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Quantum erasers and probing classifications of entanglement via nuclear magnetic resonance
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We report the implementation of two- and three-spin quantum erasers using nuclear magnetic resonance
~NMR!. Quantum erasers provide a means of manipulating quantum entanglement, an important resource for
quantum information processing. Here, we first use a two-spin system to illustrate the essential features of
quantum erasers. The extension to a three-spin ‘‘disentanglement eraser’’ shows that entanglement in a sub-
ensemble can be recovered if a proper measurement of the ancillary system is carried out. Finally, we use the
same pair of orthogonal decoherent operations used in quantum erasers to probe the two classes of entangle-
ment in tripartite quantum systems: the Greenberger-Horne-Zeilinger state and theW state. A detailed presen-
tation is given of the experimental decoherent control methods that emulate the loss of phase information in
strong measurements, and the use of NMR decoupling techniques to implement partial trace operations.
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I. INTRODUCTION

The term ‘‘quantum eraser’’@1# was invented to describ
the loss or gain of interference or, more generally quant
information, in a subensemble, based on the measurem
outcomes of two complementary observables. Recently,
quantum eraser was extended to three qubits, thus ena
quantum information stored in a pair of qubits mutually e
tangled with a third to be manipulated. This was dubbed
‘‘quantum disentanglement eraser’’@2#, and has been demon
strated by us using nuclear magnetic resonance~NMR! tech-
niques@3#.

In many quantum information processing~QIP! applica-
tions, entanglement is central to the transfer and sharin
information. While two-particle entanglement is well clas
fied, for three or more particles the situation is more co
plex. For example, while there are two classes of entan
ment for three particles@4#, there are nine types o
entanglement for four particles@5#. Consequently, there ha
been a significant effort directed at quantifying these diff
ent types of entanglement and many metrics have been
posed@6–10#. In particular, a classification strategy, based
local operations assisted by classical communica
~LOCC! @4#, has been established.

Here, we extend our earlier work on an NMR analog
the quantum disentanglement eraser to the study two-
three-spin quantum erasers, and use complementary
surements~i.e., a pair of orthogonal measurements!, as a
probe of entanglement classes in the case of three qu
Previously, the quantum disentanglement eraser was dem
strated on a GHZ state. We contrast this with complemen
measurements applied to theW state, which differs from the
GHZ state in the entanglement destroyed upon tracing o
any single qubit. Furthermore, we give an expanded tr
ment of the experimental details of an NMR implementat
of quantum erasers beyond that presented in Ref.@3#.

*Email address: dcory@mit.edu
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II. SOME PROPERTIES OF TRIPARTITE
ENTANGLEMENT

Entanglement, which has been related to the nonlo
properties of a quantum state, is a characteristic featur
quantum systems. Presently, QIP research is revealing
multipartite states can be entangled in different ways.
instance, there are two classes of entanglement for th
qubit systems@4#: one represented by the GHZ state

uGHZ&5
1

&
~ u000&1u111&), ~1!

and another by theW state

uW&5
1

)
~ u001&1u010&1u100&). ~2!

These two classes are inequivalent because states from
cannot be obtained from states of the other by single-part
~i.e., local! operations. Another key difference is that
single-particle trace of the GHZ state results in a maxima
mixed state compared with a nonmaximally mixed result
the W state.

Many different metrics have been proposed to quan
the ‘‘amount’’ of entanglement each state contains; each m
ric emphasizing a specific feature or property of multiparti
entanglement. Amongst the many proposed multiparticle
tanglement metrics such as the concurrence@6#, then tangle
@7#, the Schmidt rank@8#, the negativity@9#, etc., the one
proposed by Meyeret al. in Ref. @10# is most relevant to the
present work because we are interested in the entangle
properties of a subsystem following local decoherent ope
tions on a portion of a composite system. For a given statc,
the metric of Meyeret al. is an average over each qub
subsequent to ‘‘tracing’’ over each binary state and comp
ing how orthogonal the remaining states are. It is defined
©2002 The American Physical Society09-1
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Q~c!5
4

n (
j 51

n

D„i j~0!c,i j~1!c…, ~3!

wheren is the number of qubits and the operationi defines
the map

i j~b!ub1¯bn&5dbbj
ub1¯b̂ j¯bn& ~4!

for bP$0,1% and the caret denotes absence.D(u,v) is the
norm squared of the wedge product between the statesu and
v, which measures how orthogonal they are. For exam
Q(uW&)58/9 and Q(uGHZ&)51 @for reference,Q(u000&)
50#, which shows that the GHZ state is the maximally e
tangled three-qubit state.

