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Zeno and anti-Zeno effects in multimode parametric down-conversion
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We present a simple multimode analysis of the Zeno and anti-Zeno effects in spontaneous parametric
down-conversion. In this process the input vacuum is an unstable state decaying into a reservoir of down-
converted modes by emitting a pair of photons. We show that the Zeno and the anti-Zeno effects are two
particular examples of quantum propagation depending on the effective spectrum of down-converted modes.
We show that this evolution can be easily tailored on demand and that these quantum phenomena admit a very
simple explanation in terms of standard interference concepts.
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I. INTRODUCTION firms that parametric down-conversion provides a simple and
accessible framework to study theoretically and experimen-
Measurement is a very fundamental issue of quantuntally the Zeno and anti-Zeno effects for a truly decaying
theory that supplies distinct examples of purely quantum besystem. In particular, we show that these quantum phenom-
havior without classical analog. For example, one of the apena admit a very simple explanation in terms of standard
pealing consequences of quantum mechanics is that the offiterference concepts.
servation unavoidably disturbs the observed system. This is In Sec. Il we obtain useful expressions for the unobserved
particularly revealed by the so-called Zeno and anti-Zen@mission rate of down-converted photons. In Sec. lll we
effects[1—6]. The Zeno(anti-Zeng effect refers to the inhi- show how a simple observation scheme modifies the emis-
bition (acceleration of the evolution of a dynamical system sion rate, leading to the Zeno and anti-Zeno effects depend-
when attempts are made to observe it. ing on the observation regime. Finally, in Sec. IV we derive
The most paradigmatic example considers the alteratioguitable monomode limits.
of the spontaneous and irreversible decay of an unstable
state, such as the radiative decay of an excited atom or the
radioactive decay of a nucleus. However, the experimental
observation of truly decaying systems encounters difficulties We consider a nonlinear crystal pumped by a strong, clas-
so that most efforts have focused on reversible processescal, and coherent field to produce pairs of photons via
such as the Rabi oscillation in two-level atofd. Never-  spontaneous down-conversion. Throughout we assume the
theless, the observation of the Zeno effect for unstable sygparametric approximation in which the pump mode is strong
tems has been reported recer@y. enough so that it can be described classically by a constant
In this work we analyze a simple physical process wherecomplex amplitude. On the other hand, the down-converted
spontaneous decay can easily be observed and studied rimodes are initially in the vacuum std@).
very different quantum regimes. This is the generation of The dynamics of this system can be described conve-
pairs of photons in parametric down-conversion in a nonlinmiently by using the effective momentum operafb2]
ear crystal9]. This process has been used in a large number
of fundamental experiments in quantum optidd]. We

Il. UNOBSERVED DECAY RATE

present a multimode analysis of the Zeno and anti-Zeno ef- G=-4% 2 [X(w’,w”)emkzal,al,,
fects in spontaneous parametric down-conversion. In this K K
process the input vacuum can be regarded as an unstable (0 0")e B a ], 1)

state that decays into a reservoir of down-converted modes
by emitting a pair of photons. This analogy allows us to carry
out an analysis of parametric down-conversion that parallelgvherey is proportional to the nonlinear susceptibility of the
general approaches to the decay of unstable systems suchagstal and to the complex amplitude of the pump madle,
the one developed in Ref5]. and »” are the frequencies associated with the wave vectors
The general multimode approach carried out here demork’ andk”, respectivelyAk=k,—k’—k" is the phase mis-
strates that the Zeno and anti-Zeno effects are particulamatch in thez direction (for simplicity we assume perfect
cases of a general alteration of the photon emission causgdhase matching in th& andy directions wherek, is the
by observation. Previous monomode approadl¥s$l] are  wave number of the pump mode, aag ,a,» denote the
recovered as particular limits. We show that this multimodecomplex amplitude operators associated with the down-
analysis provides simple formulas to suitably tailor the res-converted modes. We will assume the frequency resonance
ervoir spectrum, which in turn controls the decay. This con-condition w,= '+ ", where w, is the frequency of the
pump mode. In this approach the state veti(z)) describ-
ing the state of the down-converted modes obeys the propa-
*Electronic address: alluis@fis.ucm.es gation equation
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where we have taken theaxis as the direction of propaga-
tion. This is the quantum counterpart of the classical propa-

gation equation$§13].
Due to the mode couplingl) the initial state|0) (which

otherwise would be stablés coupled to a reservoir so that it
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becomes unstable and decays spontaneously, emitting a pair FIG. 1. lllustration of the overlap of the functiofs(solid) and
of photons. Therefore, we can define the survival probabilityH (dashedl determining the decay rate. In this case the broadening

asP(z)=|(0]¥(2))[?>. Our objectives are to obtaif(z) and
to study how the observation modifies it.
To this end let us expresg(z)) as

|4(2))=a(2)[0)+ X Bewl()|K K+, (3
k',k/l

where [k’,k”) denote states with a photon in moké and
another one in mod&”. The initial conditions az=0 are

a(0)=1 and By (0)=0. In most practical situations the
nonlinear interaction is weak enough so that the generation
of more than a photon pair has a negligible probability. In

such a case the propagation equati®ngives the following
equation fora:

da z o
—=—f dz’ e " 2P (z—2")a(Z"), (4
dz 0
where
(I)(Z)Z 2 ei(k’+k”)z|X(w/,wn)|2_ (5)
k,,k”

