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Nature and location of quantum information
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Quantum information is defined by applying the concepts of ordifi&hannon information theory to a
guantum sample space consisting of a single framework or consistent family. A classical analogy for a spin-half
particle and other arguments show that the infinite amount of information needed to specify a precise vector in
its Hilbert space is not a measure of the information carried by a quantum entity dktlinraensional Hilbert
space; the latter is, instead, bounded bydogjts (one bit per qubijt The two bits of information transmitted
in dense coding are located not in one but in the correlation between two qubits, consistent with this bound. A
guantum channel can be thought of astraictureor collection of frameworks, and the physical location of the
information in the individual frameworks can be used to identify the location of the channel. Analysis of a
guantum circuit used as a model of teleportation shows that the location of the channel depends upon which
structure is employed; for ordinary teleportation it is f@dntrary to Deutsch and Haydepresent in the two
bits resulting from the Bell-basis measurement, but in correlations of these with a distant qubit. In neither
teleportation nor dense coding does information travel backwards in time, nor is it transmitted by nonlocal
(superluminal influences. It is(tentatively proposed thaall aspects of quantum information can in principle
be understood in terms of theasically classicalbehavior of information in a particular framework, along
with the framework dependence of this information.
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[. INTRODUCTION of classical information and its location in space and time.
This shows what it is that we want to generalize to the quan-
Quantum information theory has attracted a great deal ofum case, and provides some analogies which are helpful
attention, with the interest driven in no small part by poten-later in the paper. The discussion of quantum information
tial applications to quantum cryptography and quantum combegins in Sec. lll with an analysis of how much information
puting. It represents an extension of classical informatiorcan be contained in, or carried by, a single spin-half particle,
theory, as developed by Shannon and his successors, toassingle qubit. We argue that this is at most one bit, and give
domain in which quantum effects are important and thereforgeasons why it is not larger despite the fact that an infinite
guantum mechanics must be used as the underlying physicamount of information is needed to descrifith infinite
theory. It has been suggestgt] that quantum information precision the mathematical state of the qubit as an element
generalizes classical information in a sense analogous to thaf its Hilbert space. In addition, in Sec. Ill B we develop a
in which complex numbers generalize real numbers. Howelassical analogy for a spin-half particle, one that provides
ever, despite impressive advances in the field, the specifics @fhat seems to be a more satisfactory intuitive picture than
this generalization remain unclear, and various experts have fairly common mental image of a gyroscope with its axis
presented rather different views as to the nature of quanturpointed in a precise direction in space.
information; see, for example,3,4). It would seem that the Since the quantitative measures of information, such as
organizing principles and general laws which govern quanentropy, used in ordinaryclassical information theory are
tum information have yet to be discovered, or at least havexpressed in terms of probabilities, their extension to the
yet to be recognized for what they are. quantum domain requires a consistent probabilistic formula-
The aim of this paper is to make a clear, specific proposaiion of quantum theory. For our purposes the traditional ap-
about the nature of quantum information, and then apply it tproach based upon outcomes of measurements is not ad-
the problem of the physical location, in space and time, okequate, and Sec. IV A indicates how this goal can be reached
information in a quantum system. The proposal may or maysing quantum frameworkgonsistent families One conse-
not turn out to be corredor interesting, or useful, efc.but  quence, Sec. IV B, is a maximum information capacity of
it is at least unambiguous, and can be tested in various way$one bit per qubit” for carriers of quantum information, con-
In this paper we apply it to some specific examples, includfirming the conclusions reached in Sec. Ill. The use of frame-
ing dense coding and teleportation, to illustrate what the conworks also allows one to assign a location to quantum infor-
cepts mean, and to show that they provide sensible results ination, as explained in Sec. IV C.
certain situations which have often seemed obscure and hard Dense coding is taken up in Sec. V. It has often been
to think about in physical terms, even though their math-supposed that this is a situation in which a single qubit can
ematical description is relatively straightforward. transport two bits of information. However, using the tools
Our presentation begins in Sec. Il with a brief discussiondeveloped in Sec. IV we show that this is not so: the two bits
(and each bit independentlyeside on two qubits, not one,
so the maximum capacity result of Sec. IV B is respected.
*Electronic address: rgrif@cmu.edu We also show that the information does not travel backwards
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in time, and argue that it is not transmitted instantaneouslyit a mathematically precise location, since the printed words
by some peculiar superluminal influence violating classicatake up some space, and the message cannot be recovered
causality, to a distant qubit. To be sure, there is somethingjom a single letter or even a single word; in some sense it
mysterious(i.e., nonclassicalabout dense coding, and our resides in the correlations among the symbols.
analysis makes clear precisely what it is. The notions of information and its location can be made
Quantum theory allows a physical system to be describeghore precise by embedding them in a probabilistic or sto-
by a variety of different frameworks, and the presence okhastic model, something which is necessary if one wants to
absence of informatiofand hence its locatiordepends, in  yse the concepts of classical information thef@ly Let M be
general, upon the framework. As an aid to thinking about thisy random variable representing the different possible mes-
framework dependencevhich is a novel feature of quantum sages which can be produced by a source, antl le¢ an-
mechanics with no classical analog, we introduce in Secgther random variable representing different physical states
VI A the notion of astructure or collection of frameworks of a carrier of information. If for any\/| that occurs with
with a common algorithm for calculating probabilities. A nonzero probability there is sonesuch that the conditional
particular example of a structure is an ideal quantum chanprobability Pr(Vi|N) is 1, we shall say that the carrier con-
nel, discussed in Sec. VIB from the point of view of the tains the information produced by the source, whereas if
phySical location of information in the different frameworks andN are Statistica”y independent' the carrier does not con-
that constitute the channel, and this is used to define th%in this information. It is convenient to use Shannon’s mu-
location of the channel itself. tual informationl (M:N) [6] as a quantitative measure of the
The tools developed in Sec. VI B for locating a quantuminformation present itN, especially when, as will be the case
channel are applied in Sec. VIl to a particular three-qubitin most of the discussion that follows, we are interested in a
quantum circuit which has been used to discuss teleportatio§mall number of messages which occur with equal probabil-
[5]. This circuit is analyzed from different points of view, jty,
ie., by USing different structures, and the location of the AS a Simp|e examp|e, suppose Alice sends a one-bit mes-
channel is shown to depend upon which of these one ensageM=0 or 1 to Bob by mailing him a colored slip of
ploys. Teleportation itself corresponds to a particular strucpaper, red(R) for 0, green(G) for 1, inside an envelope.
ture, and we identify the location of the relevant information\yhjle it is in transit the message is contained in or carried by
during the “classical” communication process. Once againghe slip of paper, and if 0 and 1 are equally likely, the slip
the information does not travel backwards in time, nor argarries log2=1 bit of information. Next consider a more
there magical long-range influences. complicated arrangement in which the message is encoded in
The concluding Sec. VIIl summarizes the basic proposalwo slips of paper which Alice sends to Bob in separate
of this paper in terms of two theses. The first is that the us@nyelopes: identical colorRR or GG, chosen at random,
of frameworks is an appropriateonsistent, useful, efogen-  stand for 0, and opposite coloRG or GR, also chosen at
eralization of classical information to quantum mechanics: itangom, stand for 1. In this case a single envelope contains
embodies at least something of what quantum information i, information about the message, since bothMor 0 and
all about. The second, more speculative thesis is that thigj— 1 R or G will be present with probability 1/2. Instead,
generalization is sufficient to cover, at least in prinCigg#, the message is present asarelation between the contents
of quantum information: that is, there is no additional, of the two envelopes. It idelocalizedin the sense that it is
irreducibly-quantum information which is not “classical”in- ot present in either envelope by itself, but can still be said to
formation in a partlcqlar framgwork, or else the frameworkpe in the region of space occupied by both envelopes—the
dependence of such information. , _union or their interiors, to use a set-theoretical term—even in
The only other work we are aware of which addresses igases in which the envelopes are far away from each other.
a similar way questions about the location of quantum inforqxtormation is something abstract whose location need not
mation is that of Deutsch and HaydE81. Aside from one or  gatisfy the usual rules for the location of material objects.
two points of similarity, e.g., we agree that there can be no A third example useful in a later discussion of an analo-
instantaneousgsuperiuminal transmission of information in  goys quantum situation is the following: Suppose that Alice
a quantum system, their approach is completely differengng Bop initially share slips of paper that are known to be
from ours; see the comments in the Appendix. identical in color: botfR or bothG. For example, they were
prepared and placed in separate envelopes sent to Alice and
Bob by Charlie, who flipped an honest coin to decide be-
tweenRR andGG. Alice now sends a one-bit messageo
The morning newspaper contains an account of a speedbob in the following way. FoiM =0 she sends him the slip
which the President made yesterday. One can say that the# paper in her possession, and fdr=1 she sends him a
newspapecontains informatiorbecause from the shapes and slip of the opposite color. Where is the information abbut
positions of the symbols on the paper it is possible to infelocated while this slip is in transit from Alice to Bob? It
something of what the President said. It isarier of infor- ~ cannot be in the slip which is in the mail, because in our
mation about anessagein this case the original speech. This stochastic model bothl =0 andM =1 lead toR andG with
information has a physical location in the same sense that thequal probability. Nor is it, obviously, in the slip that is al-
newspaper has a physical location. Of course this location ieeady in Bob’s possession. Instead, it is present in the corre-
not unique—there are many copies of the newspaper—nor istion between these two slips, and physically located in the