Complementary measurements also reveal differences
tween the GHZ andW states. While a measurement of o
qubit of the GHZ state along thez axis results in two sepa
rable subensembles, an orthogonal measurement~for in-
stance, along thex axis! results in maximally entangled sub
ensembles. Alternatively, the same set of measurem
applied to theW state does not result in such a stark diffe
ence in the states of the unmeasured qubits.

III. QUANTUM ERASERS

A. Two-particle quantum eraser

Two-particle quantum erasers have been extensively
cussed in the literature@1,11–13#. The basic idea is that mea
surement of one qubit in a Bell state leads to collapse of
second; therefore the viability of information, in an e
tangled state, depends on what actions are carried out o
second qubit. For example, consider a qubitA in the super-
position state

u1&A5
1

&
~ u0&A1u1&A). ~5!

Qubit A is then entangled with another qubitB, which plays
the role of an ancilla qubit creating the Bell state

uCAB&5
1

&
~ u0&Au0&B1u1&Au1&B). ~6!

The reduced density matrix of qubitA, obtained by tracing
over qubitB in uCAB&, would reveal that qubitA is no longer
in a superposition state. The key idea in the eraser schem
the manipulation of the state of qubitA by operations on
qubit B alone. Thus, measurements on qubitB along the
quantization axis will collapse qubitA to an eigenstate, while
measurements on qubitB along an orthogonal axis to th
quantization axis will restore the coherence of qubitA. This
effect is called a ‘‘quantum eraser’’ because the restoratio
qubit A’s coherence was the result of ‘‘erasing’’ the inform
tion stored in qubitB, in the joint stateuCAB&, by measuring
qubit B along a direction orthogonal to the quantization ax
The quantum eraser demonstrates the principle of com
mentarity without invoking the corresponding uncertain
principle, because the measurements on qubitB are based on
01230
e,

-

e-

ts

s-

e

the

is

of

.
e-

two complementary observables whose outcome, probed
the state of qubitA, produce mutually exclusive results.

The quantum-eraser scheme may find applications
communications networks that require the transfer of inf
mation amongst qubits that interact weakly, or where o
qubit may be locally inaccessible. Figure 1 shows a netw
for two qubits that may be part of some communicatio
network. Because the network is symmetric for the two q
bits the information can equally be transferred to qubitA by
performing an orthogonal measurement on qubitB. Further-
more, similar to quantum teleportation and error correct
schemes, the measurement outcomes on the decohered
can be treated as an error syndrome, and this information
be used to recover the relative phase between the state
the data qubit. This application clearly illustrates that t
‘‘quantum-eraser scheme’’ is an example of LOCC.

B. Three-particle quantum erasers

While two qubits are the minimum required for quantu
erasers, three qubits provide the interesting possibility of m
nipulating entanglement among two of the qubits.

1. The GHZ state

In the disentanglement eraser the components of a G
state are regarded as the components of a two-qubit Bell s
labeled by the state of a third ancilla qubitA, as follows:

ucGHZ&5
1

&
~ u0A&u00&1u1A&u11&). ~7!

A projective measurement of the ancilla in this basis yield
pair of separable statesu00& and u11& labeled by the ancilla
qubit, realizing the ensemble

FIG. 1. Proposed QIP application for the quantum eraser. T
qubits,A andB, which are part of a quantum communication ne
work are entangled with arbitrary complex coefficientsa and b.
This shared information can be transferred to either qubit by lo
operations if both qubits are accessible. If the qubits interact wea
or they are locally inaccessible, the information can still be tra
ferred to either qubit by using the quantum-eraser scheme. If
required that the data be transferred to qubitB, this can be accom-
plished by asx

A measurement on qubitA projecting qubitB into the
stateau0&B6bu1&B , where the sign depends on the measurem
outcome of qubitA, u6&A , respectively. Furthermore, the state
qubit A subsequent to the measurement can be treated as an ‘‘
syndrome’’ to correct the relative sign of qubitA by communicating
this information via a classical channel. Once the two qubits
entangled the network is symmetric between them and the data
be equivalently be transferred to qubitA by switching the opera-
tions between the two qubits.
9-2
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E1
A u00&^00u1E2

A u11&^11u. ~8!

Alternatively, if the ancilla is measured along thex axis a
pair of complementary Bell states,uf6&51/&(u00&
6u11&), labeled by the ancilla is obtained. To see this
rewrite the GHZ state in a basis with the ancilla qubit qua
tized along thex axis

ucGHZ&51/&@1/&~ u1A&1u2A&)u00&

11/&~ u1A&2u2A&)u11&]

[1/&~ u1A&uf1&1u2A&uf2&). ~9!

A measurement of the ancilla along thex axis, followed by a
rotation of the ancilla to thez axis thus results in the en
semble

E1
A uf1&^f1u1E2

A uf2&^f2u, ~10!

which is a mixture of complementary Bell states each labe
by the state of the ancilla. Thus, measurements of the an
qubit along thex axis realizes a pair of subensembles
entangled states.