Since the emission rate is small, we can solve @y itera-
tively, retaining only the terms up toy|?,

da 2 amikoZ (o
E:—fodze p db(z ), (6)
so that
z H !
a(z):l—f dz' (z—z")e *? d(2'). (7)
0

The survival probability is
P(L)=|a(L)[*=1-R(L)L=e RO*, (€S)

wherelL is the effective length of the crystal and

1t —ikyz’
RU=-7| dZ@-lzhe o) @

of F caused by the observation increases the overlap and leads to a
larger decay ratéanti-Zeno effedt

where
[ sinl(k—kp)L/2]|?
F(k,L)—L[W’ (11
and
(12

Hk)= 2 |x(o',0")|28(k—k —K").
k/,k//

This form (10) for the decay rate agrees with the results of

Refs.[4,5]. This formal equivalence allows us to develop an

analysis of the alteration of the photon emission in paramet-
ric down-conversion very similar to the one carried out in

Ref. [5] for general unstable systems. This is accomplished
in the next section.

IIl. OBSERVED DECAY RATE

Next we examine the survival probability when the mo-
ment of emission is observed. For the sake of simplicity we
focus on the simplest observation procedure. Instead of a
crystal of lengthL we consider a cascade df crystals of
lengthL/N in series so that the total length of the nonlinear
medium is alwaysL. This splitting allows us to observe
whether the emission has occurred or not after each piece. A
possible implementation of this idea using a single crystal
was proposed in Ref14]. The observation completely inter-
rupts the down-converted modes so that the field state at the
input of all theN pieces is always the vacuum. The observed
survival probability becomes

Pn(L)=[P(L/N)JN=e" RIMNL, (13
and the observed decay rateRg(L)=R(L/N) while the
unobserved one iR(L).

In Eq. (10) it can be appreciated that the decay rate results
from the overlap of the two functior’s andH, as illustrated
in Fig. 1. The functionF is a phase-matching factor that
contains the effect of the observation through its dependence

is the rate of down-conversion processes expressed as th@ L. It is centered at the pump wave numigr, the height
probability of decay per unit length. This decay rate can besf the central peak i&/N, and its width is proportional to

expressed also as

R(L)=ficdkF(k,L)H(k), (10

N/L. Thus its width increases when the accuracy of the ob-

servation increases while the total area urfilés constant.
The functionH can be regarded as the reservoir spectrum

of modes actually coupled to the unstable state. In many
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practical situations it can be assumed tHahas a Gaussian n
form and that y(o',0") has a maximum foreo’'=w" nH
=wp/2. In such a casel is centered ak=2k(w,/2), i.e., !
twice the wave number corresponding to half the pump fre-
guency(for simplicity we have assumed that the two down-
converted waves experience the same index of refraction

l

!

i

e !
generalk#k, so that the maxima of andH do not coin- ,'
K

(arbitrary units)
L

cide, (arbitrary units)
— w, FIG. 2. lllustration of the overlap of the functiofs(solid) and
k—kp=2k(wp/2) —k(wp) = T[nc(“’plz) —Np(wp) ], H (dashed determining the decay rate. In this case the observation
(14 decreases the height Bf leading to a smaller overlap and a larger
survival probability(Zeno effect.

where n.,n, are the indices of refraction of the down-
converted and pump modes, respectively. enough and the width oF is smaller than that oH, as
Next we discuss how the survival probability of the initial illustrated in Fig. 3, the measurement has no effect. This is
vacuum state can be easily controlled by means of a suitablkecause the area underdoes not depend oN.
selection of the output modes leaving the crystals, which can From a classical standpoint the strategy to infer the mo-
be performed by means of frequency filters and diaphragmgnent of emission that we have followed should not influence
The output modes that the filters interrupt are forced to be int. If after any piece the photons have not been emitted the
the vacuum state when they reach the detector. If we interfield state is still the vacuum, while if the photons have been
pret Eq.(3) as the output field state that reaches the detectogmitted the decay process has already finished before the
we have thag,, »=0 for the modes interrupted by the fil- detection takes place. This reasoning is based on a direct
ters. This effect can be formally taken into account in Eqscombination of particle behavior and randomness. However,
(4) and(5) by multiplying x by the transfer function describ- the quantum behavior combines randomness with both par-
ing the bandpass of the filters. This in turn leads to the reticle and wave aspects and the probability of emission is the
placement o in Eq. (10) by an effective reservoir function result of the interference of probability amplitudg3 11].
Hefr. Next we show that the quantum behavior analyzed in this
From Eq.(10) we have also the possibility of embodying Work admits a very simple explanation in terms of basic and
the effect of the filters in the factd¥ rather than irH. This ~ simple interference ideas.
possibility may seem even more natural since the filters are The emission in the unobserved case results from the su-
part of the detection arrangement. On the other hand, thBerposition of probability amplitudes originating in each part
idea of an effective mode reservdity; that can be easily ©f the crystal. In principle they can interfere as long as they
tailored on demand can be fruitful because of the analoggan be regarded as being emissions stimulated by the same
between parametric down-conversion and the decay of gerilnput vacuum that impartS phase correlations between them.
eral unstable systems developed above. For example, thid1e actual coherence length of these probability amplitudes
allows us to regard the mode selection as a very simple andepends on the width of the mode spectrtinWhen the
accessible practical implementation of the idea of reservoifenters ofF andH coincide (phase matchingthe interfer-
engineering6,15). We can note also that the external mode€nce is constructive. After interrupting the emisshbtimes,
selection would allow us to control very easily the effective the probability amplitudes from each piece become mutually

