
PHYSICAL REVIEW A 66, 013804 ~2002!
Nonlinear interferometer as a resource for maximally entangled photonic states:
Application to interferometry
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Nonlinear interferometers are Mach-Zehnder interferometers with Kerr media in either one or both arms. We
refer to these devices, respectively, as the asymmetric and symmetric nonlinear interferometers. In the asym-
metric case, with one input mode in the vacuum, it is possible to generate maximally entangled photonic states
or superpositions of such states. We consider the device as a resource of entangled states for applications to
Heisenberg-limited interferometry. Interferometry with the maximally entangled states cannot be performed by
simply subtracting the output photocounts as in standard interferometry. Instead, one must perform parity
measurements on only one of the output beams. We show that the symmetric nonlinear interferometer, with one
input mode in the vacuum, may be used to perform such parity measurements. The same device is shown to
produce, with an input coherent state and upon projective measurements, even or odd coherent states, examples
of the Schro¨dinger-cat states.
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I. INTRODUCTION

Recently, there has been increasing interest in the p
pects for generating a certain class of two-mode field st
consisting of a superposition of the photonic states in wh
all the photons are in one mode or all are in the other. If
two modes are labeleda andb and if a total ofN photons are
involved, the states of interest have the generic form

uN<0&a,b
FN[

1

&
~ uN&au0&b1eiFNu0&auN&b), ~1.1!

where we have used the notation recently introduced by K
Lee, and Dowling@1#. A more general state withN photons
entangled withM photons is

uN<M &a,b
FNM[

1

&
~ uN&auM &b1eiFNMuM &auN&b). ~1.2!

States of the form of Eq.~1.1! are often referred to as max
mally entangled states~MES! of a two-mode field or, in
cases where the two modes are spatially separated, as
Mach-Zehnder interferometer, as path-entangled states@1#.
Aside from their intrinsic interest, such states have pot
tially important applications to interferometry@2#, where
they may realize the ultimate level of sensitivity, the s
called Heisenberg limit@3# of phase measurement unce
tainty, DwHL51/N. They may also have applications
quantum photolithography where the Rayleigh diffracti
limit may be breached@4#.

But a practical problem remains: How can we gener
states of the form of Eq.~1.1!? ForN51 and 2, 50:50 beam
splitters may be used. TheN51 entangled state is common
place and results from the input of a vacuum state in one
and single photon, usually obtained from a downconvers
process, in the other. ForN52, the MES can be generated b
simultaneously injecting single photons at each of the in
ports of a beam splitter. This has been demonstrated ex
1050-2947/2002/66~1!/013804~8!/$20.00 66 0138
s-
es
h
e