2. The W state

Like the GHZ state of the disentanglement eraser,
components of aW state can be regarded as the Bell sta
uc6&51/&(u01&6u10&) together with the classical stat
u00&, labeled by the state of a third ancilla qubit~given the
subscript ‘‘A’’ !, as follows:

uW&5
1

)
@ u0A&~ u01&1u10&)1u1A&u00&]. ~11!

A measurement of the ancilla qubit along thez axis yields the
ensemble

E1
A uc̃1&^c̃1u1E2

A u00&^00u, ~12!

whereuc̃1&5&uc1&. Rewriting theW state with the ancilla
qubit represented along thex axis yields

uW&5
1

)
@1/&~ u1A&1u2A&)uc̃1&

11/&~ u1A&2u2A&)u00&]

[1/&@ u1A&~ uc̃1&1u00&)1u2A&~ uc̃1&2u00&)].

~13!

Therefore, a measurement of the ancilla qubit along thx
axis then followed by a rotation of the ancilla back to thez
axis results in the ensemble

E1
A ~ uc̃1&^c̃1u1uc̃1&^00u1u00&^c̃1u1u00&^00u!

1E2
A ~ uc̃1&^c̃1u2uc̃1&^00u2u00uc̃1&2u00&

3^c̃1u1u00&^00u!, ~14!
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which is a mixture of a Bell state plus a classical state a
products of these states. Thus, theW state still retains en-
tanglement even under az-axis measurement of the ancill
qubit.

IV. NMR CONTROL METHODS

The recent development of precise coherent@14# and de-
coherent@15# control methods makes liquid-state NMR
particularly good test bed for exploring quantum erase
Liquid-state NMR implementations of QIP typically rely o
chemically distinct spin-12 nuclei for qubits@16#. In a liquid
NMR sample, the correlations between the spin states of
clei in different molecules is averaged to zero by molecu
motion, and hence we only focus on the intramolecular c
relations. For sensitivity purposes an ensemble of;1018

molecules is typically used. Therefore, a liquid-state NM
QIP has;1018 quantum processors, and a density matrix
needed to describe the statistics of measurements on this
tem.

When the spins are in thermal equilibrium their dens
matrix is given by the Boltzmann operator. In the hig
temperature approximation this is given by

req'I 1 1
2 b(

i 51

3

g isz
i , ~15!

wherebg i'1025 at room temperatures@17#, g i is the gyro-
magnetic ratio of each nucleus, andsz is one of the Pauli
matrices$I ,sx ,sy ,sz%, ~I is the identity matrix!. The den-
sity matrices of these systems is highly mixed, but can
transformed into a pseudopure state@18# having the form

r5
~12e!

2N I 1euc&^cu, ~16!

wheree5bN/2N and N is the number of spins. Under un
tary transformationsr85UrU21, the identity part transforms
trivially while the underlying state vectoruc& transforms one-
sidedly toUuc&, exactly as it would for a true pure state.

In NMR, the signal detected is aspatialensemble average
given by the trace of the product of the transverse magne
field components with the density matrix:

^Mx~ t !1 iM y~ t !&5gTr$~sx1 isy!r~ t !%, ~17!

wherer(t)5Uintr(t0)Uint
21, Uint5e2 iHintt, Hint is the internal

Hamiltonian of the spins, andr(t0) is the state of the spin
system right before detection starts. Alternatively, a par
trace operation can be implemented by NMR decoupl
techniques. These techniques are normally used to simp
spectra of multiple spins, by removing the splittings caus
by the decoupled spin. Thez component of the spin to be
decoupled is rapidly modulated with respect to the time sc
of the inverse coupling constant. This ensures that the de
pled spin has no effect upon the measurements and so im
ments a partial trace operation.
9-3
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The effect of decoupling on the density matrix can
seen by first writing the density matrix of the spin system
terms of the subspaces of spini, or the single element opera
tors of spini

r5F u0& i^0u ^ r1¯ î¯N
11 u0i&^1u ^ r1¯ î¯N

12

u1i&^0u ^ r1¯ î¯N
2 u1i&^1u ^ r1¯ î¯N

22 G , ~18!

where î indicates the absence of spini. The subspaces o
spin i can also be represented by the transition operators
are written here in terms of the geometric algebra~GA! no-
tation @19#:

u0& i^0u5E1
i 5 1

2 ~ I 1sz
i !, ~19!

u0& i^1u5E1
i sx

i 5 1
2 ~ I 1sz

i !sx
i , ~20!

u1& i^0u5sx
i E1

i 5sx
i 1

2 ~ I 1sz
i !, ~21!

u1& i^1u5E2
i 5 1

2 ~ I 2sz
i !. ~22!

