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Spatiotemporal dynamics of Bose-Einstein condensates in linear- and circular-chain optical lattice
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We investigate the spatiotemporal dynamics of Bose-Einstein condensates in optical lattices that have a
linear-or a circular-chain configuration with the tunneling couplings between nearest-neighbor lattice sites. A
discrete nonlinear Schro¨dinger equation has been solved for various initial conditions and for a definite range
of repulsive and attractive interatomic interactions. It is shown that the diversity of the spatiotemporal dynam-
ics of the atomic population distribution such as a macroscopic self-trapping, bright and dark solitons, and
symmetry breaking is derived from the positive and negative interatomic interactions. For the circular-chain
configuration, two types of rotational modes are obtained as we introduce a definite relation for the initial phase
conditions.
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The realization of Bose-Einsten condensation~BEC! in
weakly interacting atomic vapors has opened the possib
to investigate nonlinear properties of atomic matter wav
Among the many features due to nonlinearities, the em
gence of solitons and breathers is one of the most interes
Intense theoretical research has now been focused on
existence of solitons and breathers in nonlinear quantum
tems governed by a discrete nonlinear Schro¨dinger equation
~DNLSE! @1#.

The discrete solitons/breathers are characterized by a
namical, self-maintained energy localization, due to both
discreteness and the nonlinearity of the underlying equa
of motion. Bright solitons can occur in spatially homog
neous, dilute BEC with an attractive interatomic interacti
~s-wave scattering lengtha,0! @2,3#. Dark solitons, propa-
gating density dips, have been predicted and experimen
observed in BEC with a repulsive interaction (a.0) @4#. The
dynamics of a BEC trapped in a spatially periodic poten
@5–6#, on the other hand, can be depicted by a DNLSE. I
recent paper@7#, the problem of Bloch oscillations of brigh
solitons was investigated in terms of a tight-binding mo
for BEC arrays with positive scattering length. The dynam
of localized excitations in a BEC array was investigated
the framework of the nonlinear lattice theory by Abdulla
et al. @8#. They showed the existence of temporarily sta
ground states displaying intrinsic localized modes as wel
envelope solitons. BEC in standing waves was investiga
by Bronski et al., @9# by investigating a new family of sta
tionary solutions to the cubic nonlinear Schro¨dinger equation
with an elliptic functional potential.

The aim of this paper is to show the diversity of the sp
tiotemporal behaviors of atomic population distributions
coupled optical lattices~BEC arrays! for various initial con-
ditions and a definite range of interatomic interactions.
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The model. The configurations of the optical lattices in
vestigated in this paper are shown in Fig. 1. The wave fu
tion of the system can be written as a linear combination
the wave functionc j ( j 51,2,...,M ) of isolated lattice sitej,
i.e., c(t)5( j 51

M cj (t)c j . The evolution of the amplitude
cj (t) is described by the DNSE, or Gross-Pitaevskii equat
@7–14#,

dcj~ t !/dt52 iVucj~ t !u2cj~ t !2 ik j 21,j cj 21~ t !

2 ik j , j 11cj 11~ t !, ~1!

where V5U0N/\ with the total number of atomsN and
interatomic scattering pseudopotentialU054p\2a/m, a and
m are atomic scattering length and mass, andkn,m are the
coupling~tunneling! coefficients between sitesn andm. The
initial condition is given bycj (0)5ANje

if j , whereNj and
f j are the normalized initial number of atoms and phase
site j. The number of atoms at sitej is then given byNNj .

m
,
it- FIG. 1. Configurations of the optical lattices.~a! Linear optical
lattice, ~b! circular optical lattice.
©2002 The American Physical Society08-1



th

s
f
o

-
n
ar

t

da

n
re
ed
s

la

Th

2

a
tic
v
s

ries

li-
of

l-
ed
can
ined

ion
-

ve
gate

ult-
in-

pu-

for
r-
lin-
ate

nd
ula-

re-
the

tes

la-
ed
al-

th

-

ic

N. TSUKADA PHYSICAL REVIEW A 65 063608
For the linear lattice withM lattice sites@Fig. 1~a!#, the tun-
neling coupling coefficients usek0,15kN,N1150 and
k j , j 115k ~for j 51,2,...,M21!. While for the circular lattice
@Fig. 1~b!#, we should putk0,15kN,15k. Throughout this
paper, we consider linear and circular lattices forM520 and,
for almost all cases, the normalized number of atoms in
system is chosen to be one, i.e.,( j 51

20 Nj51.
The DNLSE@Eq. ~1!# and its localized propagating mode

appear in several other fields. This equation describes,
example, localized modes in molecular systems such as
tical fibers and waveguides@11#, long proteins@15,16#, po-
larons in one-dimensional ionic crystals@17,18#, localized
modes in electrical lattices@19#, arrays of Josephson junc
tions @20,21#, a coupled array of nonlinear mechanical pe
dulums @22#, and instabilities in one-dimensional nonline
lattices@23#.

