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Linear optical controlled-NOT gate in the coincidence basis
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We describe the operation and tolerances of a nondeterministic, coincidence basis, quantum cantrolled-
gate for photonic qubits. It is constructed solely from linear optical elements and requires only a two-photon
source for its demonstration. Its success probability is 1/9.
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[. INTRODUCTION Heisenberg equatiopbetween the two input mode operators
(a;, andb;,) and the corresponding output operatoas,
Qubits based on the polarization state of individual pho-andb,,) for the beam splitters have the general form
tons have the advantage of low decoherence rates and are

easily manipulated at the single qubit level. Optical paramet- B —

ric amplification experiments have been very successful in Aout™ \/;aer 1= by,

producing and analyzing a large range of two-photon en- @
tangled statefl—4]. A key “trick” in these types of experi- boui= V1= 72— \7bin,

ments is to work in the coincidence basis in which only
events where two photons are detected in the same, narrow
time window are recorded. The entangled state postselectedhere » (1—7) is the reflectivity (transmittivity) of the
this way may be a pure Bell state even though the total stateeam splitter. Reflection off the bottom produces the sign
is nondeterministic and may have experienced considerableghange except foB1 andB2 which have a sign change by
mixing from photon loss. Such systems are not scalable imeflection off the top. This phase convention simplifies the
the quantum computational sense in their present form bualgebra but other phase relationships will work equally well
nonetheless provide an excellent testing ground for quantunm practice. Beam splitter83 and B4 are both 50:50 %
information concepts. Useful application of this type of tech-=1/2). The beam splitterB1, B2, andB5 have equal re-
nology seems much closer in the realm of quantum commufectivities of one-third = 1/3).
nications. We employ dual rail logic such that the “control in” qubit
A key two qubit gate is the controlledoT (CNOT) gate. A is represented by the two bosonic mode operatgrandc,, .
deterministic controlledoT gate would require either very A single photon occupation afy with ¢, in a vacuum state
high nonlinearitieg5] or very complex linear networks$].  will be our logical 0, which we will write|H). (to avoid
Building on the latter ideas a linear, coincidence basioT  confusion with the vacuum statewhile a single photon oc-
has been describel] which could be a useful test-bed. cupation ofc, with ¢, in a vacuum state will be our logical
However it requires a four-photon input, which is challeng-1, which we will write|V).. Superposition states can also be
ing. Two photon coincidence basis gates, which performformed via beam splitter interactions. Similarly the “target
some, but not all, of the operations of a controlledlF gate  in” is represented by the bosonic mode operatigraandt,,
have also been describé8—10. and the statefH), and|V),, with the same interpretations as
In this paper we discuss a linear, coincidence basis gatr the control. The use dfl andV to describe the states of
which performs all the operations of a controlledT gate  the qubits of course alludes to the usual encoding in polar-
and requires only a two-photon inp{it1]. In Sec. Il we ization[13]. To go from polarization encoding to dual rail
describe its construction and ideal operation. In Sec. Il we

consider the effect of imperfections in its construction, par- v, Veo
ticularly focusing on the effect of beam splitter and mode- By == M =%
matching errors on the gate’s efficacy as a Bell state ana- ¢# CHo

lyzer. In Sec. IV we conclude. Recently Hofmann and c
Takeuchi have independently described a very similar gate
[12]. Our analysis should also apply to their construction.

Cro

tHo

tVo

Il. THE GATE

Vio

The gate is shown in Fig. 1. All beam splitte&], B2,
B3, B4, andB5 are assumed asymmetric in phase. Thatis, it FIG. 1. Schematic of the coincidence controlledr gate.
is assumed that the operator input-output relatiéti®e  Dashed line indicates the surface from which a sign change occurs
upon reflection. The control modes acg and c,. The target
modes aré¢y andty . The mode® . andv, are unoccupied ancillary
*Email address: ralph@physics.ug.edu.au modes.
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spatial encoding and vice versa in the lab requires a polariz- TABLE I. Coincident expectation values calculated for the four

ing beam splitter and half-wave plate. logical basis inputs.
The Heisenberg equations relating the contrgl, (cy)
and target {4 ,t,) input modes to their corresponding out- Input (MergNthg)  (MergNevy)  (NevNig)  (NovgNivy)
puts are IHYJJHY, 1/9 0 0 0
[H)c[V): 0 1/9 0 0
1 IV)e[H)y 0 0 0 1/9
Cro™ ﬁ( V2veten), V)l V), 0 0 1/9 0