Il. CLASSICAL INFORMATION
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union of the two regions that they occupy. not hesitate to say that the information abbuts carried by

One can imagine more complicated situations. For exthe electrical signal, and in the same way it seems plausible
ample, modify the previous example so that Charlie preparethat information is carried by the spin-half particle.
RG andGR as well asRR and GG, each with probability However, the quantum case is conceptually more compli-
1/4, and sends the first slip to Alice and the second to Bobgated than its classical analog because the polarizer can pre-
Later, at the same time Alice sends her message to Bob byare other components of spin angular momentum besides
following the procedure in the preceding paragraph, Charligs, There might, for example, be additional switch settings
mails to Bob a yellow slip of paper indicating that the earllerlv|=0 or T which result in a particle withS,= +1/2 or

slips he sent were of the same color, or a blue slip indicating 1/2 velv. Th in the Hilb
that the colors were opposite. While the slips from Alice and ,_respectlve y. he vect(_)rs n t e Hilbert space corre-
Charlie are in transit to Bob, the message is contained in th&Ponding 0S,==1/2 are quite distinct from those corre-
correlation between these and the slip already in Bob’s possPonding toS,==1/2, and if these were to correspond to
session, whereas it is not present in the individual slips or ifPhysically distinct states of the quantum particle one might
any of the three pairs of two slips. A quantum analog of thisPlausibly conclude that the particle could carry g2 bits
situation will be discussed later. of information. Indeed, there is no reason not to allow the
polarizer the possibility of producing a particle with a polar-
ization S,,= 1/2 forw any direction in space. Since the states
(or, to be more precise, the rays or one-dimensional sub-
A. Distinct states spacep of the Hilbert space corresponding to distinetare
The simplest quantum carrier of information is a two- different, a single spin-half particlle_would, accprding .to.this
point of view, be capable of containing or carrying an infinite

level system or qubit, which for convenience we shall think . ) L 4 i
of as the spin degree of freedom of a spin-half particle, a12mount of information(This idea seems to be widespread;

though the polarization of a photon would do just as WeII.for a specific reference, s¢2.)

Suppose a polarization apparatpolarize produces  par. | TE e however sefous blectioneio fhe possiy o
ticle with its z component of spin angular momentu& P P ying

equal to-+1/2 or —1/2 (in units of ), depending upon the it.s'spin degree of fregdom. TQ begin with, the classical defi-
setting 0 or 1 of a switchM. This’particle then travels nition of _Iogzn as the mformat_lor(entropy of a source c_>h
through a field-free region to a Stern-Gerlach measuring a equally likely messages requires that these messagdisbe

o ;
paratus where the value &, is measured, with outcor tinct from one another. From a quantum perspective, any two

equal to 0 or 1 indicated by a suitable pointer. As there is astates of affairs which are classicallye., macroscopically

perfect correlation between the polarization settMgand distinct, such as two pointer positions, always correspond to

the measurement outcomdl the mutual information guantum states that acgthogonalto each other(If the dis-
s . - . " tinct states are described by two density matricesndp’,

[(M:N) is log,2 or 1 bit, assuming equal priori probabili- o ; : .

ties for M. thenpp’=0.) For spin half, the eigenstates corresponding to

It makes sense to suppose that this 1 bit of information iSZ: +1/2 and—1/2 are orthogonal, whereas eigenstates of

! . . ; . SSZ are not orthogonal to eigenstatesQ)f. Therefore,S,=
carried by the spin-half particle during the time between 1/2 andS, = + 1/2 do not correspond to distinct states in

preparation and measurement, since, for example, the perfect ; L :
correlation betweeM andN requires that the particle actu- the classical sense, and this is confirmed by the fact that there

ally arrive at the measuring apparatus, and can be altered Iy no measureme.nt'tha.t can 'dlst'mgwsh' them. To be sure,
the particle is scattered or passes through a magnetic fie ere mlght be a distinction which is phy5|cally presen'_t bgt IS

during its trajectory. That the particle contains information'rlagce?,s'blf o TeaSL(eremtent(;s. But ;h's tsouhndsha br:t I|k_e E:
aboutM can be confirmed using the formulation in Sec. Il byS udents claim to understand a subject when ne nas jus

. . P failed the examination, and one tends to be skeptical.
working out the joint probability distribution for the random ' y
variablgsM andéz, P y To be sure, the stateS,=1/2 from S;,=1/2, while they

cannot be distinguished for an individual particle, are distinct

Ill. SPIN HALF

P(M=0.S,=+1/2)=1/2 in that they give rise to different statistical predictions for the
outcomes of various measurements. Such a distinction does
=P(M=1S,=-1/2), (1) not, however, mean that individual particles are in some

sense distinct depending on whether they were prepared with

with Pr(M=0,S,=-1/2) and PrM=1,S,=+1/2) both the polarizer switch setting & =0 or M =0, as can be seen

equal to 0. Introducing probabilities that refer to a micro-from a classical analogy. Consider an ensemble of bolts pro-
scopic quantum system requires some care, and we shall rduced by machine no. 1 that creates one defective bolt in 10,
turn in Sec. IV A to the considerations which justify). and another ensemble produced by machine no. 2 that cre-
Assuming its validity, the situation is analogous to one inates one defective bolt in 20. Separate ensembles of bolts
which a switch setting oM equal to 0 or 1 on one piece of produced by the two machines can be distinguished with a
apparatus gives rise to two distinct macroscopic electricaprobability that approaches 1 if the ensembles are suffi-
signals in a cabléthe analogs o5,= +1/2) connecting this ciently large, but the distinction cannot be made on the basis
apparatus to a second one in which the signals give rise tof a single bolt. Distinct probability distributions do not

two different pointer positions. In such a situation one wouldmean distinct bolts, and it would be somewhat strange to
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claim that because the probability of a defective bolt is deto the polarization direction is consistent with the usual be-
scribed by a real numbgy having an uncountably infinite lief that a measurement of one component of the spin of a
number of possibilities, that therefore every bolt carries arspin-half particle randomizes the orthogonal components,
infinite amount of information relative to its being or not when one remembers that such measurements are one way of
being defective. Of course, a pure quantum state is not thgroducing polarized particles. In summary, while this second
same thing as a probability distribution. But when it func- model remains classical, and is thus bound to be misleading
tions as a preprobability7] used to calculate a probability in some respects, in other respects it provides a significantly

distribution, it has a somewhat similar character. better intuitive feeling for the quantum situation than does
In summary, the undeniablmathematicaldifference be- the first model.
tween the stateS,=1/2 andS,=1/2 as elementtor, better, It is possible to carry out a quantitative analysis of the

rays in the Hilbert space need not reflecphysicaldistinc-  information contained in a simplified version of the second
tion in any sense analogous to those between two nonidentinodel that no longer respects the requirement of rotational
cal classical messages. And if it does not, then it provides ninvariance. We suppose that a classical objecthasandz
basis for supposing that a single qubit can contain more thasomponents of angular momentum equattt/2 or —1/2 in
one bit of information. some set of units, and thus a set of eight possible states,
which can be denoted by, +,*+); e.g., +,+,—) stands
for §=+1/2, §=+1/2, S,=—1/2. We assume that the
polarizing apparatus in preparing a st&e= + 1/2 randomly

One source of thémistaken, in our opinionidea that a  perturbs thex andy components of angular momentum, so
spin-half particle can carry an infinite amount of information that it produces one of the four states (=, +) with equal
is a mental image in which one thinks of it as a classicalprobability.
object like a gyroscope, spinning about an axis pointing in a Now suppose that the polarizer is equipped with six
well-defined direction in space, say thez direction if the  switch settings allowing it to produce the stags= +1/2,
quantum state i$,= +1/2. Such mental images, or models, S,=*1/2, andS,= *1/2, where in each case the state has
of quantum objects in classical terms are probably unavoidthe specified value for that component of angular momen-
able in that quantum theory is a product of human thinkingtum, but random values for the other two. It is then clear that
that is shaped in large part by ordinary “classical” experi- from the resulting “spin configuration” of the object, say
ence, and they need cause no harm if one understands théit,—,+), one can decide unambiguously between the po-
limitations and realizes how they can be misleading. Thearization settingsS,= + 1/2 andS,= — 1/2, but not between
gyroscope model under discussion is misleading in that th& = +1/2 andS,= + 1/2. For this model one can calculate
components of angular momentum in directions perpendicuthe mutual information between the six polarization settings,
lar to the special axis are zero, whereas one knows that thessumed equiprobable, and the spin state, and the result is 1
guantum operators)z( andS§ are identical toSf, and thus bit. That is to say, the object can carry enough information to
thinking of S, andS, as equal to zero whe®,=1/2 cannot  distinguish two opposite values of one component of angular
be correct. A modification of this model, which is still clas- momentum, but contains no additional information about the
sical but a bit less misleading, has the axis of the gyroscoperientation of the polarizer.
pointing in a random direction in space consistent with a Since this model is classical it cannot clarify all the con-
definite positive value 08,, but with random nonzero val- ceptual difficulties of the quantum case. However, it does
ues ofS, andS, . It resembles what one finds in older texts suggest how a preparation procedure can impart to a single
on atomic physics, where even wh& has its maximum particle much less information than is required to describe
value, the total angular momentum is shown as a vectothe procedurgin particular, the orientation of the polarizer
pointing in a direction which does not coincide with the itself.
axis.

