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Optimal teleportation based on bell measurements
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We study optimal teleportation based on Bell measurements. An explicit expression for the quantum channel
associated with the optimal teleportation with an arbitrary mixed state resource is presented. The optimal
transmission fidelity of the corresponding quantum channel is calculated and shown to be related to the fully
entangled fraction of the quantum resource, rather than the singlet fraction as in the standard teleportation
protocol.
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Quantum teleportation protocols play an important role intation with an arbitrary mixed state resource. The transmis-
guantum information processing. In terms of a classical comsion fidelity of the corresponding quantum channel is given
munication channel and a quantum resou@®onlocal en- in terms of the fully entangled fraction of the quantum re-
tangled state like an EPR pair of partidlethe teleportation source.
protocol gives ways to transmit an unknown quantum state Let {|i),i=0,...n—1}, n<=, be an orthogonal nor-
from a sender traditionally named “Alice” to a receiver malized basis of an-dimensional Hilbert spacg(. Any lin-
“Bob” who are spatially separated. These teleportation pro-ear operatoA: H—H can be represented by axn ma-
cesses can be viewed as quantum channels. The nature ofk as follows:

quantum channel is determined by the particular protocol n-1
and the state use(_j as a teleportation re;o@leé]. The A(|i>)=2 Ajli), A eC.
standard teleportation protoc®}, proposed in1] uses Bell j=o0

measurements and Pauli rotations. When the maximally en-

tangled pure statED)zl/\/ﬁE{‘:’ollii) is used as the quan- We shall only consider the following three-tensor Hilbert

tum resource, it provides an ideal noiseless quantum channgpace:H®HeH where Alice has the first and the second

AUPA®D(p) = p. However, in a realistic situation, instead of Hilbert space, and the third one bf|0l’_lg$ to Bob. hendg
0 _ _ be nxXn matrices such thah|j)=|(j+1) modn), glj)

the pure maximally entangled states, Alice and Bob usually— wlj), with = exp{—2iw/n}. We can introduce? linear-

share a mixed entangled state due to the decoherence. Te|gdependennx n matricesU¢= h'g®, which satisfy

portation using a mixed state as an entangled resource is, in

general, equivalent to having a noisy quantum channel. Re- UstUs’t’:wSt,_tS,Us’t’Ustv tr(Ug) =Ndsdio. (1)

cently, an explicit expression for the output state of the quan-

tum channel associated with the standard teleportation pr@ne can also check thét.} satisfy the condition obases

tocol T with an arbitrary mixed state resource has beeryf the unitary operatorsn the sense of6], i.e.,

obtained[4,5].

In this paper we consider the following problem. Alice tr(UstUl,t,):ngn,gss,,
and Bob previously only share a pair of particles in an arbi- ©
trary mixed entangled statg. In order to teleport an un- Ug Uthlan
S 1

known state to Bob, Alice first performs a joint Bell mea-
surement on her particléparticle 1 and particle)2and gives  wherel ., is thenxn identity matrix. {Ug} form a com-

her result to Bob by the classical communication channels|ete pasis ofi x n matrices, namely, for anyx n matrix W,
Then Bob, instead of thPauli rotation like in the standard W can be expressed as

teleportation protocdll], tries his best to choose a particular

unitary transformation which depends on the quantum re- 1

sourcey, so as to get the maximal transmission fidelity. We W=~ > r(UIw)Ug,. ()
call our teleportation protocol the optimal teleportation based st

on the Bell measurement. We .derlve an exphcﬁ expressml?_.rom{ust} we can introduce the generalized Bell states,
for the quantum channel associated with the optimal telepor-