k,

n a

-

-

e

rt
n

t
ri-

mentally by Hong, Ou, and Mandel@5#. But for N.2, beam
splitters, which are linear devices, cannot alone produce
MES @6#. This suggests that perhaps nonlinear devices m
be used. One such possibility is a nonlinear four-wave m
ing device operating in a nonlinear regime, discussed so
years ago by Yurke and Stoler@7# and more recently by two
of the present authors~C.C.G. and A.B.! @8# in connection
with Heisenberg-limited interferometry. The required inte
action consists of competing two-mode four-wave mixi
and cross-Kerr processes. This nonlinear four-wave m
~NFWM! device, for a particular interaction time, creat
MES of the form of Eq.~1.1! as long asN is even. By
formulating the NFWM in terms of the Schwinger realiz
tion of the angular momentum operators using a pair of fi
mode operators@9#, one recognizes that the interaction i
volved has the same mathematical form as a nonlinear
interaction recently proposed by Mølmer and Sørensen@10#
for the creation of MES associated with a system ofN two-
level trapped ions~N even!, superpositions of states with a
ions excited and of all ions deexcited.~Their proposal has
since been implemented experimentally to entangle the in
nal states of a set four two-level trapped ions@11#.! To create
the required even photon number states another NFWM m
be used, since, as shown in Ref.@7#, the NFWM may be used
as a filter with respect to parity with an appropriate intera
tion time ~different than the time required to generate t
MES!. However, state reduction is required at one of t
output modes of this NFWM. Furthermore, large nonline
susceptibilities in both NFWM devices will be required. An
other approach to creating photonic MES, recently discus
by two of us~C.C.G. and R.A.C.! @12#, is based on the quan
tum optical Fredkin gate@13#. The device described in Re
@12# is essentially a pair of Mach-Zehnder interferomete
~MZIs! coupled through a cross-Kerr interaction. The ent
device acts as a conditional beam splitter.~A sequence of
interactions, whose collective mathematical form is simi
to that described in Ref.@12#, has been described in the co
text of a system ofN two-level trapped ions@14#. The se-
quence generates an MES of the internal states of the io!
©2002 The American Physical Society04-1
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GERRY, BENMOUSSA, AND CAMPOS PHYSICAL REVIEW A66, 013804 ~2002!
The Kerr medium in the coupled interferometer device a
requires a large nonlinear susceptibility and, furthermo
state reduction at the outputs of one of the interferometer
required. But on the other hand, Kok, Lee, and Dowling@1#
and Leeet al. @15# have shown that linear optics along wi
projective measurements are sufficient to produce MES
large photon numbers. The procedure in Ref.@15#, though
requiring only linear optical elements~beam splitters! is lim-
ited to photon numbersN<4 while that in Ref.@1# appears
to be more general. Nevertheless, both methods do rely
numerous projective state reduction measurements w
outcomes are probabilistic.

In the methods for photonic MES generation described
the previous paragraph, two obstacles stand out: either
requirement of nonlinear media with large nonlinear susc
tibilities, or a number of projective state reduction measu
ments, or both. Here we have not even taken into accoun
fact that many of the state reduction measurements req
resolving photon numbers at the level of a single phot
Clearly, there is motivation to seek alternatives to these
proaches. If we restrict ourselves to linear optics, it appe
that state reduction is mandated. But for nonlinear opt
there is now the real possibility that the requisite large n
linearities may soon become available through the use of
techniques of electromagnetically induced transparency@16#
as exemplified in the recent experiment of Hauet al. and
Turukhinet al. @17#. As for the elimination of state reductiv
measurements, it so happens, as has been shown by Sa
@18# and Sanders and Rice@19#, that a type of nonlinear
interferometer~NLI !, an MZI with a Kerr medium one arm
what we shall call the asymmetric nonlinear interferome
~ANLI !, can produce,deterministically, exactly the required
MES by unitary transformations alone. In this paper we
examine the nonlinear interferometer as a source of m
mally entangled states of light with a particular view to a
plications in interferometry. The idea is to replace the fi
beam splitter of an MZI by an ANLI. This will produce th
MES over the two modes of the MZI containing a phase s
we wish to measure. However, the usual interferome
measurements for the phase shift cannot be performed b
subtraction of the photocounts of the two output ports of
MZI as this difference always vanishes. Instead, we ado
method originally proposed by Bollingeret al. @2# in the con-
text of spectroscopic measurements on an MES of trap
ions. In the optical context, the method amounts to perfo
ing parity measurements on one of the output beams, tha
measurements of the operator (21)n̂, wheren̂ is the photon
number operator for that beam. We show that the parity m
be measured by the use of another NLI, this time with K
media in both arms, the symmetric nonlinear interferome
~SNLI!. We further show that the SNLI produces, with a
input coherent state in one mode and the vacuum in
other, an output state consisting of the vacuum of one m
correlated with an even coherent state in the other su
posed with the odd coherent state in the latter mode co
lated with vacuum state in the former. Upon projective m
surement of the vacuum state in one or the other ou
modes one obtains either the even coherent state or the
coherent state~but in different modes!, examples of
01380
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Schrödinger-cat states. With two input coherent states it u
tarily generates a four-component entanglement of cohe
states.