Decoupling renderssx
i and sz

i unobservable thus reducin
E6

i to the identity termI. The density matrix then become

r r5r1¯ î ¯N
11

1r1¯ î ¯N
22 , ~23!

and the effective Hilbert space is reduced to that of the
decoupled spins. This may be compared with the mathem
cal definition of the partial trace over qubiti:

Tr$r%5(
k

i^kuruk& i5 i ^0uru0& i1 i^1uru1& i5r
1¯ î ¯N

11

1r1¯ î ¯N
22 . ~24!

The implementation by NMR techniques proceeds as
lows. ConsiderN spins whose interaction Hamiltonian, in th
weak-coupling limit, is@17#

Hint5 (
k51

N

nksz
k1(

j .k

N

(
k51

N

Jk jsz
ksz

j , ~25!

wheren is a chemical shift constant whileJ is a coupling
constant. This system will exhibitN2N21 spectral lines~cor-
responding to transitions between energy levels!. To remove
the splittings, decoupling techniques are used to selecti
‘‘turn off’’ the interaction between the spins. This decouplin
Hamiltonian@20# takes the form

Hdec}nRFsx
i , ~26!

wherenRF@Ji j for all j. Hdec is applied continuously during
the signal observation period. Consequently, spini will nu-
tate about thex axis, and all terms of the density matr
involving spin i, such assx

i , sz
1sx

i , sx
1sz

2
¯sz

i
¯sz

N , etc.,
will be rendered unobservable. More generally, the inter
Hamiltonian is transformed to
01230
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H̃int5UdecHintUdec
215 (

k51
$kÞ i %

N

nksz
k1(

j .k

N

(
k51

~kÞ i !

N

Jk jsz
ksz

j .

~27!

Therefore, measurements of the spin system during this
riod yields no information about spini, implementing the
partial trace over the decoupled spin.

Another experimental means of implementing nonunita
operations is the use of linear magnetic-field gradients.
taking advantage of the spatial extent of an NMR sample
magnetic-field gradient,“5]Bz /]z, applied parallel to the
static field direction, causes the spins’ Larmor precession
quency to vary linearly with their spatial coordinates. Th
results in evolution under the Hamiltonian

Hgrad5g“z
1

2 (
j

sz
j , ~28!

according to the Liouville von Neumann equation

i\
]r

]t
5@r,H#. ~29!

Subsequently, each coherencerk, (kÞ,) is multiplied by a
spatially dependent phase exp(2igmk,“zt/2), wheremk, is
the coherence order@15,17,21# ~i.e., the difference in thez
component of the angular momentum between theuk& andu,&
states in units of\!. After such a gradient pulse the densi
matrix, averaged over the sample volume, results in an in
herent sum, and satisfiesrk,50 for all kÞ, except for the
zero quantum coherences (mk,50). This spatially depen-
dent phase is reversible provided the spins have not chan
location. If diffusion is allowed to take place, this incohere
evolution is rendered decoherent because the motion of
spins destroys the correlation between the phase and l
tion.

In this study, linear magnetic-field gradients were used
dephase the coherences ofr, to wipe out magnetization dur
ing the experiments, and as also happens in strong mea
ments ofsz @22#. This dephasing operation was made sp
specific by applying a series ofp pulses to the other spins
interleaved by gradient pulses of the same amplitude
duration, to ‘‘refocus’’ all the other coherences and at t
same time also refocus the evolution under the inter
Hamiltonian. Such refocusing schemes are well known
NMR @17# and apply here by recognizing that evolution u
der H is similar to evolution under a chemical shift intera
tion term. In particular, a refocusing scheme that scales p
nomially, in the number of time periods andp pulses as the
number of spins grows, has been proposed in Ref.@23#.

To ‘‘measure’’ along any axis~j!, the spins frame is ro-
tated such thatj is now alongz. Then, the spins are subjecte
to a selective evolution underH . Finally, the frame is ro-
tated back by the inverse of the rotation that took the sp
from j to z.
9-4
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V. EXPERIMENTAL DEMONSTRATIONS

The quantum erasers in this presentation were dem
strated on ensembles of molecules, each containing two s
1
2 nuclei for the two-particle quantum-eraser effect and th
spin-12 nuclei for all the three-particle quantum-eraser effec
All experiments were performed using standard Bruker sp
trometers. The two-spin experiments were performed on
two-spin heteronuclear spin system13C-labeled chloroform
(13CHCl3) diluted with deuterated acetone. The two sp
used were the13C and H nucleus and they exhibited
weakly coupled spectrum corresponding to the inter
Hamiltonian

Hint5pFnCsz
C1nHsz

H1
J

2
sz

Csz
HG , ~30!

where then’s are Larmor frequencies (nH /nC'4) andJ the
spin-spin coupling constant in Hertz. Due to the huge diff
ence in the chemical shifts between13C and H we use two
channels thereby placing each nuclei in a corotating fra
with no net Zeeman evolution. Thus,nH andnC were set to
zero in the respective frames of each nuclei, andJ
5214 Hz.

