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Quantum computation with two-level trapped cold ions beyond Lamb-Dicke limit

L. F. Wei, S. Y. Liu, and X. L. Lei
Department of Physics, Shanghai Jiao Tong University, 1954 Huashan Road, Shanghai 200030, China

~Received 31 July 2001; published 14 June 2002!

We propose a simple scheme for implementing quantum logic gates with a string of two-level trapped cold
ions outside the Lamb-Dicke limit. Two internal states of each ion are used as one computational qubit~CQ!
and the collective vibration of ions acts as the information bus, i.e., the bus qubit~BQ!. Using the quantum
dynamics for the laser-ion interaction as described by a generalized Jaynes-Cummings model, we show that
quantum entanglement between any one CQ and the BQ can be coherently manipulated by applying classical
laser beams. As a result, universal quantum gates, i.e., the one-qubit rotation and two-qubit controlled gates,
can be implemented exactly. The required experimental parameters for the implementation, including the
Lamb-Dicke ~LD! parameter and the durations of the applied laser pulses, are derived. Neither the LD ap-
proximation for the laser-ion interaction nor the auxiliary atomic level is needed in the present scheme.
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I. INTRODUCTION

Since Shor’s algorithm for efficiently factoring large num
bers was proposed@1#, many authors have addressed t
problem of implementing quantum computation@2#. It has
been shown that arbitrary rotations in the Hilbert space o
individual computational qubit~CQ!, i.e., a one-qubit gate
and a controlled rotation, such as a controlled-NOT (CN) or
controlled-Z (CZ), between two different CQs, i.e., a two
qubit controlled gate, are universal quantum gates. In o
words, any unitary transformation on arbitrarily many CQ
can be carried out by repeatedly performing these unive
quantum gates@3#. Since one-qubit gates are generally ea
to realize, implementing the two-qubit controlled gate ope
tion is a central problem for constructing a quantum co
puter. Several kinds of physical systems have been prop
to implement quantum logic operations. Some of the m
attractive schemes are based on nuclear magnetic reson
~NMR! @4#, coupled quantum dots@5#, cavity QED@6#, and
trapped cold ions@7#, introduced first by Cirac and Zolle
@8#. This system is based on the laser-ion interaction
possesses long qubit coherence times@9#. Information is
stored in the spin states of an array of trapped cold ions
manipulated by using laser pulses. Two special conditi
are required in the original Cirac-Zoller scheme@8#: ~a! the
ion must have three levels, and~b! the trap must operate in
the Lamb-Dicke~LD! limit, i.e., the coupling between th
internal spin and external vibrational degrees of freedom
the ion must be sufficiently weak. Laser pulses with differe
polarizations are used to coherently manipulate the quan
information of the system and five-step pulses are use
realize an exactCN logic operation between two differen
cold ions. It is thus desirable to look for simpler schemes
construct an ion-trap quantum computer.