1
Do) =(1oUN|P)=—= 2 (U}lii),
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|®,) are all maximally entangled states and form a completéonce Bob learns from Alice that she has obtained the result
orthogonal normalized basis 3{®H shared by Alice and St he performs on his previously entangled partigarticle
Bob. For any state shared by Alice and Bob, let us intro- 3) @ unitary transformatiofls;. Then the final state becomes
duce thesinglet fraction[2]: F=(®|x|®). In general, allthe  1/\VnT{AUg|¢). In terms of the density matrix, the tele-

maximally entangled pure states are equivalent|do: portation based on the unitary matrigdg,}, with the quan-
|¥ a0 =1®U|®), whereU is a unitary transformation. One tum resource being a pure stgtg), is a quantum channel
can define thdully entangled fractiori2] of a statey by with the output

Flx)=max(®|(1eU") x (1eU)|®)}, . 12 T T
AMIDATH (p)== > TLAUg p UIATG.
forall UUT=UTU=1,4,. (5 i n < stst st st

Since the group of unitary transformationsnilimensions is Step 2 An arbitrary mixed entangled state as a resource
compact, there exists a unitary matki, such that Let x be a mixed state
FoO=(@[(1eW)) x (1eW,)|®). ©®)
Suppose now Alice and Bob previously shared a pair of Xzza: Po|Pal(Val,  0=po=1

particles in an arbitrary mixed entangled stateTo trans-

form an unknown state to Bob, Alice first performs a joint

Bell measurement based on the generalized Bell states Ea'f‘d

(4) on her parties. According to the measurement results of

Alice, Bob chooses particular unitary transformatigf .

to act on his particle!O g s ; Pa=1, |q'a>:i2j alij).
Theorem 1 The teleportation protocol defined K}, '

when used with an arbitrary mixed state with density matrix ) ) , _
¥ as a resource, acts as a quantum channel Applylng the teleportation protocdl with a mixed statey,
the final state of Bob becomes

1
AWETH(p) == 2 2 (Pedx| D)
> ) st s't 1
no st s ADATH(p) =5 24 2 PaTsA WU p UG(AD) Ty
t t ot (10
X 72!3 ThUsU,s p ULLUL T 0
@ Since each matribA(®) can be decomposed in the basis of
{Usg by (A);=35a8(Us;; , Eq. (10) becomes
Proof. The proof can be given in two steps:

Step 1 Pure entangled state as a resourdéach en- 1
tangled pure statl) shared by Alice and Bob has the form  AW({T})(p) =~ > > (Z pLaldalx
S,t o 47 « !
n-1 n-1 st
P)= aiilij), ai|?=1, a;eC. 8 t t ot
|¥) i,jE:o IJ| i) mz:ol IJ| ij € (8) x% TIUsUys p UTLUL T .

Let A be thenXn matrix with elements4);;=a;;, a;; € C. ) o ) .
Suppose Alice wishes to teleport the unknown pure stat&Jsing the definition of generalized Bell statgd )} in Eq.
|¢)=="_,;]i). The initial state Alice and Bob have is then (4), after a lengthy calculation, we arrive at

given by

! . HE paA(s?)Ag(,)t"{:<(Dst|X|(Ds’t’>-
|¢>®|qf>:ij;:0 a;aylijk) eHOH®H.  (9) @

Substituting the above results into E§O), one obtains Eq.

To transform the statlgp) to Bob, Alice first performs a joint g)' Using Eq.(2) and the identity

Bell measurement based on the generalized Bell states E
(4) on her party. After her measurement with outcoming in

tsrzgtestatekbst), Bob’s particle gets into dunnormalized E U;rt AU =ntr(A)l,.,, forany nxn matrix A,
s,t
| ) — iAUSJ b). the trace-preserving property of the quantum channel can be
NG proved by
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tr[A(X)({T})(p)] matrix representation of the elemegt of G. Recalling
Schur’'s Lemma, one has the identity

—iz > (D x|P
2 57 sr,tf< =X ®se) deg[uT(gmuT(g)] o [U(@)eU(g)]=al ®1 +ayP,

(12
X % (Ul Ul UgU,e0)