The three-spin experiments used the three spin-1
2 carbons

in a 13C-labeled sample of alanine in deuterated water~Fig.
2!. With decoupling of the protons@17#, this spin system
exhibits a weakly coupled spectrum corresponding to
Hamiltonian

Hint5p@n1sz
11n2sz

21n3sz
31 1

2 ~J12sz
1sz

21J23sz
2sz

3

1J13sz
1sz

3!#, ~31!

where then’s are Larmor frequencies and theJ’s the spin-
spin coupling constants in Hertz. The frequency shifts of
carbon resonances with respect to the second are 9456.
~31.5216 ppm! for the first one and22594.3 Hz ~8.6476
ppm! for the third, while the coupling constants areJ12
553.7, J23534.6, andJ13521.4 Hz. The T1 relaxation
times for the three spins are 21, 2.5, and 1.6 s, while theT2
times are 550, 420, and 800 ms, respectively.

In the two-spin case the equilibrium density matrix
given in the high-temperature approximation by

req'I 1bS sz
C1

gH

gC
sz

HD , ~32!

where the ratio of the gyromagnetic ratio isgH/gC'4. By
the procedure described in Ref.@24# req is transformed to

FIG. 2. The alanine molecule. The encircled labels on the13Cs
index the spins used in the experiment.
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r5I 1bS 11
gH

gC
D ~sz

C1sz
H!, ~33!

which has a balanced spin population compared to the e
librium state. Becauser has a different eigenvalue structu
relative to req a nonunitary operation was required, i.e.,
gradient pulse, as part of the sequence of transformations
transformr to the desired pseudopure~PP! state, we use the
two-spin pseudopure state preparation sequence describ
Ref. @25#, which yields

rPP5
1
4 ~ I 1sz

C1sz
H1sz

Csz
H! ~34!

ignoring nonessential constants. We also designater̂ ini5rPP
2 1

4 I as the traceless part of the initial state used in the
periment.

For the three-spin case, the pseudopure ground state
prepared from the thermal equilibrium state by the proced
summarized in Table I, which uses magnetic-field gradie
~denoted by@“#! to dephase off-diagonal elements of th
density matrix along the way@18# just as in the two-spin
case. Lettingr̂eq5sz

11sz
21sz

3 be the traceless part of th
equilibrium density matrix~which has a balanced spin popu
lation to start with and with all physical constants set
unity!, the first two transformations in the table yield th
state ()/A32)sz

21(sz
11sz

3)E1
2 . The third transformation

in Table I swaps spins 1 and 2 yielding ()/A32)sz
11(sz

2

1sz
3)E1

1 . Spins 2 and 3 may then be transformed into t
state ()/A32)(sz

21sz
31sz

2sz
3) by the two-spin pseudopur

state preparation procedure used in Eq.~34!, yielding the
three-spin pseudopure ground state

r̂ ini5
)

A32
~E1

1 E1
2 E1

3 2 1
8 I ![~ u000&^000u2 1

8 I !. ~35!

A. The two-spin quantum eraser

The two-spin quantum eraser was implemented accord
to the logic network shown in Fig. 3. A superposition state
first created on spin 2 and then correlated to the ancill
spin to creater̂Bell . The coherences ofr̂Bell can be selec-
tively dephased as described above with the pulse seque

Pz
15@“#z2@p#x

22@“#z2@p#2x
2 . ~36!

To dephase spin 1 in the same way as would a strong m
surement ofsx

1, we apply the pulse sequence

TABLE I. This table shows the transformations used to obt
the three-spin pseudopure state from the thermal equilibrium s
using geometric algebra notation@19,25#.

Transformations

~1! u“ue2(1/2)cos21()/4&)sx
2

~2! u“ue2 i (p/4)(sy
1
1sy

3)E2
2

~3! ei (p/4)sx
1
e2 i (p/4)sz

1sz
2
e2 i (p/4)(sy

1
1sy

2)e2 i (p/4)sz
1sz

2
e2 i (p/4)sx

2

~4! u“uei (p/12)(sy
2
1sy

3)e2 i (p/4)sz
1sz

2
e2 i (p/8)(sx

2
1sx

3)
9-5
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Px
15@p/2#2y

1 2Pz
1. ~37!