In the last few years, a number of modifications and
tensions to the Cirac-Zoller idea have been proposed@10–
13#. In particular, much attention has been paid to carry
out the universal quantum logic gates with a single trap
cooled ion, because imprisoning a single ion in a trap a
cooling it to the vibrational ground state can easily
achieved with the present experimental technology. In 19
Monroeet al. @14# demonstrated a simplified scheme for r
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alizing the ‘‘reduced’’ two-qubitCN logic operation between
the internal and external degrees of freedom of the trap
cold ion by applying three laser pulses. Furthermore, by
ing a single resonant pulse, a two-qubit controlled operat
with a single trapped two-level ion outside the LD limit wa
constructed@11#. However, the third auxiliary internal atomi
state is still required in Ref.@14# and the operation reporte
in Ref. @11# is not the exactCN gate, although it is equivalen
to the ‘‘reduced’’CN logic gate@14# apart from phase factors
Subsequent operations must be carried out in order to el
nate the additional phase factors. Up to now, the problem
constructing a quantum computing network by connect
different ions in different traps, i.e., the scalability of th
single trapped ion, has not been solved@15#. On the other
hand, much attention has been paid to the problem of bu
ing a quantum network with cold ions confined in a sing
trap. Recent experiments showed that the collective mo
of two 9Be ions confined in a trap can be cooled to t
ground state@16# and that quantum entanglement of up
four ions can be achieved@17#, thus supporting the idea o
realizing the quantum computation in a single trap. Theor
cally, Jonathanet al @18# proposed an alternative scheme
realize the true two-qubit ion-ion gate by using the ac St
shift induced by laser resonance with the ionic transit
frequency. This scheme allows an increase in gate spee
at least an order of magnitude with respect to that of rela
single ion-trap experiments@14,19#. In addition, directly
modifying the Cirac-Zoller proposal@8#, Childs and Chuang
@13# provided a general and accessible technique for p
forming a universal logic operation between ions with on
two internal levels in a common trap. However, the
schemes are based on the LD approximation, which requ
that the spatial dimension of the ground state of the coll
tive motion of these ions is much smaller than the effect
wavelength of the laser wave. In fact, the quantum motion
the trapped ions is not limited to the LD regime@7#. It has
been shown that utilizing the laser-ion interaction beyond
LD limit is helpful for reducing the noise in the trap an
improving the cooling rate@20#.

In this paper we propose an alternative scheme for rea
ing quantum computation with a set of two-level cold ions
a single trap driven by a series of laser pulses without us
©2002 The American Physical Society16-1
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the LD approximation. The CQ is encoded by two intern
states of the ion and the collective vibration of the trapp
ions acts as the information bus, i.e., the bus qubit~BQ!. We
show how to realize universal quantum gates, includin
simple rotation on any individual CQ and the exact two-qu
CZ or CN logic operation, by using suitable laser pulses. T
paper is arranged as follows, In Sec. II the conditional qu
tum dynamics for the laser-ion interaction are derived an
method for coherently manipulating the entanglement
tween the CQ and BQ is proposed. Then, we present a
pler scheme to realize rotations on an individual CQ and
exact two-qubit controlled logic operations between the
and the BQ. We derive values of the required paramet
including the LD parameter and the durations of the app
laser pulses. Section III is devoted to the construction
logic gates between different CQs by making use of the
ementary operations presented in Sec. II. We also dis
how to set up the experimental parameters for these rea
tions. Finally, we give some conclusions in Sec. IV.

II. QUANTUM DYNAMICS FOR THE LASER-ION
INTERACTION BEYOND THE LD LIMIT AND EXACT

QUANTUM GATES WITH A SINGLE TRAPPED
COLD ION

The use of a BQ makes the physical construction o
quantum information processor much simpler. Most curr
ion-trap proposals use this idea. The BQ carries the quan
information in the computer. Instead of seeking a mean
carry out the quantum logic operation between a pair of C
directly, it is sufficient to implement the quantum operati
between an arbitrary CQ and the BQ. In an ion-trap quan
computer a CQ is encoded by two internal spin states of
ion and the BQ is encoded by two Fock states of the exte
collective vibration of the trapped ions~center-of-mass vi-
brational degree of freedom!. It has been assumed that
single laser beam can be directed at will to any chosen
@8#. Thus, a single trapped cold ion driven by a laser be
can be used to describe a single CQ interacting with the
In this section we show how to implement quantum ga
with a single trapped cold ion driven by a traveling-wa
laser field by considering the conditional quantum dynam
for the laser-ion interaction without taking the LD approx
mation.

For simplicity, we assume that a single ion is stored in
coaxial resonator rf-ion trap@21#, which provides pseudopo
tential oscillation frequencies satisfying the conditionvx
!vy,z along the principal axes of the trap. Only the qua
tized vibrational motion along thex direction is considered
for the cooled ion@14#. Following Blockleyet al. @22#, the
interaction between a single two-level trapped cold ion an
classical single-mode traveling light field of frequencyvL
can be described by the following Hamiltonian:

Ĥ~ t !5\vS â†â1
1

2D1
1

2
\v0ŝz1

\V

2
$ŝ1exp@ ih~ â1â†!