_n?tr(o)—ntr(oP) _n’tr(oP)—ntr(o)

1 y @
> (D x| P )tr(UUL tr(p) n*(n*-1) n*(n*-1)

st ,,t,

3||—\
R

for any operatowr acting on the tensor space, whétés the
flip operator such tha®|ij)=|ji ). The invarian{Haap mea-

(Do x| D) =tr(x)=1. m suredgon G is normalized byfcdg=1.
sit Theorem 2 The transmission fidelity of the teleportation
protocol defined by T} with arbitrary mixed statey as a
The fidelity of the teleportation is given by resource is given by
F00=( @l ADATH(bin){binD[bin). (1D f)= nmﬂ) 2, (0[[18(T,5U5)"]

averaged over all pure input statés, .

In order to calculate the transmission fidelity Etyl), we ><X(1®T75U7B)|<I>) o n+1° (13
need an irreducibl@-dimensional representation of the uni-
tary groupU(n), denoted byG. Let U(g) be the unitary Proof. From Theorem 1 and E@12), one has
|
1 T
f(X):F xiliort < st|X|(I) iy >2 <¢|n|T ﬁUsth,B|d’m><d’m|U ,BU e y5|¢|n>
3 s,
1 T T T
:ﬁ S <(I)st|X|q)s’t’>% <¢in|®<¢in|(T7ﬁUsthﬁ®Uy,BUSrthy,B)|¢in>®|¢in>
bt
1 T t t
=52 2 (Pulxl®e) (00 | dglU() @U(9)I(TUsU,s8 U305 Top) V()2 U(g)]] 00
3 s/‘t/ Y.
t t
3(n+1 2 2 (D x| s W)E {tr(T!UgU,)tr(UT UL T p) +tr(Th U U 0T UL T )
s,
T
n(n+1) 2 (®( 1®(Ty,3U ) x (1eT,.U B)|<I>) + 1
|
where the identity tr] (A® B)P]=tr(AB), Egs.(2) and (3) w 1
have been used. | AL (p)=— (P x| D)
Obwously when the term<q>|(1®(T U Dx(1 n® st sy
®T,zU ﬁ)|¢>> is maximized, i.e. TWUW W,, one gets
the maximal fidelity. Recalling the definition of thielly en- x{ > u;ﬁW;ustu vg P U‘;ﬁUl,t,WXU 8
tangled fractionEgs. (5) and (6), we arrive at our main re- 7B
sult: (14)

Theorem 3 The optimal teleportation based on the Bell
measurements, when used with an arbitrary mixed state with

density matrixy as a resource, acts as a general traceThe corresponding transmission fidelity is given by
preserving quantum channel

012301-3



SERGIO ALBEVERIO, SHAO-MING FEI, AND WEN-LI YANG PHYSICAL REVIEW A66, 012301 (2002

nFy) 1 output state of the optimal teleportation, with arbitrary mixed
o X)= 27+ 1 (15  entangled state as a resource, in terms of some noisy quan-
tum channel. This allows us to calculate the transmission
where F(x) is the fully entangled fraction Eq5) andW, is  fidelity of the quantum channel. It is shown that the trans-
the unitary matrix which fulfills such a fully entangled frac- mission fidelity depends only on thHally entangled fraction
tion Eq. (6). of the quantum resource shared by the sender and the re-
Our results show that the maximum transmission fidelityceiver. The fidelity in our optimal teleportation protocol is in

of the teleportation based on the Bell measurement dependgneral greater than the one in standard teleportation proto-
on thefully entangled fractioronly, whereas that of a stan- col[1,4,5].

dard teleportation depends on the singlet frac{ibh Our

result also agrees with the fidelity formula of the general W.-L.Y. would like to thank Professor von Gehlen for his

optimal teleportation given by the Horodecki family]. continuous encouragement. He has been supported by the
Summarizing, we obtain the explicit expression of theAlexander von Humboldt Foundation.
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