Spin 1 is left alongz for subsequent tomography@27#.
The results ofPz

1 andPx
1 applied tor̂Bell are

r̂Bell→
Pz

1

1
2 ~E1

1 E1
2 1E2

1 E2
2 2 1

2 I !, ~38!

r̂Bell→
Px

1

1
2 @~11sx

2!E1
1 1~12sx

2!E2
1 2 1

2 I #, ~39!

where 1
2 (16sx)5u6&^6u. Tomography was performed a

the points of the procedure indicated in Fig. 3; the real pa
of these four density matrices are shown in Fig. 4~the imagi-
nary parts were essentially zero!.

The overall precision of quantum information transm
sion was quantified by theattenuated correlation@3,14#. It
takes into account not only systematic errors, but also the
loss of magnetization due to random errors. The values of
correlation for each of the four tomographic readouts w
c( r̂PP

expt)51 ~by definition!, c( r̂Bell
expt)50.98, c( r̂z

expt)50.97,
and c( r̂x

expt)50.98. The increases inc are not unexpected
since the additionalp and gradient pulses needed to mim
measurements onr̂Bell are easily implemented with high pre
cision, and the tomographic errors are estimated at61%.
Thus, clearly thesx

1 measurement onr̂Bell restores the co-
herence of spin 2 in the two subensembles distinguished
the state of spin 1.

B. Three-particle quantum erasers

1. The GHZ state

The logic network shown in Fig. 5 transforms the initi
pseudopure state into the pseudopure GHZ state, and
decoheres the ancilla as indicated. The GHZ state is obta
by rotating spin 2~sinceJ13!J12,J23! to thex axis and then
using it as the control for a pair of controlled-NOT ~c-NOT!
gates to the other spins~see@3#!. The resulting pseudopur
GHZ state is written in GA notation as@19#

FIG. 3. Logic network for the two-spin quantum eraser. Initial
a pseudopure state on spins 1 and 2 is created,rPP5u00&^00u
[E1

1 E1
2 . A p/2 y pulse is then applied to spin 2, followed by

controlled-NOT ~c-NOT! gate@26# to create the Bell state~see text!.
Conditionally on the second spin being in theu1& state is represente
in the network by a filled circle on its time line. Finally, one of th
two complementary measurements,sz

1 or sx
1, are applied to spin 1

State tomography was performed to fully reconstruct the den
matrices at the positions indicated.
01230
ts
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et
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e

by

en
edr̂GHZ5

)

4&
@ 1

2 E1
1 ~E1

2 E1
3 !1 1

2 E2
1 ~E2

2 E2
3 !

1 1
2 sx

1E1
1 ~sx

2E1
2 sx

3E1
3 !

1 1
2 sx

1E2
1 ~sx

2E2
2 sx

3E2
3 !2 1

8 I #. ~40!

ty

FIG. 4. Experimental density matrices reconstructed by tom
raphy ~in normalized units!. The rows are enumerated in the sta
dard computational basis, where, for example, 00 represents
state labelu00&. Although not shown, the columns are similarly la
beled with the leftmost end representingu00& and the rightmost end
representingu11&. rPP is the three-spin pseudopure ground state, a
rBell is the pseudopure Bell state. The last two plots arerz , which
is rBell after decohering spin 1 about thez axis, andrx , which is
after decohering it about thex axis. An amount of identity, chosen
to optimize the input projection, was added to all experimenta
measured density matrices.
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The notation expressesr̂GHZ in terms of the state of spin 1
and also shows the symmetry of the state under particle
change. This state has previously been studied by NMR
Ref. @28#.

The coherences ofr̃GHZ can be dephased as describ
above with the following sequence of RF and gradie
pulses:

Pz
15@“#z2@p#x

22@“#z2@p#x
2,32@“#z2@p#2x

2 2@“#z

2@p#2x
2,3 . ~41!

The following pulse sequence dephases the ancilla in
same way as would a strong measurement ofsx

1:

Px
15@p/2#2y

1 2Pz
1. ~42!

For subsequent tomography the ancilla is left alongz.
The results ofPz

1 andPx
1 applied tor̂GHZ are

r̂GHZ→
Pz

1

)

4&
@ 1

2 E1
1 ~E1

2 E1
3 !1 1

2 E2
1 ~E2

2 E2
3 !2 1

8 I #, ~43!

r̂GHZ→
Px

1

)

4&
@ 1

2 E1
1 ~11sx

2sx
3!~E1

2 E1
3 1E2

2 E2
3 !

1 1
2 E2

1 ~12sx
2sx

3!~E1
2 E1

3 1E2
2 E2

3 !2 1
8 I #. ~44!