If one uses the first model, in whicB,=+1/2 corre- IV. QUANTUM INFORMATION
sponds to the gyroscope axis pointing along zhexis, one
tends to get the idea that the quantum state contains a large
amount oforientational information needed to specify the  While the qualitative arguments in Sec. Il A and flsec-
precise direction in which the spin is “pointing.” This is ond) classical model in Sec. Il B provide reasons for sup-
reinforced by the observation that a spin polarizer, a larggosing that a spin-half particle cannot carry a large amount
classical apparatus, can be oriented quite precisely, combined information in its spin degree of freedom, they are obvi-
with the plausible, but questionable, supposition that theously not substitutes for a precise discussion properly
same precise orientation is imparted to the spin-half particlegrounded in the fundamental principles of quantum theory,
The second model, in which the orientation of the gyroscopevhich we shall now begin to construct.
axis is to a large extent random, suggests that, on the con- Classical information theory is formulated in probabilistic
trary, while the polarizer can fix one component of the anguterms, and hence it makes sense to try and construct a quan-
lar momentum quite precisely, it does not impart a preciseéum counterpart using a consistent probabilistic formulation
orientation, for the other components of angular momentunof quantum theory. Unfortunately, quantum textbooks usu-
are random. That the polarizer should produce random vaklly introduce probabilities in terms of the outcomes of mea-
ues for the components of angular momentum perpendiculaurements, and take a more or less agnostic attitude towards

B. Classical analogy

A. Frameworks
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what goes on between measurements, or between the prepa-When one is considering probabilities of events that take
ration of a system by some macroscopic device and its meglace at different times, as iil), it is necessary to employ a
surement by another. During this time interval the quantunframework or quantum sample spacehistories sequences
system is thought of as a black box, or “smoky dragon.” of events at different times. Rules for incompatibility of
Such an approach is obviously not adequate for addressirfigameworks and for assigning probabilities to histories in a
guestions about the amount of information carried by asingle framework have been worked out by Gell-Mann and
single qubit when it is not being measured. One might stillHartle [14], Omnes [9,12,13, and the authof11]; for a re-
make some progress if one could assume that the outcome oént, detailed formulation see Chap. 10[8f. These are
a measurement reveals a property the measured system hadre complicated than those for a single Hilbert space at a
before the measurement took place, but it is precisely thisingle time, but for the purposes of the present paper these
that the traditional approach denies. Fortunately, there areomplications, embodied in what are called “consistency
other tools available for assigning probabilities in a consis-conditions” or “decoherence conditions,” can for the most
tent way to quantum systems without reference to measurgart be ignored; exceptions will be noted as they occur. One
ments[8—14]. can also employ frameworks to discuss measurements, pro-
Ordinary probability theory is based upon the notion of avided the measuring apparatus is regarded as a quantum ob-
sample spaceof mutually exclusive possibilities, one and ject, part of an overall system that is described using quan-
only one of which occurs in any given experimental trial: tum theory. The probabilities of measurement outcomes are
e.g., the two sides of a coin, or the six sides of a die. Thehen the same as those calculated by the rules of standard
guantum counterpart of a sample space feamework also  textbook quantum theory. Hence the use of frameworks is
known as a consistent family or decoherent set. The simplestot a new version of quantum theory different from what is
example is an orthonormal bagis;)} of states of the quan- found in textbooks, but instead a consistent extension that
tum Hilbert space, or, equivalently, the associated collectiorallows probabilistic descriptions of microscopic as well as
of projectorsP;=|a;)(a;| which form a decomposition of macroscopic systems.
the identity, The use of frameworks provides a quantum mechanical
justification for(1), where the values d¥l refer to the polar-
_ A _pf D _s b izer switch setting at a time before the particle is produced,
I_; Piv Pi=Pi PiPk=0uPy. @ and S,==*1/2 to a later time before any measurement oc-
curs. The assignment of probabilities(it) is a consequence

It is important that the states be orthogonal, for only then d@f the usual Born rule along with the assumption thét
they correspond to physically distinct states that are mutually” 0 ahdM =1 are equally probable. Another framework can
exclusive(see the discussion in Sec. Il) A framework or ~ De used to discuss the values 8f rather thanS,. It is
guantum sample space for a system at a single time is alwaymssible to incorporate all four values bf, 0,1,0, 1—note
associated with a decomposition of the idenfi&} with the  that these are four mutually exclusive possibilities—at the
projectors satisfying2), but some of these projectors may earlier time in either th&, or S, (at the later timg frame-
project onto subspaces of dimension greater than 1, in whictvork, but theS, andS, frameworks are incompatible, since
case the decomposition is not associated with a unique oit makes no sense to simultaneously assign values, aind
thonormal basis. S, to a spin-half particle.

For a spin-half system the orthonormal basis consisting of
the eigenstates d8, constitutes a framework, and that cor-
responding to the eigenstates $f a different framework.
These two frameworks atiie@compatible it is impossible to Consider a carrier of information described quantum me-
combine them into a single sample space, because one caghanically by a Hilbert space with a finite dimensidnThen
not simultaneously assign valuesSpandS, for a spin-half  d is the sum of the dimensions of the different subspaces
particle(there is no ray in the Hilbert space corresponding tocorresponding to the projectors making up a decomposition
the combined valugg15]. More generally, two frameworks of the identity, as is obvious by taking the trace of both sides
are incompatible when the projectors corresponding to onef (2). Consequently, there can be at masprojectors in
decomposition of the identity fail to commute with the pro- such a decomposition of the identity, and the corresponding
jectors of a different decomposition. While it is possible tosample space contains at mabsimutually exclusive possi-
assign probabilities separately in different frameworks, it isbilities. For this reason, the maximum amount of information
impossible to combine probabilities associated with incom+that can be carried by this system is the same as that of a
patible frameworks, because there is no common samplelassical object withd different states, namely lgd bits. In
space. This is an instance of thimgle framework rul¢16], particular, ford= 2, a single qubit, the maximum capacity is
which states that it is meaningless to try and combine@vo 1 bit; for d=2", n qubits, it isn bits. Thus a quantum system
more) quantum descriptions of a system based upon incomean contain at most one bit of information per qubit.
patible frameworks. This rule is important, because when One might suppose that this limit could be exceeded by
one is analyzing quantum systems it is easy to be misled intasing more than one framework. However, that would con-
combining results in a manner which is quite acceptable irtradict the single framework rule: one could not find a single
classical physics, where incompatible frameworks nevesample space or a corresponding random varigidemitian
arise, but which leads to quantum paradoxes. operatoy to represent the additional information. To better

B. Maximum capacity
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understand what is involved in using different frameworkswill be located wherever particla is located, information
one needs to look at various examples, which is what weboutB will be at the location of particld, and the com-

shall do in the following sections. bined information can be said to be in the union of the two
regions of space occupied by the two particles.
C. Location of information This is entirely analogous to the corresponding classical

ar?)ase and would scarcely be worth mentioning except that it

rovides a contrast with a very different way in which two

information can be assigned a location in the sense that gyq ot intormation can be encoded in two spin-half particles
carrier of information(newspaper, colored slip of papean by using the four Bell states

be assigned a location. It seems plausible that the same prin-

We looked at various examples in Sec. Il where classic

ciple a}pplies to th_e quantum case: if a spin-half particle is in IBoo>=(|00>+|11>)/\/§,

a particular location and its spin is appropriately correlated

with some initial message, then the information is located _

wherever the particle is located. Quantum particles cannot be [Boy (|01>+|1O>)/\/§’

assigned a precise location, but neither can newspapers, so _

this is not a serious difficulty. Of greater concern is the fact |Bl°>_(|00>_|11>)/\/§'

that quantum theory allows the use of different incompatible

frameworks for describing quantum entities, and, as we shall |B12)=(]01)~[10))/12. ©)

see, the presence or absence of information in some carrier ) )

of information can depend upon the framework used to def's these form an orthonormal basis of the two spin system,

scribe it. they can be used as a framework of mutually exclusive pos-
Let us begin with the simple case of a spin-half particIeS'b_'l't'es' One could imagine that they are prqduced by a

prepared by a polarizer in the steig=+1/2 and traveling suitable 'apparatus, ywth each state corresponding t_o one of

through a field-free region, as in Sec. Il A. If we use B four settings of a switch on the apparatus. Then the informa-

framework, this component of spin is correlated with theton about the_ S;V';Ch ﬁettmg IS chlatedH|n the union of the

switch settingV on the polarizer, and the particle can be sajid'©d!0ns occupied by t. € two partu; es. However, In contrast
to contain or carry the information as to whettémwas 0 or to.th.e previous case, It Is not possuble to say that any part of
1. If instead one uses ti& framework, the joint probability this mforma‘uon is located in either particle .by ltself. :

of M=0 or 1 andS, can be calculated using the Born rule To begin with, each of the Bell states is a delocalized

and one finds that they are statistically independent, so in thigtity O.f a type W.h'Ch POSSESSES No pla_ss_lcal anz_ilog: Itis
framework there is no information about the two switch set-'mpOSSIbIe to ascribe properties to the individual spins when

. . L= — they are in such an entangled state. The reason is that a
tings. (For present purposes we are ignorifg=0 or 1.)