The paper is organized as follows. In Sec. II, we discu
the ANLI and review how it generates MES. In Sec. III, w
discuss the use of the device as a source of MES for h
resolution interferometry. In Sec. IV, we reexamine the SN
and establish its usefulness as a parity-measuring device
conclude the paper with some brief remarks in Sec. V.

II. THE ASYMMETRIC NONLINEAR INTERFEROMETER

In Fig. 1 we present a sketch of the ANLI where a Ke
medium is placed in the lower arm of an MZI. The beam
the counterclockwise direction we denote asa and for the
clockwiseb. The action of the beam splitters~taken as 50:50!
is described by the transformationÛBS5exp@ip(a†b
1ab†)/4# @6,20#. Such beam splitters are constructed su
that the reflected beam picks up a phase shift ofp/2. A phase
shifter, described by the operatorÛPS(fa)5exp(ifaâ

†â),
whose purpose will be discussed shortly, is placed in tha
beam. The Kerr interaction is described by the interact
Hamiltonian@21#

ĤK5\xâ†2â25\x@~ â†â!22â†â#, ~2.1!

whereâ andâ† are the field operators for the beam andx is
proportional to the third-order nonlinear susceptibilityx (3) of
the medium. Many authors employ a truncated version wh
the term linear in the photon number operator is dropp
@18,22#. We will use the above more realistic form but
order to more easily obtain our desired result we shall n
to compensate for the effect of the linear term. This accou
for the presence of the phase shifter in the counterclockw
beam. Shortly we shall specify the required value of t
phase shiftfa . The unitary transformation associated wi
the Kerr interaction is

ÛK,a~k!5exp$2 iĤ KtK /\%5exp$2 ik@~ â†â!22â†â#%

5exp@2 ik~ â†â!2#exp@ ikâ†â#, ~2.2!

where tK5 l /nK is the time for the light to cross the Ker
medium,l is the length of the medium, andnK the velocity of
light in the medium. The parameterk5xtK5x l /nK . In what
follows we assume that the third-order nonlinear suscepti
ity is large enough to maintain the conditionk5p/2. It is
perhaps worthwhile to recall here that many proposals

FIG. 1. The asymmetric nonlinear interferometer~ANLI !. The
phase shift in the lower arm is taken to befa52p/2 as explained
in the text.
4-2
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NONLINEAR INTERFEROMETER AS A RESOURCE FOR . . . PHYSICAL REVIEW A66, 013804 ~2002!
quantum nondemolition measurements of photon numbe
quire Kerr interactions, either self-interactions of the type
Eq. ~2.1! @23# or cross-Kerr interactions between two mod
@24#, with large nonlinear susceptibilities of the magnitu
required in the present work.

We take as our input a coherent state in modea with the
vacuum in modeb: u in&5ua&au0&b . At the first beam splitter,
BS1, we have the transformation

ua&au0&b ——→
BS1

ua/&&au ia/&&b ~2.3!

just as we expect for a classical field. The phase shifter in
a beam causes the transformation

ua/&&au ia/&&b ——→
PS

uaeifa/&&au ia/&&b . ~2.4!

We now apply the operatorÛK,a of Eq. ~2.2!:

ÛK,aS p

2 D uaeifa/&&au ia/&&b

5expF2 i
p

2
~a†a!2G uaei ~fa1p/2!/&&au ia/&&b .

~2.5!

At this point we choose to set the phase shiftfa52p/2,
thus compensating for the effect of the second factor
ÛK,a(p/2). As shown some time ago by Yurke and Sto
@25#, for an arbitrary coherent stateub&,

expF2 i
p

2
~ â†â!2G ub&5

1

&
@e2 ip/4ub&1eip/4u2b&],

~2.6!

a form of Schro¨dinger-cat state usually known as the Yurk
Stoler state. Applying this result to Eq.~2.5! we obtain

1

&
@e2 ip/4ua/&&a1eip/4u2a/&&a] u ia/&&b . ~2.7!