Linear-lattice configuration. First we consider a case tha
one of the sites of a linear lattice@see Fig. 1~a!# is initially
populated. In the absence of the nonlinear term of Eq.~1!,
the atoms spread into two main lobes with several secon
peaks between them@see Fig. 1 in Ref.@11#, in which the
length~distance! should be replaced by time#. As the nonlin-
earity increases, the spreading of the atomic populatio
suppressed since the nonlinear term compensates the sp
ing and eventually tends to localize on the initially populat
sites. As an example, here, we show a case that two site
one of the lattice ends are initially populated, i.e.,c1(0)
5c2(0)5A1/2 andc3(0);c20(0)50. In Fig. 2 we show the
time development of the distribution of the atomic popu
tions as a function of the dimensionless timekt. Each curve
corresponds to the normalized population of each site.
lowest ~highest! curve corresponds to site 1~20! and the
curves are successively shifted by 0.1 from site 1 to site
In the absence of the interatomic interactions (V/k50), the
atoms initially populated at one of the lattice edges propag
to opposite side of the lattice and then reflect at the lat
boundary, showing splitting and broadening of the wa
packet@Fig. 2~a!#. For V/k52, the wave packet maintain

FIG. 2. The time development of the atomic populations in
linear lattice for c1(0)5c2(0)5A1/2 and c3(0);c20(0)50. ~a!
V/k50, ~b! V/k52, ~c! V/k53, and ~d! V/k55. The lowest
~highest! curve corresponds to site 1~20! and the curves are suc
cessively shifted by 0.1 from site 1 to site 20.
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its shape even after the reflections at the lattice bounda
since the positive interatomic interactions~positive nonlin-
earity! compensate the diffusion of the wave packet@Fig.
2~b!#. We can, therefore, call this wave packet a bright so
ton. As the interatomic interaction increases, the velocity
the soliton decreases@Fig. 2~c!# and finally becomes zero
@Fig. 2~d!#, resulting in the localization of the atoms. A
though almost all atoms localized at the initially populat
two sites, the population exchange between the two sites
be seen. It should be noted that the same results are obta
for negative values of the nonlinearity (V/k522), if one of
the phases of the initial order parametersc1(0) andc2(0) is
changed byp, i.e., c1(0)51/&, c2(0)5e2 ip/& or c1(0)
5e2 ip/&, c2(0)51/& @24#.

Figure 3 shows the time development of the populat
distribution for the initial conditions with an uniform distri
bution of the atoms in all sites, i.e.,c1(0);c20(0)51/A20.
In the absence of nonlinearity (V/k50), the population dis-
tribution shows a somewhat complex behavior. Two wa
packets generated at the lattice boundaries counterpropa
and interfere destructively at the center of the lattice, res
ing in the repulsion of the wave packets and successive
terference in a complex manner@Fig. 3~a!#. Increasing the
positive nonlinearity (V/k52), the populations gradually
converge into the central region and most part of the po
lations localizes on the two central sites for 10<kt<25, and
then the populations again disperse on nearly all sites
25<kt<45 @Fig. 3~b!#. The periodic localization and dispe
sion occur as a function of the time. Increasing the non
earity further, most atoms localize on two spatially separ
regions of sites 8 and 13@Fig. 3~c!#. The population distri-
bution is still symmetric about the center of the lattice a
hence the symmetric sites 10 and 11 have the same pop
tion. ForV/k515, spatially separated three self-trapping
gions appear and the symmetry breaking, which shows
asymmetric population distributions for the symmetric si
10 and 11, can be seen atkt>22 @Fig. 3~d!#. After the sym-
metry breaking occurs, the time development of the popu
tion distribution becomes more complex. We have confirm
that as the positive nonlinearity increases further, the loc

e FIG. 3. The time development of the distribution of the atom
populations forc1(0);c20(0)51/A20. ~a! V/k50, ~b! V/k52,
~c! V/k510, and~d! V/k515.
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SPATIOTEMPORAL DYNAMICS OF BOSE-EINSTEIN . . . PHYSICAL REVIEW A65 063608
ization tends to occur on equally separated sites, i.e., lo
ization on two spatially separated regions forV/k510, three
regions forV/k515, and four regions forV/k525.