: . . rojector representing some property of partiales neces-

That the information should be present in one framework an arily of the form%(l,+S,,), where the subscrip labels
. .. . . 2 a aw/
not another is not t00 surprising given the classical analog)(he particlew indicates some direction in space, dnd the
(the se_c?nd m(_)d)al_ntrﬁduced in Sec. If” B! Ifl the polarizer 4o ity operator on the Hilbert space. Such a projector does
str(])_rlesl n o_rmatrl]on mé @component o ad”‘v}P a:jmomerzjtum not commute with a projectdBjk>(Bjk| representing one of
while leaving thex aﬂ y %Omp]?nems. un elme for radn oM, the Bell states. To suppose that a quantum system can simul-
I '3 not :_surpnsw;]g t _at t ed'r.' ormation Is _a;er oun $3 . taneously possess properties corresponding to two noncom-
and not mel. Tk us in studying quantumkm ormation It IS ting projectors is to abandon standard quantum mechanics
Important to look at a variety .Of framew_or S- , in favor of a theory of hidden variables. And it violates the
Consider a situation in which two spin-half particles aregingle-framework rule.

used to carry two bits of information. As long as each par- gyep jf 4 system has been prepared in one of the four Bell
ticle is polarized separately, the situation is stralghtforwardStates by some apparatus, there is no reason why at a later
Suppose that polarizek imparts to particlea a polarization e \ve must describe it using the Bell states as an orthonor-
of S,= = 1/2 and polarizeB imparts to particld a polariza- 5| pasis, We could, instead, adopt a basis in which the

tion of S,==1/2. Then one can exhibit perfect correlation i qividual particlesa andb are assigned specific properties,
between the initial switch settings of the polarizers and thg,, example,S

. ) ; .- and S,,,. If one works out the correspond-
spin states of the particles by using for the latter a frameworlfng probabilities(which are the same as &,, and S,, were
consisting of the orthonormal basiwith kets in the order

measurey] one will find that in this framework the difference
|a,b)) of between a preparation which produd@&j,) or |Big) on the
04), 10=), |14), |1-), (3  one hand, andiBy;) or |B;;) on the other, is present in the
correlation between the value 8f, andS,,, but not in the
where|0) and|1) are the states witls,= +1/2 and—1/2, values ofS,, by itself or Sy, by itself_. Other f_ramewo_rks can
respectively, and be used to extract other pieces of information, but in no case
is any part of the information located in one of the particles
|+>:(|o>+|1>)/\/§, |_):(|o>_|1>)/\/§, (4) by itself. The situation is thus analogous to the example of
classical information encoded in two slips of paper of the
are states witls,= + 1/2 and— 1/2, with a particular choice same or of different colors, Sec. I, and thus not available in
of overall phase. For this framework, information abdut either slip by itself.
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— |a) tg in Fig. 1 the qubitd andc are in one of the entangled Bell

: states defined i5), which state depends on the valuesaof

> |a) anda. But in this situation, as discussed in the Sec. IV C, the
information cannot be said to be present in qubiinstead it

is in a sort of quantum correlation betwelkrand c. Conse-
quently, if we useF; there is no violation of the maximum
capacity result of Sec. IV B, because 2 bits of information
are carried by a Hilbert space of dimensiox 2=4 repre-
senting both qubits.

The reader may find this result, even though formally cor-
rect, to be intuitively troubling in that it seems as if the
information which at times before; was entirely in Alice’s

V. DENSE CODING laboratory has somehow managed to “jump,” so that at time
A. Circuit and unitary time development ts it is at least partly in Bob’s laboratory in quidit despite
the fact that this qubit has not interacted with eitheor a.
é—|ave we uncovered some mysterious long-range interaction
which can influencé despite the fact that it is far away from

|a)

|
T
|
|

1 t 1
T T T
l ( |
I l l

FIG. 1. Quantum circuit for dense coding.

As noted in Sec. |, the phenomenon of defsesuper-
densgé coding has been interpreted as indicating that a sing|
qubit can somehow contain two bits of information. If true, Alice’s laboratory?
this would contradict the maximum capacity result of Sec. Y

IV B, and both for this reason and also because it provides an, al—i%r?esiégitn}hee:e ':ar:%th'?r? tﬁ?ﬁﬁgﬁggrﬂ?‘daaggt)tcggg d
instructive example of using frameworks to locate informa- y app 9

tion, dense coding is worth examining in some detail. correlation with a distant object, it is useful to analyze the

A quantum circuit corresponding to this process is showrfreuitin lt:rlwg.t 1 usmg a”d;fftere?t framewal:k“z llar']t \.Nh('jCh W(.eb d
in Fig. 1, with the usual convention that time increases frompuPPOSE tha dp and all later times each qubit Is describe

left to right. Each of the two qubita anda in Alice’s labo- gising thie?]z \c/)vr corrrg?lugatinor][al Eas(;@z cir\ll\%zﬁwf;ich ifr?r ttf;]is ket
ratory, above the dashed line, is initially in a sted or |1), scussion we shail genote by © 0 out using the ke

and together they constitute an information source with fOU§¥\%%OL.h(g?§tiZﬁa;?a?efg 2;;3\/ Asir?qhzxggﬁigni’t ?:I?o Vk\)/gl?rvg'm
ibl . In Bob's laboratory, bel thdhﬁ tes -
POSSID'E MESSages. In Bobs lanoralory, Heow e dashg e Born rule that in this framework at tintg eitherb=c

X . _— . t
line, two qubitsb andc, initially both in the|0) state, are . . .
entangledqby applying a Hadar¥1ard ghiten |b|:(>3>, produc- =0 orb=c=1, with equal prob'ab|l'|ty. The same is true at
ing (|0)+|1))/\/2, followed by a controllekoT in which t3, but between, andt, theb qubit will be flipped from 0 to
the c qubit is flipped from|0) to |1), or vice versa, if and 1 or from 1 to 0 'fr?_.lf’ or remain icellsame é_(.)'—Asf”a
only if the b qubit is in the statg1), where the notation consequence, aj, the ln_ormatlon Initially p.re.‘sgt Il Wi
follows [17]. These two unitary transformations place thebe present in theorrelation betweerb andc: if a=0, then

two qubitsb and c in the Bell state|Byg), see(5). At this E:tC’r:snednltf %:eilt,r]far;)eg?g&sz Na(r):t((:a el ﬂ}itr thlselgfcohr rir;act)l%r:f
point theb qubit is transported to Alice’s laboratory and the P P Y oty

information in thea anda qubits is written into it using a with a pr_obak_)|llty_ of 1/.2’ the same asuat Once again we

- have a situation in which information “suddenlybetween
controlledNOT and a controlled? gate. The latter multiplies . . : : .
the total state by-1 if and only if botha andb are in the ts andt,) appears asa cqrrelat|o_n with a distant ObJ?Ct vyhu:h
state|1). After this theb qubit is returned to Bob's labora- has taken no part in any interaction. However, the situation is
tory Whére it and thec gubit undergo the inverse of the precisely parallel with the classical analogy discussed in Sec.

operation that initially entangled them. The overall unitary”’ in which Alice and Bob share two slips of paper which are

. . . L both red or both green, and there are obviously no nonlocal
time evolution results in the qubit being in the same state, . . : .

