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Linear optical controlled-NOT gate in the coincidence basis
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We describe the operation and tolerances of a nondeterministic, coincidence basis, quantum controlled-NOT

gate for photonic qubits. It is constructed solely from linear optical elements and requires only a two-photon
source for its demonstration. Its success probability is 1/9.
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I. INTRODUCTION

Qubits based on the polarization state of individual ph
tons have the advantage of low decoherence rates and
easily manipulated at the single qubit level. Optical param
ric amplification experiments have been very successfu
producing and analyzing a large range of two-photon
tangled states@1–4#. A key ‘‘trick’’ in these types of experi-
ments is to work in the coincidence basis in which on
events where two photons are detected in the same, na
time window are recorded. The entangled state postsele
this way may be a pure Bell state even though the total s
is nondeterministic and may have experienced consider
mixing from photon loss. Such systems are not scalable
the quantum computational sense in their present form
nonetheless provide an excellent testing ground for quan
information concepts. Useful application of this type of tec
nology seems much closer in the realm of quantum com
nications.

A key two qubit gate is the controlled-NOT ~CNOT! gate. A
deterministic controlled-NOT gate would require either ver
high nonlinearities@5# or very complex linear networks@6#.
Building on the latter ideas a linear, coincidence basisCNOT

has been described@7# which could be a useful test-bed
However it requires a four-photon input, which is challen
ing. Two photon coincidence basis gates, which perfo
some, but not all, of the operations of a controlled-NOT gate
have also been described@8–10#.

In this paper we discuss a linear, coincidence basis g
which performs all the operations of a controlled-NOT gate
and requires only a two-photon input@11#. In Sec. II we
describe its construction and ideal operation. In Sec. III
consider the effect of imperfections in its construction, p
ticularly focusing on the effect of beam splitter and mod
matching errors on the gate’s efficacy as a Bell state a
lyzer. In Sec. IV we conclude. Recently Hofmann a
Takeuchi have independently described a very similar g
@12#. Our analysis should also apply to their construction

II. THE GATE

The gate is shown in Fig. 1. All beam splitters,B1, B2,
B3, B4, andB5 are assumed asymmetric in phase. That is
is assumed that the operator input-output relations~the
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Heisenberg equations! between the two input mode operato
(ain and bin) and the corresponding output operators (aout
andbout) for the beam splitters have the general form

aout5Ahain1A12hbin ,
~1!

bout5A12hain2Ahbin,

where h (12h) is the reflectivity ~transmittivity! of the
beam splitter. Reflection off the bottom produces the s
change except forB1 andB2 which have a sign change b
reflection off the top. This phase convention simplifies t
algebra but other phase relationships will work equally w
in practice. Beam splittersB3 and B4 are both 50:50 (h
51/2). The beam splittersB1, B2, andB5 have equal re-
flectivities of one-third (h51/3).

We employ dual rail logic such that the ‘‘control in’’ qubi
is represented by the two bosonic mode operatorscH andcV .
A single photon occupation ofcH with cV in a vacuum state
will be our logical 0, which we will writeuH&c ~to avoid
confusion with the vacuum state!; while a single photon oc-
cupation ofcV with cH in a vacuum state will be our logica
1, which we will writeuV&c . Superposition states can also b
formed via beam splitter interactions. Similarly the ‘‘targ
in’’ is represented by the bosonic mode operatorstH and tV
and the statesuH& t anduV& t , with the same interpretations a
for the control. The use ofH andV to describe the states o
the qubits of course alludes to the usual encoding in po
ization @13#. To go from polarization encoding to dual ra

FIG. 1. Schematic of the coincidence controlled-NOT gate.
Dashed line indicates the surface from which a sign change oc
upon reflection. The control modes arecH and cV . The target
modes aretH andtV . The modesvc andv t are unoccupied ancillary
modes.
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spatial encoding and vice versa in the lab requires a pola
ing beam splitter and half-wave plate.

The Heisenberg equations relating the control (cH ,cV)
and target (tH ,tV) input modes to their corresponding ou
puts are

cHO
5

1

A3
~A2vc1cH!,

cVO
5

1

A3
~2cV1tH1tV!,

tHO
5

1

A3
~cV1tH1v t!,

tVO
5

1

A3
~cV1tV2v t!,

vcO
5

1

A3
~2vc1A2cH!,

v tO
5

1

A3
~ tH2tV2v t!. ~2!