Thus, noting that the statesuf6&^f6u have the GA represen
tation 1

2 (16sx
2sx

3)(E1
2 E1

3 1E2
2 E2

3 ), the Pz
1 measuremen

realizes the ensemble in Eq.~8! while the Px
1 measuremen

realizes the ensemble in Eq.~10!. Tomography was per
formed at the points of the procedure indicated in Fig. 5;
real parts of these four density matrices are shown in Fig
~the imaginary parts were again essentially zero!.

The values of the attenuated correlation for each of
four tomographic readouts werec( r̂ ini

expt)51 ~by definition!,
c( r̂GHZ

expt )50.88,c( r̂z
expt)50.92, andc( r̂z

expt)50.93. Tomogra-
phy on the intermediate stateu0&(u00&1u11&)/& yields an

FIG. 5. Logic network for the disentanglement eraser. Initially
pseudopure state on spins 1, 2, and 3 is created,r ini5u000&^000u
[E1

1 E1
2 E1

3 . A p/2 y pulse is then applied to spin 2, followed b
two controlled-NOT ~c-NOT! gates@26# to create the GHZ state~see
text!. Conditionality on the second spin being in theu1& state is
represented in the network by a filled circle on its time line. Fina
the two complementary measurements,sz

1 and sx
1, are applied to

spin 1. State tomography was performed to fully reconstruct
density matrices at the positions indicated.
01230
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e

attenuated correlation of 0.93, showing that spins 2 an
were entangled before the GHZ state was created. The
mographic errors are estimated at63%. As Fig. 6 shows,
there is no entanglement present inrz whereas inrx the
two-spin entanglement is recovered in the two subensem
of the ancilla spin following thesx

1 measurement.
Notice that if the result of thex-measurement were los

~i.e., the measured particle is traced over!, the resulting re-
duced density matrix is maximally mixed. The state of t
ancilla spin distinguishes these subensembles through

,

e

FIG. 6. Experimental density matrices reconstructed by tom
raphy~in normalized units!. The rows and columns are enumerat
in the standard computational basis as described in Fig. 4.r ini is the
three-spin pseudopure ground state, andrGHZ is the pseudopure
GHZ state. The last two plots arerz , which isrGHZ after decoher-
ing spin 1 about thez axis, andrx , which is after decohering it
about thex axis. ~Note: rGHZ , rz , andrx have been magnified by
a factor of 2 for clarity!. An amount of identity, chosen to optimiz
the input projection, was added to all experimentally measured d
sity matrices.
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coupling to the other two spins. Thus, we performed an
periment where the ancilla spin is directly decoupled by
NMR decoupling techniques discussed in Sec. IV. The re
is shown in Fig. 7. This emphasizes the need of the meas
ment result to distinguish the two subensembles and re
quantum information.

2. The W state

The W state preparation pulse sequence was based
similar sequence used in a concurrently running experim
by our group@29#. This sequence acted as aNOT gate for the
W state,uW̄&, which is equivalent to theW state if logical 1
is the ground state:

uW̄&[sx
1sx

2sx
3uW&5

1

)
~ u110&1u101&1u011&). ~45!

The logic network in Fig. 8 describes these experime
The starting state is a three-spin pseudopure state,r̂ ini , and
the set of gates shown creates the pseudopureW̄ state:

r̂W̄5 1
3 $ 1

8 I 1 1
2 sz

1sz
2sz

32E1
1 E1

2 E1
3 1 1

2 @E2
1 ~sx

2sx
31sy

2sy
3!

1E2
2 ~sx

1sx
31sy

1sy
3!1E2

3 ~sx
1sx

21sy
1sy

2!#%. ~46!

While this expression highlights the symmetry of the st
under particle exchange, the results are better explaine
castingr̂W̄ in terms of the states of spin 1 as follows:

FIG. 7. The reconstructed conditional Bell and traced den
matrices~in normalized units!. The diagonal components have be
shifted so unit trace is preserved. The top plot is the conditional B
state~conditioned on the state of the ancilla qubit!, while the bottom
plot is the traced density matrix after applying the decoupl
pulses to the ancilla qubit during the observation period.
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r̂W̄5
)

4&
$ 1

3 @E1
1 ~E2

2 E2
3 !1E2

1 ~11sx
2sx

2!~E1
2 E2

3 1E2
2 E1

3 !

1sx
1E1

1 ~sx
2E2

2 E2
3 1E2

2 sx
3E2

3 !1sx
1E2

1 ~sx
2E1

2 E2
3

1E2
2 sx

3E1
3 !#2 1

8 I %. ~47!

Note that theuc̃1& state Eq.~12! has the GA representatio
(11sx

2sx
3)(E1

2 E2
3 1E2

2 E1
3 ), which here is multiplying the

E2
1 term. Subsequently, the same set of measurements

the disentanglement eraserPz
1 and Px

1, Eqs. ~41! and ~42!,
respectively, are applied tor̂W̄ . The Appendix shows the GA
representation of these states. While thePz

1 measurement
realizes the ensemble in Eq.~12!, the Px

1 measurement real
izes the ensemble in Eq.~14!. Tomographic readouts of thes
states, performed at the points indicated in Fig. 8, yield
reconstructed density matrices shown in Fig. 9. Once ag
only the real parts are shown because the imaginary p
were effectively zero.