: X — influences or other sorts of magic. And if such an informa-
|0) or |1), as thea qubit, andc in the same state @ as

=7 . . R - tion “jump” is unproblematic in the classical case, and thus
indicated in the figure(Note that ifa is in a superposition of in framework %, there seems to be no reason to be con-
|0) and|1), this same state wilhot emerge at the final time 2

at either of the points labelefd) in the diagram, and the cerned about it in framework;. .
. = | s Now let us continue the description using framewdik
same is true oh.) The term “dense coding” refers to the

idea, which at first glance seems intuitively plausible, that® limes later than, in Fig. 1. Betweert, andts theb qubit

. . : ; is left unchanged, for even &= 1 the only effect of this is to
the single qubitb on its way back to Bob’s laboratory con- - B :
tains the information that was initially in bothanda, which change the sign ofb=1), but this has no effect upon the

is to say two bits of information, and it is this idea that we Erojector|f1>(1|.l (This is per:haps clearer ifa%ge emplr(])ys the
. : . : ' istories formalism, see the next paragrag¥or is there,
shall investigate using various frameworks. obviously, any change betweety and t;. The next

controlledNOT gate has the effect thatis equal to 0 or 1 at
t; depending upon whethdo=c or b#c at tg. Conse-
Let us begin with the frameworlg; corresponding to the quently, the information originally contained & which dur-
unitary time development of the initial states discussedng the time interval front, to tg is present as a correlation
above. One then finds that during the time interval figno ~ betweerb andc, emerges at the end o) as indicated in the

B. Different frameworks
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figure. The final Hadamard gate changes gbliom |0) to  continues to have the same value,or —, att; andtg as it
|+) or |1) to |—) as the case may be; i, one cannot had earlier; ascribing a value of 0 or 1 to it at these times
assign|0) or |1) at tg to b without violating consistency would violate the consistency conditiofis8].
(decoherengeconditions[18]. In terms of the location of information, th&; framework

The somewhat informal discussion of framewdFk in leads to a conclusion parallel to the one obtained ugipg
the previous paragraphs can be given a formal justificatiomluring the time interval fronts to tg the information aboua
using the consistent histories formalism, where the notatiois located in a correlation betwebrandc in a manner which
is that of[8]. Consider a consistent family with four initial is, once again, quite analogous to the classical situation con-

states sidered in Sec. Il. In particular, one cannot say that the in-
_ o formation is present i by itself any more than that it is in
[¥5)=la,a,b=0c=0), (6 chy itself.
wherea anda are either 0 or 1, and a set of histories of the
form C. Discussion
o It should be noted that the three frameworks, F,, and
[VEIOF,OF ,OF7, (7)  F, are incompatible, as is immediately obvious from the fact

) ) o that they use noncommuting projectors to describebthad
where the subscripts refer to the times shown in FidgOhe ¢ qupits att, and at each later time. Thus the descriptions
could include additional events at additional times, but th'sprovided by these frameworks cannot be combined into a
selection suffices for displaying the essential ide&s.(7)  single quantum description; this would be just as meaning-
and below we use the abbreviatipd] for the projector |ags as assigning values to bd® and S, for a spin-half
|@)(®|. For each possible initial state there are two historiesyarticle. Nonetheless, they provide qualitatively similar an-

— _ _ - swers to the question of the location of the information trans-
[¥5710[a,a,0,01,0[a,a,a,0], ©[a,aa,als, mitted from Alice to Bob: it is not to be found in tHequbit
_ _ L o alone during the time interval betweénandtg, but instead
[P5%Ola,a,1,1],0[a,a,1-a,1],0[a,a,1—a,a]; (8) in some sort of correlation betweérandc. In F; this “non-
locality” arises from the delocalized nature of entangled
with nonzero probabilities. Here subscripts have been addeguantum states, which has no classical analog, where&s in
to the projectors to identify the time. For a givarmnda the  and F; it is rather more like the classical nonlocality dis-
two nonzero probabilities are equal to each other; they cagussed in Sec. Il. In addition, itF, and F;, half of the
be calculated using the methods discussed 1t or in  information—a different half in the two cases—has com-
Chaps. 10 and 11 dB]. From these one can see thattat pletely disappeared by the tine:ts, and does not reemerge.
information corresponding to the value af is, indeed, That information should be “invisible” in certain frame-
present in the correlation between the last two qubasdc,  works is not by itself too surprising, since there is a classical
but not in either of these separately, because one does nahalog, Sec. Il B: th&t component of angular momentum of
know which of the histories i{8) is the one that actually a spinning object reveals no information about #mmpo-
occurs. nent. However, the inability to combine these incompatible
Finally, let us consider a third framework; which is  frameworks into a single description is very much a quantum
similar to 7, except that for times in the intervgj<t<tg  effect.

we use theS, basis for qubitd andc, i.e., the statep+ ) and Note that in no case is the maximum capacity limit of Sec.
| —) defined in(4), while retaining|0) and|1) for aanda. IV B exceeded, because with each of these frameworks the
Sinceb andc evolve unitarily to information is carried jointly by andc, and not byb alone.

One might worry that there could be some other framework
|Bogy=(]00)+|12))/\2=(|+ +)+|—=))/y¥2 (9  in which all of the information is found irb, but one can
easily show that this is impossible by calculating the reduced
at timet,, by thinking of this state as a preprobabilf§], or  density matrix forb at time ts using unitary time develop-
by invoking the Born rule, one sees that in framewdrk, ment from any of the initial states, and verifying that it is 1/2
b=c=+ andb=c=— occur with equal probability. The times the identity operator whatever may be the initial choice
controlledNOT betweert; andt, has no effect upob in this  of a anda. This density matrix functions as a preprobability
basis, whereas the controll@-betweent, and ts inter- [19], i.e., it can be used to assign probabilities for any basis

changest+ and — if a=1, or leavesb the same ifa=0. in the Hilbert space ob, and the corresponding probabilities
Thus in the time interval betwee andtg the information  are thus independent of the valuesaoénda.
originally present ira is found in the correlatiob=c= + or Difficulties in understanding dense coding have led to the

— for a=0, andb+#c for a=1. The situation is thus analo- suggestion[20] that somehow some of the information
gous to what we found using,, but with the roles ohand  present ira anda travels backwards in time in order to reach
a interchanged. The controlledeT betweents andt; maps  Bob’s laboratory. However, it is easy to show that given the
b=c into b=+, andb#c into b=—, while the final Had- initial states shown in Fig. 1, at any tintest; any random
amard gate maps these be=0 andb=1, respectively, so variable(i.e., any Hermitian operatpon the Hilbert space of
that at the endb is identical toa. On the other handg  the two qubitsh andc is uncorrelated witta anda. Thus the
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information does not travel backwards in time, except, pernarios, each corresponding to some particular framework.
haps, in some metaphorical sense, and then one would expect
this to be equally true in the corresponding classical case B. Channels

discussed in Sec. II. Perhaps the simplest example of a structure involving his-

Nonetheless theres somethmg very odd, that IS 10 SaY {ories of a guantum system, thus properties at more than one
nonclassical, about dense coding. In the classical analogme 'is aquantum channelTypically, one is interested in
while it is possible to encode information in correlations be-gme pasis for the Hilbert space representing the input to the

tween two carriers of information, each with a maximum cpanne| which is tensored to a second Hilbert space repre-
capacity of 1 bit, one can insert at most a single bit of '”for'senting the environment, and then anottipossibly the

mation into this system by using interactions affectolly  samg hasis for the first space at a later time. A particular

oneof the two carriers. In the quantum case the situation i§ramework corresponds to a particular choice of the initial

different, for starting with a single Bell state one can gener-,nq fina| bases, the structure consists of all frameworks of

ate any of the other three by applying an appropriate unitary,is sort, and unitary time evolution of the total system

interaction to jusbneof the qubits, as noted if21]. In this (channel plus environmenalong with the Born rule is used
respect quantum theory is very different from classical physi, c5iculate probabilities in each framework.

ics, and one has a genuine quantum mystery. But it iS & | ot 4 pe the input of the channed,the environment, and
mystery fully compatible with the information bound in Sec. H=A®¢ the total Hilbert space. Suppose that athe en-

IVhB,hand W;th thfe absfence f[).f mYSt?”OtTS Eo?local 'nﬂ“encteaironment is always in a fixed stae,), while the initial
which can transfer information instantly between separatediia|ay of the channel is one of a set of stalép™?, m

(thus noninteractingsystems. =1,2,...,which form an orthonormal basis of. At a time
t,>t,, define
VI. STRUCTURES AND CHANNELS

A. Structures [PT)=T(t1,t0)(|p™|eo)), (10

Thus far we have discussed information in the quantumyhere T(t’,t) is the unitary time development operator,
context in terms of frameworks. As long as a single frameequal to exp—i(t'—t)H/4] for a time-independent Hamil-
work is employed to describe a quantum system, the usughnianH.
rules which govern classical probabilities and ordinags- Next consider a framework consisting of a family of his-

sical information theory apply, so in this sense there is noth+ories, each of which begins with some initial stié')|e,)

ing new. However, in quantum theory, in contrast to classicaly t, and ends with one of the events associated with a
physics, one has the possibility of using many different IN-decomposition of the identity

compatible frameworks, and each framework has a distinct

probabilistic structure. Thifamework dependends some- .

thing with no classical analog, and gives rise to problems of | = P+Z pm (11)

a sort not encountered in other uses of information theory. m

Examples of framework dependence have already come up _

in the discussion of dense coding in Sec. V. in orthogonal projectors, wherB might be zero, and the
For discussions of framework dependence it is useful tdP™} have the property that

introduce the concept of structure a collection of frame-

works, typl_cally mutuall_y |_ncompat|blgz _along with a com- pm|\le’>:5mm,|\I;lm>_ (12)

mon algorithm for assigning probabilities in the different

frameworks. This is not a precise definition, for tr_]e conceptyg 4 consequence, information about the basis s{apds!