2 i ~vLt1f!#1H.c.%. ~1!
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The first two terms correspond to the ion’s external and
ternal degrees of freedom, respectively, andv is the trap
frequency. The final term gives the interaction between
ion and the light field with phasef. Pauli operatorsŝz and
ŝ6 describe the internal degrees of freedom of the ion.â†

and â are the creation and annihilation operators of the t
vibrational quanta.v0 is the atomic transition frequency, an
V is the Rabi frequency.h(,1) is the LD parameter. We
consider the case in which the applied laser is resonant
thekth red-shifted vibrational sideband, i.e., the frequency
the laser field is chosen asvL5v02kv, wherek is a posi-
tive integer. Under the usual rotating-wave approximati
the Hamiltonian of the system reads

Ĥ5
\V

2
expS 2

h2

2
2 if D H ŝ1~ ih!kF (

n50

`
~ ih!2nâ†nân

n! ~n1k!! G
3âk1H.c.J , ~2!

in the interaction picture defined by the unitary opera
Û0(t)5exp@2ivt(â†â11/2)#exp(2itdŝz/2), where d5v0
2vL is the detuning of the laser field from the ion. Th
above Hamiltonian is similar to that of the nonlinear coupl
multiquantum Jaynes-Cummings model@23#, which is ex-
actly solvable. Therefore, it is easy to check the dynam
evolution of any two-qubit initial state by using the evolutio
operatorÛ(t)5exp@2(i/\)Ĥt#. Indeed, with the help of the
relation @24#

^m2ku^euĤum&ug&5H 0, m,k,

\ike2ifVm2k,m, m>k,

with

Vm2k,m5
Vhke2h2/2

2
A ~m!!

~m2k!! (n50

m2k
~ ih!2n

~k1n!!
Cm2k

n ,

the time evolution of the initial statesum&ue& andum&ug& can
be expressed as

um&ue&→cos~Vm,m1kt !um&ue&

2~2 i !k21eifsin~Vm,m1kt !um1k&ug& ~3!

and

um&ug&→H um&ug&, m,k,

cos~Vm2k,mt !um&ug&1 i k21e2 if

3sin~Vm2k,mt !um2k&ue&, m>k,

~4!

respectively. The above treatment can also be modified
rectly to another laser excitation case, i.e., thekth blue side-
band. In the present work only the red-sideband excitatio
considered. It is seen from Eqs.~3! and ~4! that entangled
states are produced by the time evolution of the stateum&ue&
and the stateum&ug& with m>k. From this conditional quan-
tum dynamics we can define two kinds of elementary qu
tum operations: the one-qubit rotations
6-2
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r̂ c~m,f,t !5$cos~Vm,mt !ug&^gu2 ie2 ifsin~Vm,mt !ue&

3^gu2 ieifsin~Vm,mt !ug&^eu1cos~Vm,mt !ue&^eu% ^ um&^mu ~5!

generated by applying a resonant pulse (vL5v0) to the chosen ion, and the two-qubit joint operation on the CQ and B

R̂cb~m,f,t !5H um&ug&^mu^gu1@cos~Vm,m1kt !um&ue&2~2 i !k21eifsin~Vm,m1kt !um1k&ug&#^mu^eu, m,k,

@cos~Vm2k,mt !um&ug&1 i k21e2 ifsin~Vm2k,mt !um2k&ue&#^mu^gu

1@cos~Vm,m1kt !um&ue&2~2 i !k21eifsin~Vm,m1kt !um1k&ug&#^mu^eu, m>k,

~6!
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performed by using an off-resonant pulse. Heref and t are
the initial phase and duration of the applied pulse. By m
ing use of these basic operations we now show how to r
ize exact quantum logic operations on a single trapped
once the LD parameter and the laser-ion interaction time
set up properly. We only need to consider the casesk50 and
k51.