The second beam splitter performs the transformations

ua/&&au ia/&&b ——→
BS2

u0&au ia&b ,

u2a/&&au ia/&&b ——→
BS2

u2a&au0&b , ~2.8!

and thus the output state of the nonlinear interferometer

uout&5ua<0&a,b[
1

&
@ u0&au ia&b1 i u2a&au0&b],

~2.9!

where an overall irrelevante2 ip/4 factor has been droppe
@26#. We have introduced the symbolua<0&a,b in an obvi-
01380
e-

e
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ous way to represent the entanglement of a coherent state
the vacuum as defined by Eq.~2.9!. In terms of the number
basis we have

ua<0&a,b5
1

&
e2uau2/2 (

N50

`
aN

AN!
~21!N

3@ uN&au0&b1eiFNu0&auN&b], ~2.10!

where FN52(N11)p/2 and where an irrelevant overa
eip/2 factor has been dropped. We may deduce from
~2.10! that for the input number statesu in&5uN&au0&b the
output state will be the MES,

uout&5
1

&
~21!N@ uN&au0&b1eiFNu0&auN&b]

5~21!NuN<0&a,b
FN, ~2.11!

Eq. ~1.1! apart from an irrelevant overall phase facto
Clearly, the result in Eq.~2.10! is a superposition of thes
MES weighted with the probability amplitudes of a cohere
state. By extension, for any input state of the form

u in&5(
N

cNuN&au0&b , (
N

ucNu251, ~2.12!

the output will be

uout&5
1

&
(
N

cN~21!N@ uN&au0&b1eiFNu0&auN&b].

~2.13!

For the sake of completeness we state the result of in
ing arbitrary coherent statesua& and ub& in modesa and b,
respectively, i.e.,u in&5ua&aub&b . Retaining the choice of
phasefa52p/2, it is straightforward to obtain the outpu
state

uout&5ua<b&a,b[
1

&
@ u ib&au ia&b1 i u2a&aub&b], ~2.14!

an entanglement of coherent states. Entangled coherent s
have been much discussed in the literature, especially in c
nection with applications in quantum information theo
@18,27#. Expressed in terms of numbers states,

ua<b&a,b5exp[2~ uau21ubu2/2# (
N50

`

(
M50

`
aNbM

AN! M !

3~21!NuN<M &a,b
FNM, ~2.15!

where FNM52p(N2M11)/2 and where again an irrel
evant overalleip/2 factor has been dropped. Thus we have
superposition of the entangled statesuN<M &a,b

FNM of Eq.
~1.2!. From this result we deduce that the input sta
uN&auM &b results in the output stateuN<M &a,b

FNM apart from
an irrelevant phase factor.
4-3
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III. APPLICATION TO INTERFEROMETRY

We now suppose that our ANLI in its entirety replaces t
first beam splitter in an otherwise ordinary MZI being us
for measuring the phase difference between its two ar
This modified MZI is depicted in Fig. 2. The boxes conta
ing w1 andw2 represent phase shifts in each of the arms
the MZI. The goal is to measure the phase shift differen
w5w22w1 .

To aid in the analysis of the second interferometer, it w
prove convenient to introduce the Schwinger@9# realization
of the angular momentum operators in terms of the se
Bose operators representing the beams of the interferom
The usefulness of the description of interferometers in te
of the angular momentum operators, or equivalently,
su~2! Lie algebra, is well established@6,20#. So, in terms of
the a- andb-mode operators, the angular momentum ope
tors are

Ĵ15
1

2
~ â†b̂1âb̂†!, Ĵ25

1

2i
~ â†b̂2âb̂†!,

Ĵ35
1

2
~ â†â2b̂†b̂! ~3.1!

and they satisfy the su~2! algebra@ Ĵi ,Ĵ j #5 i« i jk Ĵk . The Ca-
simir operator, the square of the angular momentum, ma
written as

Ĵ1
21 Ĵ2

21 Ĵ3
25 Ĵ0~ Ĵ011!, Ĵ05 1

2 ~ â†â1b̂†b̂!, ~3.2!

