheme with respect to
experimental demonstration consists in the requiremen
the sensitivity of the detectors. Other schemes@18,21#, which
are based on a multifold coincidence detection, pose
same requirements on the capability of the detectors.
cently, the experimental techniques for single-photon de
tion made tremendous progress. A photon detector base
a visible-light photon counter was reported, which can d
tinguish between a single-photon incidence and the tw
photon incidence with high quantum efficiency, good tim
resolution, and low bit-error rate@22#. Another difficulty is
the availability of photon-number sources. Currently ava
able triggered single-photon sources operate by mean
fluorescence from a single molecule@23# or a single quantum
dot @24,25# and they exhibit very good performance. Th
generation of entangled photon states by means of
scheme requires the synchronized arrival of photons on
beam splitter input ports. This will be experimentally cha
lenging. However, the generated entangled-photon states
act as a kind of valuable source for quantum computat
and quantum communication.
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