mismatch depending on Whetth coincides or not with incoherent since they are stimulated by different vacuum
2K(@ g, Where sy is the frequency of maximum trans- modes. If the coherence length of the down-converted field is

mission allowed by the filtering. larger thanL/N (i.e., whenH is narrower tharF as illus-

The main conclusion from these results is that the decajfated in Fig. 2 this lack of coherence induced by measure-
rate, and thus the existence of the Zeno or anti-Zeno effect,

depends on the relative widths and centers of the functons
andH, which in turn depend on the accuracy of the observa- -
tion, and on the effective reservoir of down-converted = Pt
modes. > H,’ AN

More specifically, if the maxima df andH differ signifi- £ // F \\
cantly, as illustrated in Fig. 1, the broadeningFofaused by g ’ \
measurement increases the overlap betweandH. There- =1,/ AN
fore Ry increases an®, decreasesanti-Zeno effegt On - >

the other hand, if their maxima are close enough and the K (arbitrary units)

width of F is larger than_ thaF off, as illustrated in F'g_' 2, the FIG. 3. lllustration of the overlap of the functiofs(solid) and
effect of the observation is to decrease the height=of | gashedidetermining the decay rate. In this case the overlap does
Therefore the overlap decreas&y, decreases, anBy in-  not depend appreciably on the accuracy of the observation since the
creasegZeno effect. Finally, when their maxima are close area undef is constant.
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8 F — If ko=k, (perfect phase matching
6 ] ~ 1
- Ru(L) = R(L), (16)
RN R 4 F ~
and the observed survival probabiliBy increases wheiN
2 F increases, that is, when the accuracy of the monitoring of the
emission increases. In the limid—c the field state is al-
ways the vacuum irrespective of the total lendttof the

1 2 3 4 5 6 7

N

8 9 10

nonlinear medium. This is the Zeno effect.
On the other hand, Kk,#k, (phase mismatgithe depen-
dence onN of the decaying rat&y, in Eq. (15) results from
FIG. 4. Quotient between the observBq and unobserve@®  the competition of two effects. There is a direct dependence
decay rates as a function of the numiérof crystal pieces for on 1N that tends to decrease the emission irreSpeCtive of the
(ko—kp)L=11. It can be seen that the maximum decay rate occurphase mismatch as in E¢L6). There is anotheN depen-
for N=5 and hence the observed emission can occur faster than tfdence in the argument of the sinc function that tends to in-
unobserved one. crease the emission whéhincreases. The net result is that
there areN values for which the observed emission rate is
ment prevents constructive interference, the emission rate déarger than the unobserved one as shown in F[@]4This is
creases and the survival probability increaéésno effect. the anti-Zeno effect.
Otherwise, when the coherence length of the down-
converted field is shorter thalo/N (i.e., whenH is wider
thanF as illustrated in Fig. Bthe emissions from different
pieces of the crystal do not interfere from the very beginnin
and hence the measurement has no effect on the decay ra;

V. CONCLUSIONS

We have shown that parametric down-conversion pro-
ides a simple and experimentally accessible framework to
?udy both the Zeno and anti-Zeno effects in a truly decaying

.On.dthe %ther ha_nd, v:hrir;] thgtm?X|mal%)fgndclj-| dto n?t system. One of the advantages of this arrangement is that it
coincide (phase mismatghthe interference is destructive. allows a very simple way of tailoring and controlling the

The loss of c;ohgrence induced by measurement can preve\%riables that determine the decay. Furthermore, this practi-
this d_estructlve m_terference_ anc_j the probablllty of EMISSIONt a1 scheme provides a very simple explanation of these quan-
may increase as illustrated in Fig.(anti-Zeno effeqt tum effects in terms of classical concepts such as interfer-
ence and phase mismatch. Despite this simple picture, it

IV. MONOMODE LIMITS must be stressed that parametric down-conversion is a com-

In this section we show that this general multimode analyPI€tély quantum process having no classical analog. Classi-

sis embraces previous monomode approaches presentedG@ly: no down-converted fields are generated from the
Refs.[3,11]. A monomode configuration can be obtained in V&CUUM SO that the decay of the initial state and its alteration

the limit in which H becomes a5 function H(k) = «&(k
—ko) for a given constank,, so that

kL [ sir (ko— kp)L/(2N)]] 2

N | (ko—kp)L/(2N)

Ry(L)= (15

caused by observation are genuine quantum processes.
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