where the operatorĴ0 , half the total photon number, com
mutes with the operator of Eq.~3.1!, i.e.,@ Ĵ0 ,Ĵi #50, i 51, 2,
3. The number statesuN&auM &b correspond to the angula
momentum statesuj,m& provided j 5 1

2 (N1M ) andm5 1
2 (N

2M ) where Ĵ3u j ,m&5mu j ,m& and Ĵ0u j ,m&5 j u j ,m&. In
terms of the angular momentum states Eqs.~1.1! and ~1.2!,
respectively, read

uN<0&a,b
FN5

1

&
@ u j , j &1eiF2 j u j ,2 j &], j 5N/2 ~3.3!

and

uN<M &a,b
FNM5

1

&
@ u j ,m&1eiF j 1m, j 2mu j ,2m&], ~3.4!

FIG. 2. A Mach-Zehnder interferometer to measure the phasw
where the first beam splitter has been replaced by an ALNI.
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In terms of the operators of Eq.~3.1!, the beam splitter
transformation has the formÛBS5exp@ipJ1/2#. If w1 andw2 ,
respectively, represent the phase shifts in thea andb arms of
the interferometer as shown in Fig. 2, then we may wr
exp(iw1â

†â)exp(iw2b̂
†b̂)5exp@i(w11w2)Ĵ0#exp@i(w12w2)Ĵ3#.

The first factor contains only the total phase shift and he
contributes another overall irrelevant phase factor~so we
drop this factor! while the second factor contains the pha
difference. Thus the operator representing the relative ph
difference between the two arms isÛPD5exp(2iwĴ3), where
w5w22w1 .

In standard interferometry, phase measurements are
tained by photocounting on the output beams and subtr
ing, i.e., measurinĝĴ3&. ~Of course, by adding one can als
obtain^Ĵ0&.! However, such a procedure will not work in th
case of the MES: one finds that^Ĵ3&50. To circumvent this
problem, we adopt the suggestion of Bollingeret al. @2# of
measuring the parity of one of the output beams@28#. Choos-
ing the outputb mode, this amounts to measuring the ope
tor

Ô[~21! b̂†b̂5exp@ ip~ Ĵ02 Ĵ3!#. ~3.5!

The technique amounts to a direct detection of the pho
count at the outputb mode and raising21 to that power.
This is equivalent to measuring all the moments of the nu
ber operatorb̂†b̂. Clearly, photon detectors with resolution
at the level of a single photon will be required but we has
to point out that the same requirement must also hold
standard measurements for^Ĵ3&. Of course, all that really
needs to be determined is the parity, not necessarily the v
of b̂†b̂. This allows us to relax the requirement for singl
photon-resolving photodetectors provided we find devi
able to resolve parity without the need for high-resoluti
photon detection. We shall address this issue in Sec.
where we show that the SNLI is capable of performing su
a task.

Thus, excluding the nonlinear interferometer replacing
first beam splitter in Fig. 2, the rest of the Mach-Zehnd
interferometer is represented by the operator

ÛMZI5ÛBsÛPD5expS i
p

2
Ĵ1Dexp~2 iw Ĵ3!. ~3.6!

If uout& represents the output of the NLI, then the expectat
value ofÔ is given by

^Ô&5^outuÛMZl
† ÔÛMZluout&

5^outueip Ĵ0eiw Ĵ3e2 i ~p/2!Ĵ1e2 ip Ĵ3ei ~p/2!Ĵ1e2 iw Ĵ3uout&

5^outueip Ĵ0eiw Ĵ3eip Ĵ2e2 iw Ĵ3uout&, ~3.7!

where in the last line we have used the results
4-4
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NONLINEAR INTERFEROMETER AS A RESOURCE FOR . . . PHYSICAL REVIEW A66, 013804 ~2002!
e2 i ~p/2!Ĵ1Ĵ3ei ~p/2!Ĵ152 Ĵ2 ,

e2 i ~p/2!Ĵ1e2 ip Ĵ3ei ~p/2!Ĵ15eip Ĵ2. ~3.8!