A. Simple rotations of a single CQ

In general, one-qubit rotations are easy to implement
physical system for quantum computation. In fact, it h
been shown that, under the LD approximation, the sim
he
e
a
In

b

th

06231
-
l-

n,
re

a
s
e

rotation of a CQ can be realized directly by applying a re
nant pulse (vL5v0) on the specifically chosen ion
@8,13,25#. This operation does not depend on the state of
BQ. The reason is that, under the LD approximation,
applied resonant pulse does not result in a coupling betw
the internal and external degrees of freedom of the ion.
yond the LD limit, however, such a coupling exists and th
the rotating angle of the one-qubit operation~5! depends on
both the state of the BQ and the duration of the appl
resonant pulse. In the space spanned by the basis statG

5$u0&,u1&% ^ $ug&,ue&%, the transformationr̂ c(m,f,t) takes
the following matrix form:
r̂ c~f,t !5S cos~V0,0t ! 2 ieifsin~V0,0t ! 0 0

2 ie2 ifsin~V0,0t ! cos~V0,0t ! 0 0

0 0 cos~V1,1t ! 2 ieifsin~V1,1t !

0 0 2 ie2 ifsin~V1,1t ! cos~V1,1t !

D . ~7!
-

cal

for
an

ol-
and

is
Hereu0& andu1& are the ground and first excited states of t
external vibration of the trapped ion. They are usually us
to encode the BQ. It is easily seen that the Walsh-Hadam
gate can also be implemented by this one-qubit rotation.
deed, the resonant pulse with special initial phasef and the
duration t5(p/412kp)/Vm,m yields the following opera-
tion on the CQ:

r̂ c~m,f,t !→5
1

A2
um&^mu ^ S 1 1

21 1D
for f5p/262kp,k50,1,2, . . . ,

1

A2
um&^mu ^ S 1 21

1 1 D
for f53p/262kp,

~8!

which generates a uniform superposition of two encoded
sis states of the CQ from one of them. The state of the BQ
unchanged during this operation. It is easily seen that, if
condition
d
rd
-

a-
is
e

cos~V0,0t !51, sin~V1,1t !51,

is satisfied, the operation~7! reduces to the controlled opera
tion constructed in Refs.@11,26#, which is equivalent to the
CN logic operation between the BQ and a CQ under lo
transformation.

B. Logic operation between the CQ and BQ:CZ gate

It is easily seen that an off-resonant pulse is required
generating entanglement between the CQ and BQ from
unentangled two-qubit initial state. We assume in what f
lows that the cold ion is addressed by the first red-sideb
laser pulse, i.e., the frequency of the applied laser field
vL5v02v. The BQ is encoded by the statesu0& and u1&.
As a consequence, the dynamical evolution equation~6! can
be rewritten as

R̂cb~0,f,t !5u0&ug&^0u^gu1@cos~V0,1t !u0&ue&

2eifsin~V0,1t !u1&ug&] ^0u^eu

for the BQ’s initial stateu0&, and
6-3
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R̂cb~1,f,t !5@cos~V0,1t !u1&ug&

1e2 ifsin~V0,1t !u0&ue&] ^1u^gu

1@cos~V1,2t !u1&ue&

2eifsin~V1,2t !u2&ug&] ^1u^eu

for the BQ’s initial stateu1&. Obviously, if the applied off-
resonant pulse satisfies the condition

cos~V0,1t !51, cos~V1,2t !521, ~9!

a universal two-qubit logic gate, the controlled-Z (Ĉcb
Z ) logic

operation between the CQ and BQ inG space, i.e.,

Ĉcb
Z 5u0&ug&^0^gu1u0&ue&^0u^eu

1u1&ug&^1u^gu2u1&ue&^1u^eu

5S 1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 21

D , ~10!

can be realized directly. If the BQ is in the stateu0&, Ĉcb
Z has

no effect, whereas if the BQ is in the stateu1&, Ĉcb
Z rotates

the state of the CQ by the Paulisz operator. Similarly, one
can prove that if the duration of the applied pulse satisfies
condition

cos~V0,1t8!51, sin~V1,2t8!51,

the Ĉcb
Z logic operation~10! can also be implemented b

sequentially applying two red-sideband pulses with equal
rationst852p8p/V0,1,p851,2,3, . . . , i.e.,

u0&ug&→u0&ug&→u0&ug&, u0&ue&→u0&ue&→u0&ue&,

u1&ug&→u1&ug&→u1&ug&, u1&ue&→2u2&ug&→2u1&ue&.
~11!