IS S.t'" under developme'nt, b.Ut a few e>_<amples W'!l Serve .toat to is at timet, contained in the collection of projectors

indicate what we have in mind. A particular density matrix

. - P™.
can be used to assign probabilities to the elements of ani/ m i
orthonormal basis of the Hilbert space on which it is defined Suppose that theP™} have been chosen in such a way

and in this case the bases are the different frameworks th'[hat for some factorizatioi® 7 of H, which could but need

constitute the structure, while the density matrix provides th ?fot be the same adx &, it s the case that each projecef’

probability algorithm. As another example, suppose Eve is> O Bin the sense that it is an operator of the form

contemplating how best to extract information about the” ©! (Which meansP is also Ofn'fh's_ form. Then we can
common key which Alice and Bob are in the process ofS@y that the information abogtp™} is in B (or “on” or
establishing using the BB84 quantum cryptographic protocolcarried by” B). Typically 5 will refer to some subsystem of
[22]. She has to design an apparatus to intercept and in sonie total system described by, and if this subsystem is
sense copy a qubit on the way from Alice to Bob, and inlocated in a particular region of space, then the information
working out the design needs to compute what will happerf@n be said to be located in that region.

using either ars, or S, framework for the initial state of the  One can always find projectors such th&) is satisfied,
qubit, as well as various alternatives at later times. The dyfor example,

namical properties of the eavesdropping device provide the

algorithm for calculating probabilities for the different sce- PT=[WT)N(¥7]. (13
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However, this choice is so precise ttatwill be equal toH, | la | | il a I 1 |
. . : ; . %) ] +)
and to find more interesting cases in terms of location of T N T
information one needs to choose coarser projectors. Some Lo lAhcel D : b |+
examples will be found in Sec. VII B, or the reader may wish - - --/ -----
to think about the case in which the time transformation is |0) o N
trivial, T(t',t)=1, andB=A. L |Boby | b

In the case of a quantum channel one is usually not inter- 10> TP — Tz [¥)
ested in just a single orthonormal basis4htt,, but instead to t1 t2 t3 tg ts te tr g

all possible orthonormal bases. LEpy),m=1,2,...} be
the collection of vectors forming the orthonormal basis
Here\ can be any convenient label or set of parameters useflyrative definition that deserves further exploration to see
to label the bases, but it should be chosen so that it does nQt i is reasonable and useful. That exploration begins in
distinguish bases which differ only through relabeling thegga. .

basis vectors, or multiplying them by phase factors: in other ote that for a fixed\ the set of histories

words, it should label distinct decompositions of the identity

into pure states. For example, for a spin-half particle or a

single qubit, with|0) and |1) the eigenstates o8, with [Py ]OPOPLO- - - OPY, (19
eigenvaluest 1/2 and—1/2, define

FIG. 2. Quantum circuit for teleportation.

with m=1,2, ... form the support of a consistent family or
m m m framework 7, in the notation of{8]. Consistency is easily
[pY')= a0} + Y1), (14 established using the method of chain K&3|. Note thatF,
and F,, are incompatible folh #\’, so it is not correct to
think of information about{|pl")} and {|p}’)} as simulta-
neously present its; even when the channel itself, viewed as

1 o A a structure, can be said to be presentjn

0:— -~
X VI+N Ay NG

with m=0 or 1, where

VII. TELEPORTATION CIRCUIT

A. Circuit and unitary time development

* —
a%:)‘—, B){:—l, (15) The circuit shown in Fig. 2, with labels chosen to facili-
NEINE NENG tate comparison with Fig. 1, was first propog@ta slightly

_ different notation as a model for teleportation ifb]; also
for A a complex number satisfying\|<1, or A=e'? with  see p. 187 of17]. The unknown stath/) to be teleported is
O0<¢<m. In particular,\ =0 is theS, or computational ba- initially in qubit a, whereas andc at timet, are in the Bell
sis,\=1 the S, basis, and\ =i the S, basis in the familiar  state|B,), see(5). If qubits a andb are in one of the Bell
Bloch sphere picture. stateg B) atts, the two gates which follow will put them in
Let us in addition allow many different timess<t;<  a product statéab)=|jk). Consequently, a measurement of
t,<---<t;. For each basia. and each timé; choose a botha andb at timetg in the computational basis is equiva-
decomposition of the identity lent to measuring the pair of qubiésb att5 in the Bell basis
[24]. In the standard teleportation scenario Alice sends the
results of such measurements over a classical channel to
[ :EM. + E p;nj, (16) Bob, who carries out appropriate unitary operations on qubit
m c. There are no measurements in the circuit in Fig. 2 and the
final unitary operations on are carried out “automatically”
such that by the last two gates. Thus this circuit does not actually
represent teleportation, though it can be viewed in a particu-
lar way using an appropriate structure, Sec. VII D below,
which makes it essentially equivalent to teleportation. How-
ever, it is also of interest as a nontrivial example of an ideal
guantum channel, and we shall begin by studying it from this
point of view, in particular addressing the question of the
my _ m location of information in various frameworks.
W3R =T( (P eo)). (18 The circuit in Fig. 2 constitutes a quantum channel in the
sense defined in Sec. VI B, where quliitandc in the state
leg)=|00) atty are the environment, while the channel input
can be thought of as being in a state

P)T}|\P21j>:5mm’|q’)r?j>r (17

where

Next suppose that at time; there is a factorization
B;j® F; of H such that for all\ and everym, PTJ- is on B;.
Then since for any the information abouf|p}")} is in B;,
it seems reasonable to say that the channel itseif i®r
“on” or “carried by” ) B; at timet;. Let us adopt this as a lay=a|0)+B|1), |al?+]|B|%=1. (20)
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Unitary time development will then result in a stqf,) for  respectively, to the staig|0)+ 8|1). With this as a hint one
the total system at timg,, with, in particular, can work out the projectors for whidid7) will be satisfied;
they are

W) =(a|0)+B[1) (|00 +]11)/y2, (2D
;”5=H[pT]H®[+]®I +HZ[p;”]ZH®[—]®I (25)

[Ws)=(IN2)[(a|+)+ Bl - &|++) for m=0 and 1, and are obviously located in the [aio. As
this is the case for any initial basis, it shows that the
+(al+)=Bl-Nel-—)] channel itself is located ifor on) the pair of qubitsa andb.

A similar analysis shows that the same is true at time

and this is not surprising, since betwegnandts the only

=3[100)®(al0)+ B|1)) +|0D)®(B|0) + «|1)) +|10) thing that happens is a unitary transformatiorapand while
this can change the form in which the information is located

®(al0)=Bl1)+[1he(=£l0)+ 1), (22) on the two qubits, it cannot affect its presence. Indeed, the
same sort of reasoning shows that one should not be sur-
1Wg)=|++)®(al0)+ B|0)) (23) prised that the information is ia,b att,, since it is already
8/ — .

in a and thereforea,b at t;, and betweeri; andt, these
qubits interact with each other, but with nothing else. But is
it really true that the information is in theg b pair att; given
that it is ina? Yes, because the projectors used to establish
the latter are given i124), and the projectorp)'|®1®1 ona
is also a projector[p']®1)®1 on a,b. Note that the argu-
ment by which the information initially ira at t5 should be

Let us now consider a particular bagaidor thea qubit at  present in the paia,b att, depends upon the fact that the
to, with the basis states given bg)=|p"), (14), with coef- ~ quantum gates in the circuit represent unitary, and thus re-
ficients defined in(15). Then it is easy to construct a frame- Versible, operations; one would not reach the same conclu-
work in which att; the information about the initial states is Sion if they represented stochastic processes. Indeed if one
found in qubita using the criteria of Sec. VI B. In particular, adopts, as is quite possible, frameworks in which some gates

the decomposition of the identiiyl6) is of the form produce random effects, information can disappé&zee the
first example of Sec. VII C, where the action of the Had-