We now suppose that the output of the NLI is the st
uN<0&a,b

FN of Eq. ~1.1!. In this case, using the result@6#

exp~ ip Ĵ2!uN&auM &b5~21!NuM &auN&b , ~3.9!

we obtain

^Ô&N<05 1
2 i N@ei ~Nw1FN!1~21!Ne2 i ~Nw1FN!#

5H ~21!N/2 cos~Nw1FN!, N even

~21!~N11!/2 sin~Nw1FN!, N odd.
~3.10!

The phase uncertainty for the stateuN<0&a,b
FN, for N either

even or odd, is found to be

Dw5DÔY U]^Ô&
]w

U5 1

N
, ~3.11!

exactly the Heisenberg limit of sensitivity, whereDÔ5(1
2^Ô&2)1/2 owing to the fact thatÔ25 Î . Note that the result
is independent of the phase differencew.

Of course, to obtain this ultimate limit of sensitivity on
must be able to generate number statesuN&, to inject into the
NLI; and the higherN the better. Some progress has be
made in that direction@29# but there is as yet no availabl
source of optical number states for arbitraryN. This begs the
question: Are there other states, perhaps more conventi
ones, such as the coherent states, that may be used to o
sensitivity at the level 1/N or 1/N̄, N̄ being an average pho
ton number? We have addressed this issue in the earlier w
@8,12# in regard to different proposals for generating ME
and have found the answer to be in the affirmative. Inde
we have already noted that with an input coherent state to
ANLI, an entangled coherent stateua<0&a,b , a superposi-
tion of the statesuN<0&a,b

FN, is obtained at the output. So w
now consider the phase uncertainty in the case of the
tangled coherent state. In order to calcula

a,b^a<0uÔua<0&a,b we need the following easily derive
result:

exp~ ip Ĵ0!exp~ iw Ĵ3!exp~ ip Ĵ2!exp~2 iw Ĵ3!ua<0&a,b

5
1

&
@ u2aeiw&au0&b1 i u0&au iae2 iw&b], ~3.12!

where Eq.~3.7! has been used. We thus obtain

^Ô&5a,b^a<0uÔua<0&a,b

5e2N̄@11eN̄ cosw sin~N̄ sinw!#, ~3.13!

and
01380
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d^Ō&
dw

5N̄e2N̄~12cosw! cos~w1N̄ sinw!. ~3.14!

The phase uncertainty may again be calculated accordin
Eq. ~3.9!. This timeDw will clearly depend onw. Suppose
we takew50 as for a balanced interferometer. In this ca

we find that^Ô&5e2N̄ andd^Ô&/dw5N̄ and thus

Dw5A12e22N̄/N̄, ~3.15!

which clearly goes over to 1/N̄ for large N̄. ~In fact, this
result is valid forw52pk, k50,1,2, . . . .! But supposew
deviates from zero by only the small amountd!1 as antici-
pated for a weak signal in the interferometer. Lettingw5d
!1 we then have

^Ô&'e2N̄1e2N̄d2/2 sin~N̄d!. ~3.16!

If N̄ is large butN̄d2/2 still small we havê Ô&'sin(N̄d) and
thusDw'1/N̄. In Fig. 3 we plot the exact phase uncertain
Dw ~solid line! vs N̄ for three values ofw a bit removed from
zero: ~a! w5p/45, ~b! w5p/18, and~c! w5p/7. For the
sake of comparison we also include the curve for the Heis
berg limit,DwHL51/N̄ ~the dashed lines! and of the standard