Ancillary vacuum input modesvc and v t complete the net-
work. The gate operates by causing a sign shift in the in
ferometer formed by the splitting and remixing of the targ
modes, conditional on the presence of a photon in thecV
us

e-

ec
ua
te
a
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mode. Thus the target modes swap if the control is in
stateuV&c but do not if the control is in stateuH&c . This is
always true when a coincidence is measured between
control and target outputs~photons are detected at the sam
time!. However, such coincidences occur only one-ninth
the time, on average. The other eight times out of nine eit
the target or the control or both do not contain a photon. T
can be seen explicitly by calculating the output state of
system in the Schro¨dinger picture. Consider the general inp
state

uf&5~auHH&1buHV&1guVH&1duVV&)u00&

5~acH
† tH

† 1bcH
† tV

†1gcV
† tH

†

1dcV
† tV

† !u0000&u00& ~3!

where the ordering in the kets isuncHncVntHntV&unvcnvt&
with ncH5cH

† cH , etc., and we use the shorthandu1010&
5uHH&, etc., where appropriate. For a time symmetric line
network such as that in Fig. 1, the output state can be dire
obtained from the input state, Eq.~3!, by substituting input
operators for the output operators given by Eq.~2!. Thus we
obtain

TABLE I. Coincident expectation values calculated for the fo
logical basis inputs.

Input ^ncHO
ntHO

& ^ncHO
ntVO

& ^ncVO
ntHO

& ^ncVO
ntVO

&

uH&cuH& t 1/9 0 0 0
uH&cuV& t 0 1/9 0 0
uV&cuH& t 0 0 0 1/9
uV&cuV& t 0 0 1/9 0
uf&out5~acHO

† tHO

† 1bcHO

† tVO

† 1gcVO

† tHO

† 1dcVO

† tVO

† !u0000&u00&

5
1

3
$auHH&1buHV&1guVV&1duVH&1A2~a1b!u0100&u10&1A2~a2b!u0000&u11&1~a1b!u1100&u00&

1~a2b!u1000&u01&1A2au0010&u10&1A2bu0001&u10&2A2~g1d!u0200&u00&2~g2d!u0100&u01&

1A2gu0020&u00&1~g2d!u0010&u01&1~g1d!u0011&u00&1~g2d!u0001&u01&1A2du0002&u00&% ~4!
nt
to
The state postselected in the coincidence basis is then j

uf&cb5auHH&1buHV&1guVV&1duVH&, ~5!

occurring with probability one-ninth. The relationship b
tween Eq.~3! and Eq.~5! is a controlled-NOT transformation.

It is also useful to look at the coincidence number exp
tation values, obtained directly from the Heisenberg eq
tions @Eq. ~2!#. These can be interpreted as the predic
output coincident count rates normalized to the input p
t

-
-

d
ir

rate. An example is given in Table I which shows the cou
rates for logical basis inputs. A more interesting case is
use the four Bell states

uc6&5
1

A2
~ uH&cuH& t6uV&cuV& t),

~6!

uf6&5
1

A2
~ uH&cuV& t6uV&cuH& t)
4-2
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as inputs and to detect the control in the superposition b
by mixing the control outputs on a 50:50 beam splitter bef
detection:

cS1
5

1

A2
~cHO

1cVO
!,

~7!

cS2
5

1

A2
~cHO

2cVO
!.

In Table II the count rates for this arrangement are presen
showing the ability to distinguish all four Bell states~albeit
with nonunit efficiency!. Such a Bell state analyzer cou
have significant applications in quantum communications
the next section we will use this application as an exampl
order to investigate the effect of nonoptimal parameters
the gate.

III. NONOPTIMAL OPERATION

The accuracy with which the gate operates will be de
mined by how closely the parameters of the constructed
correspond to those of the idealized gate of the previ
section. We can identify three potential sources of error:
correct beam splitter ratios; nonunit mode matching, and t
ing errors. One advantage of working in the coincidence
sis is that losses and detector inefficiency can be igno
because they take the system out of the coincidence b
and thus their only effect is to reduce the count rate.

Timing errors. Correct gate operation depends on indist
guishability of the paths taken by the two photons throu
the network. This means that they must arrive simu
neously at the central beam splitter to an accuracy of a f
tion of their coherence length. Photon coherence length
down-conversion experiments is generally determined
predetection frequency filtering and can be of order 1
wavelengths. Locking path lengths on this scale should
be a major problem.