1 mode. Thus the target modes swap if the control is in the

Cv,= ﬁ(_CV"HZH"_tV)- state|V). but do not if the control is in statH).. This is
always true when a coincidence is measured between the
control and target outpuighotons are detected at the same

1 time). However, such coincidences occur only one-ninth of
ty = —=(cy+tytuvy), the time, on average. The other eight times out of nine either
o 3 . .

v the target or the control or both do not contain a photon. This

can be seen explicitly by calculating the output state of the
system in the Schringer picture. Consider the general input

1
ty, = ﬁ(c\ﬂrtv—ut), state
|6)=(a[HH)+BHV) +y|VH) + 5] VV))|00)
= (acit]+ Bty + yeut,

1
Ueo™ ﬁ(_vc"' \/ECH)y
+8cltl)|0000|00) 3
1 where the ordering in the kets i®1.uNcyNiuNey)|NycNye)
Vto™ ﬁ(tH_tV_vt)' @ with Neuy=clicy, etc., and we use the shorthahtD10)
=|HH), etc., where appropriate. For a time symmetric linear
Ancillary vacuum input modes, andv, complete the net- network such as that in Fig. 1, the output state can be directly
work. The gate operates by causing a sign shift in the interebtained from the input state, E(B), by substituting input
ferometer formed by the splitting and remixing of the targetoperators for the output operators given by E. Thus we
modes, conditional on the presence of a photon indpe obtain

| B)our=(aci,_th_+Bc_ti_+ el th_+ el _t}, )|0000|00)
1
= §{a| HH)+,3| HV)+ 'y|VV>+ 5|VH)+ \/§(a+ﬁ)|010(}|10)+ \/E(a—ﬂ)|0000>|11)+ (a+ﬂ)|110Q|OO}

+(a—B)|1000|01) + \2a|0010|10) + y28|0001)|10) — y2(y+ §)[0200|00) - (y— §)[0100|01)
+1/27/0020|00) + (y— 6)|0010|01) + (y+ 8)|0011)|00) + (y— 8)|0001)|01) + 25/0002|00)} (4

The state postselected in the coincidence basis is then justrate. An example is given in Table | which shows the count
rates for logical basis inputs. A more interesting case is to

| b)ep=alHH)+ BHV) + y|VV) + 5| VH), 5) use the four Bell states

occurring with probability one-ninth. The relationship be- + :i N
tween Eq.3) and Eq.(5) is a controlledNoT transformation. 97) \/§(|H>°|H>I_ V)el V).
It is also useful to look at the coincidence number expec- (6)
tation values, obtained directly from the Heisenberg equa- 1
tions [Eq. (2)]. These can be interpreted as the predicted | =)= ——(|H)e| V)| V) H YY)
output coincident count rates normalized to the input pair NA
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TABLE II. Coincident expectation values calculated in the su- for 1¢* > input states
perposition basis for the four Bell states. i

z
§0.04
Input  (Nes M) (NesNv)  (NesNng) (NesMv) gao
o) 1/9 0 0 0 £
) 0 1/9 0 0 8
16" 0 0 1/9 0
167 0 0 0 1/9

z
gm .....
as inputs and to detect the control in the superposition basis Eoc
by mixing the control outputs on a 50:50 beam splitter before éosg
detection: & 038

FIG. 2. Relative error probabilities, i.e., error rate/total rate, for

s~ E(CHO+CVO)’ Bell state analysis as a function of beam splitter ratios close to the
7 optimum values ofp’ =1/2 andn=1/3.
1 @)
Cg,=—=(Cy_.—Cy).
% \/5( Ho ™ Cvo) Chy™ Vneu+ V1= s,

In Table Il the count rates for this arrangement are presented, Cv, =~ Jney+ V(1= 75) 7'ty
showing the ability to distinguish all four Bell statéalbeit
with nonunit efficiency. Such a Bell state analyzer could +J(1-7)(1- 7))y,

have significant applications in quantum communications. In
the next section we will use this application as an example in
order to investigate the effect of nonoptimal parameters on
the gate.