However, in the following, only the direct way to impleme
the Ĉcb

Z gate~10! is considered. It is worth noting that ther
is no requirement on the initial phase of the applied pulse
realizing the operationĈcb

Z .

C. Logic operation between CQ and BQ: CN gate

The ‘‘reduced’’ Ĉcb
N logic gate @14# can be constructed

exactly from the one-qubit operationr̂ c(m,f,t) and the two-
qubit gateĈcb

Z . Indeed, one can easily see that the opera

Ĉcb
Z , surrounded by two one-qubit operationsr̂ c(f1 ,t1) and

r̂ c(f3 ,t3), yields the following new operation between th
BQ and a CQ:
06231
e

-

r

n

r̂ c~f3 ,t3!Ĉcb
Z r̂ c~f1 ,t1!5S A0000 A0001 0 0

A0100 A0101 0 0

0 0 A1000 A1011

0 0 A1110 A1111

D ,

~12!

with

A00005cos~V0,0t3!cos~V0,0t !1

2ei (f32f1)sin~V0,0t3!sin~V0,0t1!,

A000152 ieif1cos~V0,0t3!sin~V0,0t1!

2 ieif3sin~V0,0t3!cos~V0,0t1!,

A010052 ie2 if3sin~V0,0t3!cos~V0,0t1!

2 ie2 if1cos~V0,0t3!sin~V0,0t1!,

A01015cos~V0,0t3!cos~V0,0t1!

2e2 i (f32f1)sin~V0,0t3!sin~V0,0t1!;

A10105cos~V1,1t3!cos~V1,1t1!

1ei (f32f1)sin~V1,1t3!sin~V1,1t1!,

A101152 ieif1cos~V1,1t3!sin~V1,1t1!

1 ieif3sin~V1,1t3!cos~V1,1t1!,

A11105 ie2 if1cos~V1,1t3!sin~V1,1t1!

2 ie2 if3sin~V1,1t3!cos~V1,1t1!,

A111152cos~V1,1t3!cos~V1,1t1!

2e2 i (f32f1)sin~V1,1t3!sin~V1,1t1!,

wheret1 ,t3 andf1 ,f3 are the durations and initial phases
the first and third applied resonant laser pulses, respectiv
They should be set up properly for realizing the spec
quantum operation between the BQ and CQ. It is easily s
that, if the two initial phasesf1 ,f3 satisfy the relation

f32f1562kp,,k50,1,2, . . . , ~13!

the matrix elements on the right side of Eq.~12! become

A00005A01015cos@V0,0~ t31t1!#,

A000152 ieif1sin@V0,0~ t31t1!#,

A010052 ie2 if1sin@V0,0~ t31t1!#,

A010152A11115cos@V0,0~ t32t1!#,

A10115 ieif1sin@V1,1~ t32t1!#,

A111052 ie2 if1sin@V1,1~ t32t1#.

Furthermore, if the matching conditions
6-4
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cos@V0,0~ t31t1!#51,

sin@V1,1~ t32t1!#

5H 1 for f153p/262k8p, k850,1,2, . . . ,

21 for f15p/262kp, k50,1,2, . . .

~14!

are satisfied, we have

A00005A01015A10115A111051,

A00015A01005A10005A111150.

This means that, under the conditions~13! and ~14!, the op-
eration~12! is nothing but the exact reducedCN logic gate
@14#, i.e.,

r̂ c~f3 ,t3!Ĉcb
Z r̂ c~f1 ,t1!→S 1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

D 5Ĉcb
N .