Beam splitter ratios. The effect of nonoptimal beam split
ter ratios can be investigated by deriving the operator eq
tions @Eq. ~2!# more generally, with arbitrary beam splitte
ratios. For simplicity we assume that the beam splitters
came from the same ‘‘production run’’ such that any dev
tion from the optimal value is common. That is, we mig
suppose that both the 50:50 beam splitters actually hav
reflectivity of h8 while the three 33:67 beam splitters a
actually have reflectivitiesh. The Heisenberg equations a
then

TABLE II. Coincident expectation values calculated in the s
perposition basis for the four Bell states.

Input ^ncS1
ntHO

& ^ncS2
ntVO

& ^ncS1
ntHO

& ^ncS2
ntVO

&

uc1& 1/9 0 0 0
uc2& 0 1/9 0 0
uf1& 0 0 1/9 0
uf2& 0 0 0 1/9
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cHO
5AhcH1A12hvc ,

cVO
52AhcV1A~12h!h8tH

1A~12h!~12h8!tV ,

tHO
5AhtH1A~12h!h8cV1A~12h!~12h8!v t

tVO
5Ah)tV1A~12h!~12h8!cV2A~12h!h8v t ,

vcO
52Ahvc1A12hcH,

v tO
5A~12h!~12h8!tH2A~12h!h8tV2Ahv t . ~8!

In general, the effect of varying the beam splitter ratios
input state dependent. However, for small deviations fr
the optimum values Bell state analysis is approximately s
independent and serves as a useful diagnostic@14#. In Fig. 2
we plot the error probability in distinguishing the Bell stat
as a function ofh and h8 in the region close to their opti
mum values. The dependence of the error probability onh8
is mirror imaged between theuc6& and theuf6& Bell states.

-

FIG. 2. Relative error probabilities, i.e., error rate/total rate,
Bell state analysis as a function of beam splitter ratios close to
optimum values ofh851/2 andh51/3.

FIG. 3. Schematic diagram of the coincidence controlled-NOT

gate including the effects of mode matching. The mismatch is r
resented by splittingcV into two orthogonal modescV1 and cV2.
Ancillary modesv1 , v2, andv3 interact with the propagating mis
match.
4-3
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However, this dependence is negligible in the region clos
h851/2. The dependence onh is more pronounced. For a
h of 1/360.01 ~and h8 of 1/260.05) error rates of abou
0.7% are predicted. Such uncertainties are standard with
rent beam splitter technology, and we conclude that er
below 1.0% are realistic.

Mode matching errors. Mode matching in nonclassica
interference experiments is generally quite difficult and m
be identified as a major contributor to nonunit visibilit
Given the key role of nonclassical interference in t
controlled-NOT gate we may expect mode matching errors
be of some significance.

In order to model the mismatch of input modes at t
central beam splitter, ancillary modesv1 , v2, andv3 ~origi-
nally in the vacuum state! are introduced to interact with th
propagating mismatch mode. The additional output mo
are labeledcVm

, cHm
, and tVm

~see Fig. 3!. The modecv is
assumed to be the source of the mismatch, after ha
passed through some kind of optical element that has m
aligned it:

cV1
5AjcV1A12jv1 ,

cV2
52A12jcV1Ajv1 .

The parameterj quantifies the degree of mode matchi
between the control and target modes at the central b
splitter. So long as the modes are matched reasonably
cV1

can be considered a sort of ‘‘primary’’ mode. It interac
with the output from beam splitterB3 in the same way as fo
the case neglecting mode matching. The mismatch com
nent cV2

interacts only with the newly introduced vacuu
modes.

The equations for the output modes of the quant
controlled-NOT gate, including the effects of a mode mi
match, are

TABLE III. As for Table I, now allowing for mode matchingj.
~For perfect mode match,j51; for complete mode mismatchj
50.!

Input ^ncHD
ntHD

& ^ncHD
ntVD

& ^ncVD
ntHD

& ^ncVD
ntVD

&

uH&cuH& t 1/9 0 0 0
uH&cuV& t 0 1/9 0 0
uV&cuH& t 0 0 (2/9)(12j) 1/9
uV&cuV& t 0 0 1/9 (2/9)(12j)
06232
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vcO
5

1

A3
~2vc1A2cH!,

cHO
5

1

A3
~A2vc1cH!,

cVO
5

1

A3
~2AjcV2A12jv11tH1tV!,

cVm
5

1

A3
~A12jcV2Ajv11A2v2!,

tHO
5

1

A3
~AjcV1tH1A12jv11v t!, ~9!

tHm
5

1

A3
S 2A12jcV1Ajv11

1

A2
v21A3

2
v3D ,

tVO
5

1

A3
~AjcV1tV1A12jv12v t!,

tVm
5

1

A3
S 2A12jcV1Ajv11

1

A2
v22A3

2
v3D ,

v tO
5

1

A3
~ tH2tV2v t!.