As the negative nonlinearity~attractive interaction! is in-
creased, it seems at first glance that the population distr
tion becomes more and more homogeneous. However, i
magnify the scale of the population, the bright solitons c
be clearly seen as shown in Fig. 4. The numerical res
obtained forV/k5240 and280 are shown in Figs. 4~a!
and 4~b!, respectively. The vertical axis~atomic population!
in Fig. 4 is magnified four times. We can see two solito
generated at the lattice boundaries, which propagate a
opposite directions and encounter each other at the cent
the lattice, preserving their shapes before and after the c
sion. They reflect at the lattice boundaries and form trace
multiple reflections making diamond patterns. The spe
~amplitude! of the soliton increases~decreases! as the abso-
lute value ofV/k is increased. It is verified that the velocit
and amplitude are well fitted by logarithmic curves as a fu
tion of V/k. The logarithms of the velocity and amplitud
against the logarithm ofV/k exhibit straight lines. Again we
stress that the same results as those shown in Fig. 4 cou
obtained even for the positive~repulsive interaction! nonlin-
ear parameters that have the same absolute values wit
initial phase condition off j50(p) for odd sites andf j
5p(0) for even sites. In practical experiments, the ph
shift can be realized by means of phase imprinting@25#. This
means that the negative nonlinearity is not a necessary
dition to obtain the dynamical localization of the atoms a
the self-trapping occurs even for the positive nonlinea
~repulsive interatomic interaction!.

The dark and bright solitons can be created by chang
the initial population distributions. For example, the creat
of the solitons for different values of the populations at tw
sites of the lattice edges is shown in Fig. 5. The amplitude
the populations is magnified four times. We assume that
populations of the rest sites are homogeneous, i.e.,c2(0)
;c19(0)51/A20 andV/k5250. When the populations o
the edge sites is reduced to be less than those of other
say c1(0)5c20(0)50.2/A20, apparent dark solitons appe
as shown in Fig. 5~a!. For c1(0)5c20(0)50.8/A20, the soli-
ton becomes very obscure with a shallow depth@Fig. 5~b!#.
The velocity of the dark solitons decreases as the edge p
lation is reduced. In Figs. 5~c! and 5~d!, we show the bright
solitons obtained forc1(0)51.2/A20 or 1.5/A20. The veloc-
ity as well as the amplitude of the bright solitons increases
the edge populations are increased.

FIG. 4. The same as Fig. 3 but for the negative interatom
interactions.~a! V/k5240 andV/k5280. The populations are
magnified four times.
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Circular-lattice configuration. Here we consider the time
development of the population in a circular lattice@see Fig.
1~b!# for the initial conditions with uniform distribution of
the atoms in the system, i.e.,c1(0);c20(0)51/A20 @10#. In
the absence of the nonlinear term, i.e.,V/k50, no change of
the population distribution occurs since all sites have
same symmetry. Upon increasing the positive nonlinear
the very small population fluctuation induces symme
breaking of the population distribution and, consequently,
large parts of the populations initially distributed in all sit
tend to localize on one or two sites. If the population flu
tuation of one of the sites is positive~negative!, the large part
of the populations tends to localize on that~opposite or sym-
metric! site. The numerical result introduced the positi
population fluctuation at site 10, i.e.,c10(0)51.0001/A20, is
shown in Figs. 6 for various values of the nonlinearity. F
relatively small values of the nonlinearity, the atoms tend
localize on around site 10. For large nonlinearities, the ato

c

FIG. 5. The dark and bright solitons obtained for different v
ues of the populations at two sites of the lattice ends withc2(0)
;c19(0)51/A20 andV/k5250. ~a! c1(0)5c20(0)50.2/A20, ~b!
c1(0)5c20(0)50.6/A20, ~c! c1(0)51.2/A20, and ~d! c1(0)
51.5/A20.