ti= vt V(1= m) 7 ey + (1= (1= 7)v,

tu,= Vty V(A=) (1= 7" )ey— (1) 7n've,

Veo=— \/;vc—k V1—7ncy,

IIl. NONOPTIMAL OPERATION

The accuracy with which the gate operates will be deter-
mined by how closely the parameters of the constructed gate
correspgnd to thosey of tr?e idealized gate of the previ%us vt = V(A=) (1= )ty= (1= n)7'ty— Vo (®)
section. We can identify three potential sources of error: in- ) ) o
correct beam splitter ratios; nonunit mode matching, and tim!n general, the effect of varying the beam splitter ratios is
ing errors. One advantage of working in the coincidence balPut state dependent. However, for small deviations from
sis is that losses and detector inefficiency can be ignorefe optimum values Bell state analysis is approximately state
because they take the system out of the coincidence badfdependent and serves as a useful diagngsdt In Fig. 2
and thus their only effect is to reduce the count rate. we plot the_z error probablll_ty in d|5t|ng|sh|ng the Bgll states

Timing errors Correct gate operation depends on indistin-2S @ function ofy and 7" in the region close to their opti-
guishability of the paths taken by the two photons throughmum values. The dependence of the error probability;6n
the network. This means that they must arrive simultaS mirror imaged between the/~) and the|¢~) Bell states.
neously at the central beam splitter to an accuracy of a frac-
tion of their coherence length. Photon coherence length in v B,
down-conversion experiments is generally determined by o o D
predetection frequency filtering and can be of order 100
wavelengths. Locking path lengths on this scale should not
be a major problem.

Beam splitter ratiosThe effect of nonoptimal beam split-
ter ratios can be investigated by deriving the operator equa-
tions [EqQ. (2)] more generally, with arbitrary beam splitter
ratios. For simplicity we assume that the beam splitters all
came from the same “production run” such that any devia-
tion from the optimal value is common. That is, we might  F|G. 3. Schematic diagram of the coincidence controled-
suppose that both the 50:50 beam splitters actually have gate including the effects of mode matching. The mismatch is rep-
reflectivity of »’ while the three 33:67 beam splitters all resented by splitting,, into two orthogonal modes,; and c..
actually have reflectivities;. The Heisenberg equations are Ancillary modesv, v,, andvs interact with the propagating mis-
then match.
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TABLE lIl. As for Table I, now allowing for mode matching. 0.8
(For perfect mode matché=1; for complete mode mismatch 0.7 4
=0) 0.6

Input  (NepNewy)  (NorpNevy)  (MovyMiry) — (NevpNevy) % 0.5 Bell states
[H)cH), 1/9 0 0 0 g“
[H) | V), 0 1/9 0 0 Eos
V)elH)e 0 0 (219)(1-8) 149 Yoz
V)| V) 0 0 1/9 (2/9)(-¢) 0.1

0 T T T T
¢} 0.2 0.4 0.6 0.8 1

However, this dependence is negligible in the region close to
7' =1/2. The dependence apis more pronounced. For an

7 of 1/3+0.01 (and »" of 1/2+0.05) error rates of about FIG. 4. Error probability as a function of mode matching for the
0.7% are predicted. Such uncertainties are standard with cufeur Bell states.

rent beam splitter technology, and we conclude that errors
below 1.0% are realistic.

Mode matching errorsMode matching in nonclassical
interference experiments is generally quite difficult and may
be identified as a major contributor to nonunit visibility.
Given the key role of nonclassical interference in the
controlledNOT gate we may expect mode matching errors to
be of some significance.

In order to model the mismatch of input modes at the
central beam splitter, ancillary modes, v,, anduv s (origi-
nally in the vacuum stajere introduced to interact with the
propagating mismatch mode. The additional output modes
are labelecty , ¢y , andty (see Fig. 3 The modec, is

Mode matching, &

1
Ucy™ ﬁ(_vc"' \/ECH)v
1
Chy= ﬁ( J2v+c),
1
Cv,= ﬁ(_ VEoy—V1— vy +ty+ty),

1
Cv,,= _3(Vl_§cv_ Vévi+12vy),

assumed to be the source of the mismatch, after having V3
passed through some kind of optical element that has mis- 1
aligned It tho="VEevtut V1= fvrt oy, ©

CV1:\/ECV+ Vl_fvl, 1 1 3
th: ﬁ( — \/1_€CV+ \/EU]_"' ﬁl}z"‘ \/;Ug),
Cy :_\/1_§CV+ \/EU]_.