Now, when measuring the coincidences, the detectors s
combination of the counts from both the primary modes a

FIG. 4. Error probability as a function of mode matching for t
four Bell states.
TABLE IV. As for Table II, now allowing for mode matchj.

Input ^ncS1
ntHD

& ^ncS2
ntHD

& ^ncS1
ntVD

& ^ncS2
ntVD

&

uc1& (1/18)(11Aj) (1/18)(12Aj) (1/18)(12j) (1/18)(12j)
uc2& (1/18)(12Aj) (1/18)(11Aj) (1/18)(12j) (1/18)(12j)
uf1& (1/18)(12j) (1/18)(12j) (1/18)(11Aj) (1/18)(12Aj)
uf2& (1/18)(12j) (1/18)(12j) (1/18)(12Aj) (1/18)(11Aj)
4-4



t-
un

b
th

at
r-
e

ha
th
sa
r

iti
e
t-

e
t
s

erg

des
d in
re

ll
age
e-
r.

um
y,
in-

the
at a
gy.
ould
ere
s an
o-
or-

LINEAR OPTICAL CONTROLLED-NOT GATE IN THE . . . PHYSICAL REVIEW A 65 062324
the mismatch modes~see Fig. 3!. For example, when detec
ing coincidences of horizontally polarized photons, the co
rate becomes

^ncHD
ntHD

&5^ncHO
~ntHO

1ntHm
!&

5^ncHO
ntHO

&1^ncHO
ntHm

&

and similarly,

^ncHD
ntVD

&5^ncHO
ntVO

&1^ncHO
ntVm

&,

^ncVD
ntHD

&5^ncVO
ntHO

&1^ncVO
ntHm

&

1^ncVm
ntHO

&1^ncVm
ntHm

&,

^ncVD
ntVD

&5^ncVO
ntVO

&1^ncVO
ntVm

&

1^ncVm
ntVO

&1^ncVm
ntVm

&. ~10!

These moments are summarized for logical inputs in Ta
III. As expected, the mode mismatch has not affected
controlled-NOT operation when the control is ‘‘off’’~i.e.,
whencH is occupied!. In this case, there is no interaction
beam splitterB2 ~Fig. 3! and thus no nonclassical interfe
ence. However, when the control is ‘‘on,’’ the effects of th
mismatch are noticeable.

Interestingly, the mismatch adds extra terms rather t
redistributing the probabilities of the counts measured in
ideal case. Coincidence events which previously were di
lowed due to the nonclassical interference can now appea
error events because of the mismatch. Thus the probabil
that are being redistributed are those for the states that w
not detected in the ideal case~the states that had been pos
selected out!.

We now consider the performance of the gate as a B
state analyzer in the presence of mode mismatch. As in
ideal case, another beam splitter is added to the output
the control qubit. Another ancillary modev4 must be added
to interact with the mismatch modecVm

.
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The beam splitter outputs are given in the Heisenb
picture by

cS1O
5

1

A2
~cHO

1cVO
!,

cS1M
5

1

A2
~v41cVm

!,

~11!

cS2O
5

1

A2
~cHO

2cVO
!,

cS2M
5

1

A2
~v42cVm

!.

Each detector receives counts from both of the mo
incident on it, so the expectation values must be combine
a similar way to Eq.~10!. The coincidence count rates a
given in Table IV. Usingj51 yields the perfectly matched
case calculated previously~see Table II!. The error probabil-
ity for Bell state discrimination is plotted in Fig. 4. For sma
mismatch the error is approximately equal to the percent
mismatch. Clearly, good Bell state discrimination will r
quire accurate mode matching to the central beam splitte

IV. CONCLUSION

We have described a nondeterministic quant
controlled-NOT gate that operates with one-ninth efficienc
constructed solely from linear optical elements. We have
vestigated the behavior of the gate with variation in both
beam splitter and mode match values and conclude th
demonstration is feasible with current optical technolo
Aside from its value as a test bed system, such a gate c
be made scalable if photon-number QND detectors w
added to each output. This latter system would also act a
efficient Bell state analyzer, which is an important comp
nent in some quantum algorithms, notably quantum telep
tation.
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