quantum limit given byDwSQL51/(AN̄) ~the dot-dashed
lines!. We note from Fig. 3~a! for w5p/45 that apart from
the spike at aroundN̄'21, the curve we obtain follows very
closely that of the Heisenberg-limit curve. The spike occ
simply because of the periodic functions in^Ô& and its de-
rivative. In Fig. 3~b! for the larger phase differencew
5p/18 we find more spikes but nevertheless the same g
eral trend that for a wide range ofN̄ our curve is close to the
Heisenberg limit and considerably below that of the stand
quantum limit. For the phase difference as high asw5p/7,
however, the correspondence to the Heisenberg limit bre
down and generally even exceeds that of the standard q
tum limit as indicated in Fig. 3~c!. But as we have said this
breakdown may be of no practical consequence if one st
with a balanced interferometer, and if the expected sign
are very weak causing only small disturbances. Finally, i
worth mentioning here that there is really an advantage
using coherent states rather than number states as inpu
the ANLI. The former could be applied essentially contin
ously thus yielding a higher rate of measurement on the o
put beams, whereas in the latter case the same number
must be prepared repeatedly, if it can be produced at
necessarily decreasing the rate of measurement.

IV. THE SYMMETRIC NLI

In Fig. 4 we sketch the SNLI, an MZI with Kerr media i
both arms~along with the phase shifters as per the discuss
in Sec. II!. We follow through the case of the input stat
u in&5ua&au0&b . After the first beam splitter we agai
have ua/&&au ia/&&b . The phase shift operator
exp(ifaâ

†â)exp(ifbb̂
†b̂) produce uaeifa/&&au iaeifb/&&b .
4-5
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FIG. 3. The phase uncertaintyDw vs the average photon numbe

N̄5uau2 for an input coherent stateua& in thea mode and a vacuum
state in theb mode of the ANLI for~a! w5p/45, ~b! w5p/18, and
~c! w5p/7. The solid line is ourDw obtained from Eqs.~3.13! and

~3.14!, the dashed line for the Heisenberg limitDwHL51/N̄, and the

dash-dot line is for the standard quantum limitDwSQL51/AN̄.
01380
With the choicesfa52p/25fb , the Kerr media, described
by the operator exp(2ikâ†2â2)exp(2ikb̂†2b̂2), with k5p/2,
produce

1
2 @e2 ip/2ua/&&au ia/&&b1eip/2u2a/&&au2 ia/&&b

1u2a/&&au ia/&&b1ua/&&au2 ia/&&b]. ~4.1!

Lastly, the second beam splitter produces the output sta

uout&5 1
2 @2 i u ia&au0&b1 i u0&au2 ia&b

1u2a&au0&b1ua&au0&b]. ~4.2!

We may rewrite this more transparently as

uout&5 1
2 @2 i u0&a~ u ia&b2u2 ia&b)1~ ua&a1u2a&a)u0&b].

~4.3!

Coherent state superpositions of the formub&6u2b& are just
single-mode examples of the Schro¨dinger-cat states, the eve
~1! and odd~2! coherent states@30#. Evidently, the symmet-
ric NLI generates an entanglement of the vacuum with
even and odd coherent states. Suppose that a photodetec
placed in the output of modea, with no detector in the outpu
of mode b. If the vacuum is detected~i.e., a ‘‘no count’’
detection! in the outputa mode, theb mode is projected into
the odd coherent stateu ia&2u2 ia&. Conversely, if the de-
tector is placed in output modeb and if a vacuum state is
detected thena mode is projected into an even coherent st
ua&1u2a& ~apart from the normalizations!. Notice that only
one detector~in either output beam! is used to make thes
projections. So we have found yet another procedure for g
erating single-mode Schro¨dinger-cat states.

In terms of the number states the output state of Eq.~4.3!
may be written as

uout&5e2uau2/2F2 i (
N,odd

`
~ ia!N

AN!
u0&auN&b

1 (
N,even

`
aN

AN!
uN&au0&bG . ~4.4!

The probability of detecting the vacuum in modeb is

Prob~ u0&b)5^outu0&b b^0uout&5e2uau2 (
N,even

` uau2N

N!
,

~4.5!

while the probability of detecting the vacuum in modea is

FIG. 4. The symmetric nonlinear interferometer~SNLI!. The
required phase shifts arefa52p/25fb as explained in the text.
4-6
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Prob~ u0&a)5^outu0&a a^0uout&5e2uau2S (
N,odd

` uau2N

N!
11D .