The values of the attenuated correlation for each of
four tomographic readouts werec( r̂ ini

expt)51 ~by definition!,
c( r̂W

expt)50.77, c( r̂z
expt)50.80 andc( r̂x

expt)50.73. As Fig. 9
shows bothr̂z

expt and r̂x
expt retain the entangled state (

1sx
2sx

3)(E1
2 E2

3 1E2
2 E1

3 ) in a subsensemble; this is in con
trast to the results for the complementary measurement
the GHZ state.

VI. CONCLUSIONS

In conclusion, we have used both a two-spin and a thr
spin liquid-state NMR quantum information processor to o
tain a high-precision implementation of the dynamics, bo
coherent and decoherent, underlying the quantum-er

y

ll

FIG. 8. Logic network for the creation ofW̄ state followed by
complementary measurements. Starting withr ini the sequence of
transformations shown createsrW̄ . Subsequently, the set o
complementary measurements described in the text are applie
spin 1 in the staterW̄ .
9-8
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scheme as applied to a Bell, GHZ andW̄ state followed by
complementary measurements. We have found that the
perimental results confirm the theoretically predicted con
tional expectation values. Our study of the two-spin quant
eraser suggests that it may be used to transfer informa
shared amongst qubits based only on local decoherent op
tions assisted by classical communication. The three-spin
sults confirm the differences of the GHZ andW̄ state under
the action of complementary local decoherent operation
sz measurement of the ancilla spin yields separable state
the subensembles of the GHZ state while the same mea
ment in theW̄ state yields an entangled state in each sub

FIG. 9. Theoretical density matrices in~a! and experimental
density matrices in~b! reconstructed by tomography~in normalized
units!. The rows and columns are enumerated in the standard c
putational basis as described in Fig. 4. In~b! r ini is the three-spin

pseudopure ground state, andrW̄ is the pseudopureW̄ state. The
last two plots arerz , which isrW̄ after decohering spin 1 about th
z axis, andrx , which is after decohering it about thex axis. An
amount of identity, chosen to optimize the input projection, w
added to all experimentally measured density matrices. The plo
~a! are the corresponding theoretical density matrices for comp
son purposes.
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semble. By contrast, asx measurement of the ancilla spin i
the GHZ state results in a maximally entangled state in b
subensembles while the same measurements in theW̄ state
result in mixtures of entangled and separable states in b
subensembles.

A key feature of these experiments is the use of nonu
tary control methods. Using gradient techniques we w
able to judiciously and selectively render phase informat
macroscopically inaccessible in a way that precisely mim
the decoherence attendant on strong measurements. D
this dephasing operation all interactions among the sp
were refocused, and that only themacroscopically accessible
information contained in the ancilla spin due to its earl
interactions with the other spins was changed.

With NMR decoupling methods we were able to perfor
a partial trace operation. By decoupling the ancilla spin, a
the x measurement on the GHZ state the reduced den
matrix yields a maximally mixed state. This further emph
sizes the need for the ancilla spin to distinguish the sub
sembles after the measurement. Unlike previous era
implementations, it was not necessary to explicitly read
this information in each member of the ensemble in orde
see the conditional coherence, because this was done fo
by the coupling of the ancilla to the other spins while t
spectra were being measured.
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APPENDIX

The measurementsPz
1 andPx

1 Eqs.~41! and~42!, respec-
tively, applied tor̂W̄ in GA notation:

r̂W̄→
Pz

1

)

4&
$ 1

3 @E1
1 ~E2

2 E2
3 !

1E2
1 ~11sx

2sx
3!~E1

2 E2
3 1E2

2 E1
3 !#2 1

8 I %, ~A1!

r̂W̄→
Px

1

)

4&
„

1
3 $ 1

2 E1
1 @E2

2 E2
3 1~11sx

2sx
3!~E1

2 E2
3 1E2

2 E1
3 !

1~sx
2E2

2 E2
3 1E2

2 sx
3E2

3 !1~sx
2E1

2 E2
3 1E2

2 sx
3E1

3 !#

1 1
2 E2

1 @E2
2 E2

3 1~11sx
2sx

3!~E1
2 E2

3 1E2
2 E1

3 !

2~sx
2E2

2 E2
3 1E2

2 sx
3E2

3 !

2~sx
2E1

2 E2
3 1E2

2 sx
3E1

3 !#%2 1
8 I …. ~A2!
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