FIG. 6. The time development of the atomic populations in
circular lattice forc10(0)51.0001/A20 andc1(0);c9(0)5c11(0)
;c20(0)51/A20. ~a! V/k53, ~b! V/k54, ~c! V/k56, and ~d!
V/k510.
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N. TSUKADA PHYSICAL REVIEW A 65 063608
tend to localize on two regions, site 10 and its symmetric
20. On the other hand, the results for negative popula
fluctuation at site 10, i.e.,c10(0)50.9999/A20, is shown in
Fig. 7. For relatively small values of the nonlinearity, th
atoms tend to mainly localize on site 20. As the nonlinea
increases, the atoms tend to localize on two regions, i.e.,
5 and 15. From a practical point of view, it seems import
to note that the addition or subtraction of a very small nu
ber of atoms to or from one of the sites induces the sym
try breaking of the atomic population distributions, whic
results in the abrupt localization of the large part of atoms
one of the sites@10#.

No symmetry breaking can be seen for the negative in
atomic interactions and the homogeneous population di
bution is maintained even for infinitely large nonlinearitie
If one or two sites have larger or smaller populations co
pared to other sites’ populations that give nonzero ba
ground populations, the bright or dark solitons are crea
for the negative nonlinearity. The bright solitons obtained
the initial conditions c10(0)53/A20 and c1(0);c9(0)
5c11(0);c20(0)51/A20 with V/k525 are shown in Fig.
8~a!. The dark solitons obtained forc10(0)5c11(0)
50.5/A20 andc1(0);c9(0)5c12(0);c20(0)51/A20 with
V/k5235 are shown in Fig. 8~b! in which the amplitude of
the populations is magnified four times. Both bright and d

FIG. 7. The same as Fig. 6 but forc10(0)50.9999/A20. ~a!
V/k53, ~b! V/k54, ~c! V/k56, and~d! V/k510.

FIG. 8. ~a! The bright solitons obtained for the initial condition
c10(0)53/A20 and c1(0);c9(0)5c11(0);c20(0)51/A20 with
V/k525. ~b! The dark solitons obtained forc10(0)5c11(0)
50.5/A20 and c1(0);c9(0)5c12(0);c20(0)51/A20 with V/k
5235.
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solitons contain two counterrotating components with
equal amplitude or depth.

Considering the population dynamics in circular latti
configuration, it is quite natural to consider the rotation
the atomic populations in the system. In order to rotate
atoms we introduce a definite phase relation into the ini
conditions. Figure 9 shows one of such results obtained
the initial conditions ofc9(0)51/2, c10(0)5eiw/2, c11(0)
5ei2w/2, and c12(0)5ei3w/2, and for the nonlinearity of
V/k52.5. If the phase parameterw is zero, the large part o
the populations localizes initially populated four sites@Fig.
9~a!#. Introducing the nonzero phase parameters, the at
can move from site to site resulting in the rotational solito
in the circular lattice. The velocity of the population rotatio
depends on values of the phase parameter. Upon increa
the phasew, the rotational velocity becomes larger@Figs.
9~b!–9~d!#. It seems that the velocity is nearly proportion
to the phasew within its small values but seems to be sat
rated for large values. This is the reason why the high
velocity of the rotational soliton is limited by the bare tu
neling coefficientk. The velocity cannot exceed the transf
time determined by the bare tunneling coefficientk and
therefore the rotational solitons become gradually irregu
and eventually disappear as the value ofw is increased. If we
change the sign of the phase shiftw→2w, the direction of
rotation is reversed.

The effect of the nonlinearity on the velocity of the rot
tional solitons is investigated. It is clear that the rotation
velocity decreases as the nonlinearity is increased. The r
tional solitons are observed only for a definite positive valu
of the nonlinearity. Outside of this parameter space, the
tational solitons become intermittent and finally disappea

There is another type of rotational transfer mode of
atoms, which is obtained for the initial conditions with un
form population distribution and the phases proportional
the number of sites. Such a rotational mode is obtained
cn(0)5einw/A20 (n51,2,...,20).