0 N amard gate acting on qulkatdestroys information.
I=[p]@lel+[plelel (24) Another way of seeing that the channel must be,in at
t5 is to note that it can be extracted and placed once again in
with projectors which are on qubd, and one can check that qubit a by replacing the part of the circuit following; in
the conditiong17) are satisfied. As this is true for any choice Fig. 2 with a different set of gates acting only agb. One
of basis\, we can, using the definition given in Sec. VI B, choice is simply to invert the unitary operation produced
say that the channel itselfis qubita atts, and of course the earlier ona,b betweent,; andts by applying a second Had-
same argument will work a4 andt,. This agrees with one’s amard gate toa, followed by another controlledoT be-
intuition in that up to timet; the a qubit has not interacted tweena (control) andb.
with the other qubits, so one would expect that any informa- It is immediately evident from the first expression for
tion initially present in any basis, and thus the channel itself| W) in (22), and also from the second expression if one
would continue to be present in qulzit Note, by the way, multiplies out the products, that this state is unchanged if one
that for allt=<t3 and for any choice of initial basis, there is  interchange$ andc. Consequently, the argument based on
no information about the initial state afin qubitsb or cor  (17) for the presence of the channelanb can also be used
the combination of the two—the situation is analogous to theo show that it is present ia,c: one only needs to inter-
case of dense coding, see the discussion in Sec. V—so onchange the second and third projectors in each of the terms
again there is no question of information in some way trav-on the right side of25). Although the presence of the chan-
eling backwards in time through eithbror ¢ [25]. nel ina,c is not as intuitively obvious as in the caseab,
Next let us consider the situation at tinhg First, it is  one can still check that it is correct by once again replacing
easy to show that except for special choices\dhe infor-  that part of the circuit in Fig. 2 which followss with a
mation about the initial state is not presdot at least not suitable set of gates involving only qubiisandc in such a
completely preseitin qubit a by itself, and therefore the way that the channel reemergesaifor, if one prefers, irc);
guantum channel cannot be said to be preseat llowever,  this construction is left as an exercise.
it is present in theair a,b. This can be seen most easily by  But how can it be that the channel is presenaijb and
noting that in the first expression f¢Wz) in (22), the|+)  also present ima,c, but not present ira alone? Here one
and|—) states for qubib occur in conjunction withe|+)  needs to remember that information is an abstract entity, not
+|B|—) anda|+)—|B|—) for qubita, and the latter are, in a physical object, and the rules for its location do not have to
turn, obtained by applying the unitary operatétsandHZ, satisfy the axioms of set theory. If there is a mystery here, it

Here|+) and|—) are theS, basis states defined i), the
qubits are in the ordéabc), and the tensor product symbol
® has been inserted at various points for clarity.

B. Location of the channel

012311-11



ROBERT B. GRIFFITHS PHYSICAL REVIEW 466, 012311 (2002

is not a quantum mystery, for the same thing occurs in theituation is very similar to the classical analogy discussed
following classical example. Let O be encodedRBRor  above in Sec. VIl B. The Hadamard gate changdsom +
GGG, with equal probability, on three colored slips of paperto 0 or — to 1 between, andts, so if we use thé&, basis for
abc, and let 1 be encoded &®GG or GRR again with  a att; and later times the initial information aboatat t,
equal probability. The information which distinguishes 0 continues to be present in the correlations betwaeamnd c.
from 1 is not present in any of the slips of paper separatelyI'he next controlleddoT gate in Fig. 2 changes thequbit to

as in both caseR andG occur with equal probability. How- +, so it no longer contains any information, and the final
ever, it can be obtained by compariagvith b or a with c, controlledZ transfers the information in the correlation be-

whereas comparing with c tells one nothing. tweena andc to c, where it is located atg.
There is, nonetheless, &ata nonclassical effect in that for
most choices of the initial basis (the exceptions are=0 D. Teleportation

and|\|=1), the framework needed to exhibit the presence
of information in the paira,b is incompatible with that
needed for the paia,c. Consequently, while it makes sense
to say that thechannelis in a,b, or that it is inb,c, it does
not make sense to say that it is botharb andin a,c.

As noted in Sec. VII A, in the usual teleportation scenario
Alice measures qubita andb in Fig. 2 in theS, or compu-
tational basis at; and communicates the results to Bob over
a classical channel. The same result can be obtained, follow-
ing the proposal in5] but using somewhat different lan-
guage, by employing a structure of frameworks in which
C. Alternative frameworks qubitsa andb are in one of theS, eigenstates for=ts, but

Just as in the case of dense coding, Fig. 1, additiondfin contrast to the first example in Sec. yI)@ is not. In-
insight into the circuit in Fig. 2 can be obtained by consid-Stéad, ats one uses an orthonormal basis
ering what happens in some special frameworks. In the first
of these theS, or computational basis is employed for all |oop™, [01g™, [10r™), |00sM, (26)
three qubits at all times. This resembles framew®skn the
case of dense coding, Sec. V B, so it will suffice to note only
the main points. At, (and thereford,) the b andc qubits  for the system of three qubits, wheneis 0 or 1,|p}") is
are either both 0 or both 1, with equal probability, and thus atlefined in(14), and the statel\"), [r}"), |s)') are obtained
t, the information about wheth@rwas 0 or 1 at, resides in ~ from |p") by applying the unitary transformation Z, and
correlations betweeh andc—they are equal foa=0, and  XZ, respectively. This basis consists of product states, but
different if a=1—as well as in qubit itself. But atts the  thec states are “contextual” or “dependent” in the notation
Hadamard gate has randomizgcand it is uncorrelated with  of [8], Chap. 14(The term “nonlocal” employed if26] is,
its earlier value, whereas that information is still present inin our opinion, somewhat misleading.
the pairb,c. In particular, ats the information is not present If we use the\ basis fora att, the basis states i26) at
in the paira,b, nor is it present ira,c. This does not con- t;, and the images of the states (®6) under unitary time
tradict the result of Sec. VII B, for the presence or absence oflevelopment at later times, the result is a framework in
information in some particular location depends upon thayhich the initial information,m=0 versusm=1 in the A
framework used to describe the quantum system, and the omgsis att,, is contained in correlations between all three
under discussion is incompatible with the frameworksqubits at timets andtg, in correlations betweeaandc att-,
needed to exhibit the same informationairb orina,c. The  and in qubitc attg. That all three qubits are needed atioes
presence of information in correlations betwee@andc is  not contradict the fact, Sec. VII B, that for eaktthere is an
limited to thex =0 or S, basis for qubita atty; for all other  alternative framework in which the information is contained
A the information is, at best, partially present. Next, thein qubits a and b; it is merely one more example of the
controlledNOT betweents and t; writes the information  dependence of the location of information upon the choice of
from theb,c correlation into qubit, while in this framework  framework. In the same way, the location of a quantum chan-
the final controlledZ gate has no effect, as in the analogousnel depends upon the structure employed for describing it: If
situation in Fig. 1. one uses the structure under discussion, the collection of
The second framework we will consider employs the frameworks that employ26) atts, then atts the channel is
=1 or S, basis fora at ty, and also for this and the other located in or expressed as correlations among all three qu-
qubits at all later times, except that ti%e (computational  bits, and not in any smaller subset. Indeed, if one useSthe
basis is used for at timest=ts. The situation resembles basis fora andb at t5 there isno information whatsoever in
framework 73 in the case of dense coding, Sec. V B, in thatthese two qubits about the initial state famy choice of\;
att, (andts) theb,c pair is with probability 1/2 in the state their values are completely random, in accord with the usual

++ and with probability 1/2 in——. The action of the statement that Alice’s measurements tell her nothing about
controlledNOT gate acting just after; is to leave thea qubit  the nature of the state that is being teleported.

(+ or —) unchanged ib= +, or flip it from + to — or vice Note that by assuming that the two qukatandb are sent
versa ifb=—; in either caseb remains unchanged. Conse- from Alice to Bob through a quantum channel, as suggested