2
1
n ) tVO: _(\/ECV+tV+\1_§vl_vt)’
The parameteg quantifies the degree of mode matching V3
between the control and target modes at the central beam
splitter. So long as the modes are matched reasonably well,
Cy. can be considered a sort of “primary” mode. It interacts
wit]h the output from beam splittd; in the same way as for
the case neglecting mode matching. The mismatch compo-
nentcy, interacts only with the newly introduced vacuum
modes.
The equations for the output modes of the quantum
controlledNOT gate, including the effects of a mode mis- Now, when measuring the coincidences, the detectors see a

1 1 3
= | B Bt e Vs

1
Vi, = ﬁ(tH_tV_Ut)-

match, are combination of the counts from both the primary modes and
TABLE IV. As for Table I, now allowing for mode matc}.
Input (Nes Nery) (Nes)Ner) (NesNev) (Nes Ny,
ly*) (1/18)(1+ V%) (1/18)(1- V%) (1/18)(1-¢) (1/18)(1-¢)
) (1/18)(1- V&) (1/18)(1+V8) (1/18)(1-£) (1/18)(1-¢)
|¢™) (1/18)(1- &) (1/18)(1-§) (1/18)(1+ V&) (1/18)(1- V&)
[¢7) (1/18)(1-¢) (1/18)(1-¢) (1/18)(1- V%) (1/18) (1+ V¢)
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the mismatch modesee Fig. 3. For example, when detect- The beam splitter outputs are given in the Heisenberg
ing coincidences of horizontally polarized photons, the counpicture by
rate becomes

(NehNen ) :<nCHo(ntHo+ New ) €810~ E(CHO—’— Cvo):

=(NergNeHg) T (NergNen, )
Cs, =—=(vstcy ),
and similarly, w2 4
11
(NegNtv) = (NergMvg) T (Nerg My, )
Cs, .= —=(Cy_—Cy_ )
$20 2 Ho ™“Vol
(Nevy Nerg) = (NevgNerg) +(NevNen, )
D D 0] 0] (o] m

1
+{Ney, NeHg) +{Ney, Nen ) Cs,,, = 5(04—0\,[“).

{NevpMtvy) = (Novg v+ (NevgNev,) Each detector receives counts from both of the modes
v Moo S {Nw Moy ). 10 incident on it, so the expectation values must be combined in
{ Vi tV°> { Vi th) (10 a similar way to Eq.10). The coincidence count rates are

These moments are summarized for logical inputs in Tabl@iVen in Table IV. Usingé=1 yields the perfectly matched

lll. As expected, the mode mismatch has not affected th&aS€ calculated previousigee Table )i. The error probabil-
controlledNoT operation when the control is “off'(i.e. ity for Bell state discrimination is plotted in Fig. 4. For small

whenc, is occupied. In this case, there is no interaction at Mismatch the error is approximately equal to the percentage
beam splitterB, (Fig. 3) and thus no nonclassical interfer- ml_smatch. Clearly, good B_eII state discrimination W'". re-
ence. However, when the control is “on,” the effects of the dUire accurate mode matching to the central beam splitter.
mismatch are noticeable.

Interestingly, the mismatch adds extra terms rather than
redistributing the probabilities of the counts measured in the We have described a nondeterministic quantum
ideal case. Coincidence events which previously were disakontrolledNoT gate that operates with one-ninth efficiency,
lowed due to the nonclassical interference can now appear @dnstructed solely from linear optical elements. We have in-
error events because of the mismatch. Thus the probabilitiegestigated the behavior of the gate with variation in both the
that are being redistributed are those for the states that wetseam splitter and mode match values and conclude that a
not detected in the ideal casihe states that had been post- demonstration is feasible with current optical technology.
selected oyt Aside from its value as a test bed system, such a gate could

We now consider the performance of the gate as a Belbe made scalable if photon-number QND detectors were
state analyzer in the presence of mode mismatch. As in thadded to each output. This latter system would also act as an
ideal case, another beam splitter is added to the outputs effficient Bell state analyzer, which is an important compo-
the control qubit. Another ancillary mode, must be added nent in some quantum algorithms, notably quantum telepor-
to interact with the mismatch mods,m. tation.

IV. CONCLUSION
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