Figure 10 shows the numerical results forV/k51.0 and
for different values of the phase parameterw. When the ac-

FIG. 9. The rotational solitons obtained for the initial conditio
of c9(0)51/2, c10(0)5eiw/2, c11(0)5ei2w/2, c12(0)5ei3w/2, and
for the nonlinearity ofV/k52.5. ~a! w50, ~b! w50.1p, ~c! w
50.2p, and~d! w50.4p.
8-4
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SPATIOTEMPORAL DYNAMICS OF BOSE-EINSTEIN . . . PHYSICAL REVIEW A65 063608
cumulated one-round phase, which is given by multiplicat
of phase parameterw and the number of lattice sites (M
520), becomes 2mp (m50,1,2,...), there is no populatio
change and the population distribution appears homo
neous. The clear rotational modes can be seen for the va
of w50.199p @Fig. 10~a!# and 0.299p @Fig. 10~b!#, which
are a little bit smaller thanw52mp (m50,1,2,...). These
clear rotational modes cannot be obtained in the absenc
the positive nonlinearity. The periodic growth and extincti
of the rotational wave packets are clearly seen in Fig.
There is a time delay before the start of growth in the ro
tional wave packet. Alike the rotational solitons shown
Fig. 9, the velocity of the rotational wave packet is nea
proportional to the phase shiftw.

We investigate the effects of the nonlinearity on the ro
tional mode for a constant phase parameterw. In the absence
of interactions (V/k50), faint rotational waves are see
Increasing the interactions, the rotational waves beco
clearer and show the periodic growth and extinction. T
period between the growth and extinction becomes shor
the interaction is increased. In contrast to the previous r
tional mode, the rotational velocity is nearly constant,
gardless of the values of the interactions and is determ
only by the values of the phase parameterw.

Defects in the lattices. We study the effects of the defec
on the dynamics of the time development of the populati
by introducing the defects in the lattices, which are imita
by a site with different values of coupling~tunneling! coef-
ficient k and/or nonlinearitiesV/k from those of other sites
Figure 11 shows the results by introducing a variable c
pling coefficient between site 1 and site 20, i.e.,k1,20 or
k20,1, in the circular lattice configuration. The initial cond
tions are c1(0);c20(0)51/A20 and V/k5250. If k1,20
5k20,150, the system becomes equivalent to a linear lat
and again the bright solitons produced from the latt
boundaries are seen. Increasing the coupling coeffic
k1,205k20,1 from 0 to k, the amplitude of the bright soliton

FIG. 10. The rotational mode obtained forcn(0)5einw/A20
(n51,2,...,20) andV/k51.0. ~a! w50.199p and ~b! 0.299p.
gi
d
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becomes smaller and smaller@see Fig. 11~a! for k1,205k20,1
50.5k# and eventually disappears atk1,205k20,151, which
corresponds to the circular lattice without the defect. Incre
ing the coupling coefficient beyondk, the dark soliton grows
up until k1,205k20,154 k @see Fig. 11~b! for k1,205k20,1
52 k#, beyond this value the dark soliton gradually diffus
in a complex manner. Further increasingk1,205k20,1, the
two edge sites have large populations because of the
resonant level formation by the strong coupling. The stro
coupling between site 1 and site 20 induces a large le
splitting of symmetric and antisymmetric states. This mak
a sharp boundary and, consequently, the bright solitons
pear again. Similar results are obtained by introducing d
ferent values of the nonlinearityV/k at one of the sites.

Discussion and conclusions. We investigate the spa
tiotemporal dynamics of BEC in optical lattices that have
linear or a circular configuration with tunneling coupling
between nearest-neighbor lattice sites. The coupled nonli
Schrödinger equation has been solved with various init
conditions and with positive and negative nonlinearities. T
diversity of the spatiotemporal dynamics for the populati
distributions such as a macroscopic self-trapping, bright
dark solitons, and symmetry breaking is shown to be deri
from the positive and negative interatomic interactions. F
the circular-chain configuration, if we introduce the appr
priate initial phase conditions, two kind of the rotation
modes were predicted. Furthermore, we have considered
effect of the lattice defects imitated by a site with differe
values of the coupling coefficient and/or the interatomic
teractions and shown the appearance of bright and dark
tons induced by the lattice defects.

This work is partially supported by a Grant-in-Aid from
the Ministry of Education, Science, Sports and Cultu
~Grant No. 20275514!.

FIG. 11. The bright and dark solitons induced by the defects
lattices forc1(0);c20(0)51/A20 andV/k5250, ~a! k1.205k20.1

50.5k and ~b! k1.205k20.152k. The populations are magnifie
eight times.
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