quently, att, the informationa= + or — originally present by Fig. 2, but at the same time requiring that they be de-
atty is no longer present ia by itself, but in a correlation scribed in theS, basis for all frameworks in the structure,
betweena and b, or, equivalently, betweem and c. The one arrives at a situation whose end result is just the same as
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if Alice had measure@d andb in the S, basis and the results phase spaces. The analysis of the teleportation circuit in Sec.
had been sent to Bob over a classical channel in order t¥ll using a variety of frameworks provides additional ex-
actuate the final two gates acting ariThe circuit in Fig. 2is  amples of how this approach can answer questions about the
not an improvement over the original teleportation scheme irphysical location of information and its flow from one region
a commercial sense, for one of the motivations for the lattein space to another. In addition, it is possible to argue that
was to remove any need for a quantum channel betweemany of the ideas in the published literature having to do
Alice and Bob once the initial entangled state has been esyjith “classical” information in the quantum context, such as
tablished, i.e., at any time aftéy. However, both “measure- the classical capacity of a quantum channel, have a quite
ment” and “classical communication” are somewhat compli- 5t,ral formulation in terms of frameworks.
cated ideas, and replacing them with alternative notions g rther support for the first thesis comes from the follow-
which apply to a simple quantum circuit without the need t0jng ghservation. Quantum physicidisith some notable ex-
invoke external apparatus might lead to conceptual simplificeptiong believe that the macroscopic, classical world is also
cations in other applications of quantum information theory-governed by quantum principles at a fundamental level, so
that classical mechanics is a particular limiting case of quan-
VIIl. CONCLUSION tum mechanics; SQEZS]_ for one expressipn of this wide-
spread faith. The histories approach provides a program, not
This paper proposes a way in which to view, or analyzeyet complete but very plausib[@9], for understanding clas-
or think about quantum information, and, as indicated to-sical physics in precisely this way, by the use of quasiclassi-
wards the end of Sec. |, it is convenient to summarize it incal frameworks. The first thesis states, in essence, that quan-
terms of two theses, one of which seems well foundedium information theory consists in applying the ideas of
though it may in the end turn out to be defective, while theclassical information theory to quantum processes described
other is more speculative. The first and less controversiaby a single(quasiclassicalframework. We can then ask what
thesis is that a framework or consistent family, Sec. IV, pro-the implications of quantum information theory, as defined in
vides a natural means of extending classical informatiorthis way, are for the classical or macroscopic world. The
theory, both its formalism and the associated intuition, intoanswer is quite clear: because the classical world can be
the quantum domain. This is because a framework provides @escribed quantum mechanically using a single framework,
consistent probabilistic description of a quantum system irguantum information theory in the classical context is auto-
which probabilities have all their usual propertiggey are  matically the same as standard classical information theory.
positive, sum to 1, etg.and their usual intuitive interpreta- While such a “correspondence principle” is obviously not a
tion. The only difference is that now they apply to quantumproof that quantum information can be correctly formulated
properties described by a quantum Hilbert space. There is nio the way we are proposing, it does provide some support.
other consistent way of embedding standard probability We now come to the second thesis, which is much more
theory in standard quantum mechanjasing a Hilbert space speculative. It is thaall of quantum information theory is,
without hidden variablesknown at the present time, aside ultimately, just a matter of applying “classical” information
from the well-known approach based on measurementsheory in different frameworks to a quantum system, and
whose inadequacy for the purposes of this paper was pointqehying attention to framework dependence. That is, there is
out in Sec. IV A. In any case, all the probabilities for mea- no special form of “quantum” information lying outside the
surement outcomes which one can obtain through a valiggurview encompassed by the first thesis. To put it in another
application of the(not always very clearrules in the text- way, the second thesis claims that the concept of information
books are also consequences of the correct application af a particular framework, together with a consideration of
histories methods using frameworks, so the former approacharious collections of framework&hus structures, in the
is subsumed under the latter. sense defined in Sec. VI)Ais an adequate tool for formu-
The example of dense coding, Sec. V, shows that classicéting the various problems, such as entanglement, cryptog-
ideas about information of the sort discussed in Sec. Il camaphy, and the capacity of quantum channels, which nowa-
be translated in a fairly natural way into the quantum do-days constitute the central concerns of quantum-information
main, and the results are physically sensible as long as orteeory. Being able to formulate the problems in this way
adheres to the single framework rule, something which is irdoes not mean that they will be easy to solve, for, as anyone
any case necessary for a consistent interpretation of quantuworking in the field is well aware, there are a host of formi-
mechanics; see the discussion in Sec. 4.88@fThat dense dable technical difficulties confronting attempts to do calcu-
coding is able to transport two bits of information has noth-lations even in systems as simple as two qubits. Nonetheless,
ing to do with mysterious long-range influences, which are inbeing able to formulate the different problems from this per-
any case absent from quantum theory when properly formuspective, if it is possible, could provide a certain unity or
lated[27], or with information traveling backwards in time, coherence to quantum information theory, something which
and it is fully consistent with the condition on the maximum has been lacking up to now.
capacity of a quantum carrier of informatigno more than The first “test case” for the second thesis is the analysis
one bit per qubit stated in Sec. IV B. Its peculiarity arises of the teleportation circuit in Sec. VII, carried out using vari-
from the fact that the tensor product of two quantum Hilbertous different frameworks. In essence the circuit represents a
spaces provides a very different description of a physicaparticular form of quantum channel, thus capable of trans-
system than does the Kronecker product of two classicahitting quantum information, whatever that may be. Is there
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anything essential missing from our discussion based upor At, will depend upor¥. Information aboutd is, by defini-
structures consisting of collections of frameworks, each Usgion said to be locateih the qubits whose Heisenberg op-

ing a diffe_rent b:?\sis for the channel input'?' Is there any phys',’erators depend upof. Even if at timet one or more com-
cal question which cannot be addressed in this manner? It is ~ _ - .
nents ofo(t) for a givena depend upor, it is possible

clear that there are various interesting questions that have nBP o ; k
yet been addressed from this point of view, such as why it {hat the probabilities associated with any measurement car-
that one needs two “classical” bits in the standard teleportali€d out on this qubit at time will be independent ob; see
tion process, and it may turn out that the frameworks apt3] for examples. In such a case, while the information is
proach lacks adequate concepts to deal with this and simildieésent in this qubit, it inaccessibleThe same ideas apply
issues. Only further research will show whether the use ofo cases in whicll depends upon additional parameters
frameworks can provide a reasonably complete understang, etc. Information defined in this way has a definite location
ing of teleportation and of other significant problems of and flows from place to place through interactions among the
quantum information theory. While the analysis of the tele-qubits: there is never any instantaneous or superluminal
portation circuit represents an encouraging first step, muctransfer between noninteracting subsystems.
remains to be done. When applied to the examples considered in the present
Thus | present the second thesis not as something fqsaper, the Deutsch and Hayden prescription would say that
which there are strong and compelling arguments, but rathgp the case of dense coding, the two bits of information sent
as an idea worth.ex.p!oring. Even if pgrtly successful, it g:ouldby Alice to Bob are present but inaccessible in the qubit
prove to be a S|gn.|f|c'ant adv:_;mce in-our understandmg _O\f/vhich she sends him, during the interval betwegandts in
quantum systems in information-theoretic terms, and if itrjg 1 rather than, as we argued in Sec. V, in the correlations
fails, this itself could be the source of interesting insights. patween this qubit and the one already in Bob’s possession.
In the case of teleportation, the information initially present
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qubit in Bob’s possession, as we argued in Sec. VII. There
are various other differences between the conclusions
reached by Deutsch and Hayden and those in the present

Deutsch and Hayden i8] use the following approach to Ppaper. One of particular interest, as it involves a purely
describe quantum information in a collectionrofjubits un- ~ “classical” situation, is the third example in Sec. Il, where
dergoing unitary time evolution, where we use a slightly dif- they would argue that the information which Alice sends to

ferent notation from theirs. Let be thejth Pauli spin ~Bob is presentbut, once again, inaccessiblm the single
operator for qubitx, wherej=x,y, orz, anda=1,2,...n,  Slip of paper she sends to him, whereas we argued that it is

and let not present there, but instead in a statistical correlation be-
tween this and a different slip of paper.
A The differences between the Deutsch and Hayden ap-
o' ()=T(OH)o|T(t,0), (A1) proach and that found in the present paper reflect two quite
distinct approaches to defining “quantum information.” The
with T the time development operator (@0), be the corre- first is based on a notion of information as reflecting causal
sponding Heisenberg operator at a reference tim@, as a influences, whereas the second uses statistical correlations.
function of the(physica) time t>0. Deutsch and Hayden The latter seems closer to the perspective of classical infor-
adopt the view that the three operatqfsf} for j=x,y,z mation theory as developed by Shannon and his successors,
constitute a quantum description of qubi@at timet, and the ~ but of course this does not imply that it is the correct, much
collection of all such operators, far=1,2, . . .n, provides a less the unique approach to use when dealing with quantum
complete description of the entire system at timiote that ~ Systems. The one point at which the two approaches agree is
the{fr]-“} are(in general rather complicatedperators on the in affirming that, just as in the case of classical information,

full 2"-dimensional Hilbert space. Probabilities are ex.quantum information cannot be transmitted instantly be-

pressed, as is usual in the Heisenberg picture, by using e)t(\gveen noninteracting systems; for more on this from the per-

pectation values of operators of the fof#l), products of spective of the present paper, see Chaps. 23 and 28].f

these for differentyr, and sums of such products, in asuitabIeHowever’ this agreement is only superfigia}, since Deutsch
initial state. which ,is chosen to H8)®|0)- - .|0>’ and Hayden assert that a quantum description of the state of

The unitary time transformatiom may depend on a real each ir_wd?vidual qubit is possibl_e even when the system as a
parameterd. For example, during the interval from to whole is in an entangled state, in contrast to the discussion of

t,+ At qubit 5 may pass through a unitary gate correspondE’e" states found in Sec. IV C above. The reader is invited to

ing to a rotation of the Bloch sphere by an anglaround compare these approaches and make up his own mmd about
. g - their virtues and vices, preferably after a careful reading of
some axis. As a consequence, at later times some afithe  [3] since the summary given above is necessarily very brief,

in particular the&f, but also Heisenberg operators for otherand the original paper contains several helpful examples
qubits if they have interacted with this one after the titpe along with much more detail.

APPENDIX: DEUTSCH AND HAYDEN
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