~4.6!

In this last expression the11 appears in the parenthes
because the vacuum stateu0&a appears not only correlate
with all the odd number states of modeb, but also with the
vacuum stateu0&b . Of course, for largeuau that contribution
is nil and to a good approximation Prob(u0&a)' 1

2

'Prob(u0&b).
From Eq.~4.4! we deduce that if the input to the SNLI i

u in&5uN&au0&b the output will be

uout&5H uN&au0&b , N even

2 i N11u0&auN&b , N odd.
~4.7!

Evidently, the SNLI acts as a filter with respect to parity. A
one needs to do is place photodetectors inboth the output
modes, and by noting which detector fires~and/or which
does not fire! the parity can be determined. It will not b
necessary to employ detectors with resolutions at the leve
a single photon. The action of the SNLI is very similar
that of the nonlinear four-wave mixing device described
Yurke and Stoler@7#, which produces essentially identic
output states for the given inputs as the symmetric N
However, the former requires two competing nonlinear int
actions, a cross-Kerr and four-wave mixing, while the lat
requires only single-mode Kerr interactions. Evidently, t
symmetric NLI is capable of performing the parity measu
ments required for the interferometric measurements
cussed in Sec. III.

For the sake of completeness, we state the output of
symmetric NLI with coherent state inputs in both modes
u in&5ua&aub&b then

uout&5 1
2 @2 i u ib&au ia&b1 i u2 ib&au2 ia&b

1ua&au2b&b1u2a&aub&b]. ~4.8!

Thus we obtain a four-component entanglement of cohe
states of the two modes. In terms of the number states
have

uout&5
1

2
e2~ uau21ubu2!/2 (

M50

`

(
N50

`
aNbM

AN! M !

3$ i M1N11@211~21!M1N#uM &auN&b

1@~21!N1~21!M#uN&auM &b%. ~4.9!

Thus for input number statesuN&auM &b we obtain the output
state
n
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uout&5 1
2 $ i M1N11@211~21!M1N#uM &auN&b

1@~21!N1~21!M#uN&auM &b%. ~4.10!

If M andN are both even or both odd, then apart from irre

evant phase factors we haveuN&auM &b ——→
SNLI

uN&auM &b ;
the photons do not exchange modes. But if one of them
even and the other odd we hav

uN&auM &b ——→
SNLI

uM &auN&b ; the photons collectively ex-
change modes. In this case it will not be possible to de
mine the parity of the states of the individual modes, on
that they are different. In summary, if eitherM or N is zero
we can determine the parity; if they are nonzero we c
determine if they have different or the same parity if th
exchange modes or not. We cannot determine the parit
the individual number states except in the case where on
the input modes is in the vacuum.

V. CONCLUSIONS

In this paper we have studied nonlinear interferomet
with Kerr media in one~the ANLI! or both~the SNLI! arms.
In the case of the ANLI, maximally entangled photonic sta
are generated if one of the input states is the vacuum.
principal advantage of using this device is that the MES m
be generated unitarily and therefore deterministically;
projective measurements need to be performed. The alte
tives with either nonlinear or linear optical devices requ
numerous projective measurements and are not determin
Another advantage of our proposal over those requiring m
tiple projective measurements@1,15# is that the former does
not require number state inputs as does the latter and
readily available coherent states may be used. The princ
disadvantage is that large nonlinearities will be required. B
on the other hand, there is the likelihood that such non
earities will eventually become available through the te
niques of electromagnetically induced transparency. We h
shown that the device could be used to replace the first b
splitter of a Mach-Zehnder interferometer to achieve hig
resolution phase-shift measurements with sensitivity at
Heisenberg limit. With MES in the interferometer, it is ne
essary to perform parity measurements on one of the ou
beams. But the SNLI acts as a filter with respect to parity a
therefore could be used as a detector in the interferom
experiments using MES or in any other experiment wh
photon parity must be measured.
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