~15!

In this logic operation, if the BQ~control qubit! is in the state
u0&, the operation has no effect, whereas if the BQ is in
state u1&, a NOT operation is applied to the CQ. The B
remains in its initial state after the operation.

We now show how to set up the experimental parame
to realize theĈcb

N gate~15!. These parameters include the L
parameter and the durations of the applied laser pulses. F
the requisite LD parameter and the duration of the o
resonant red-sideband pulse are determined by Eq.~9!,
which implies

V1,2

V0,1
5

22h2

A2
5

q20.5

p
, p,q51,2,3, . . . ,

t25
2pp

V0,1
5

4ppeh2/2

Vh
. ~16!

Second, using the LD parameter determined from the ab
equation, the durations of two resonant pulses surround
the first red-sideband pulse are further determined by solv
Eq. ~14! for different initial phases; e.g.,

t15pS p811

V0,0
1

q810.25

V1,1
D5T1 ,

t35pS p811

V0,0
2

q810.25

V1,1
D5T3 for f15f35p/2;

t15T3 , t35T1 for f15f353p/2;

p8,q851,2,3, . . . . ~17!

So far we have shown that, once the coupling parameteh
is set up appropriately, the ‘‘reduced’’ two-qubitCN logic
06231
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operation between the CQ and BQ can be implemented
actly by sequentially applying three pulses~a red-sideband
pulse surrounded by two resonant ones! with controllable
durations. As in Refs.@11,26#, neither the weak coupling
limit ~i.e. the LD approxiamtion! nor the auxiliary atomic
level is required in the present scheme. Therefore, pu
having different polarizations are not needed and the c
pling parameter between the CQ and BQ may be large~e.g.,
0.9064, 0.9692, etc.!. We also note that this logic operatio
does not depend on the initial phase of the applied o
resonant pulse, while the initial phases of two reson
pulses should be set up accurately to satisfy the condit
~13!, ~14!. The main points of our approach can be summ
rized as follows:

~a! Use a resonant pulse with initial phasep/2~or 3p/2)
and durationT1(T3) to rotate the chosen CQ,

~b! Use an off-resonant red-sideband pulse to comp
the CZ logic operation between the chosen CQ and BQ a

~c! Use another resonant pulse with initial phasep/2 ~or
3p/2) and durationT3 (T1) on the chosen CQ to complet
the gate operationCN between the chosen CQ and BQ.

Some values of these experimental parameters are g
in Table I. The durations of the applied pulses are given
the quantitiesVt j /p, j 51,2,3 in the table. It is seen from th
table that the switching speed of theCN gate depends on th
Rabi frequencyV and the LD parameterh. It can be esti-
mated numerically once the experimental parameters are
fined. For example, in the case of a recent experiment@14# a
single 9Be1 ion confined in a coaxial-resonator radio fr
quency ion trap and cooled to its quantum ground state
Raman cooling, the target qubit consists of two2S1/2 hyper-
fine ground states of 9Be1: 2S1/2uF52,mF52& and

TABLE I. Some experimental parameters for realizing the ex
‘‘reduced’’ CN gate by three-step sequential pulses withf15f3

5p/2.

p q h Vt2 /p p8 q8 Vt1 /p Vt3 /p

2 2 0.9692 13.2024 5 1 29.1785 2.810
10 8 33.0061 8 1 38.7753 12.4076

10 1 45.1732 18.8055
2 3 0.4819 18.6448 1 1 2.9777 1.5148
6 8 55.9343 2 2 8.1496 0.8354

3 1 7.4702 6.0073
3 3 0.9064 19.9648 2 1 10.2554 1.808
9 8 59.8943 3 1 13.2713 4.8239

8 2 45.2453 3.0088
4 6 0.2355 69.8532 1 1 2.6005 1.5119

2 1 4.6567 3.5682
2 2 6.8337 1.3913

14 20 0.1738 16.3571 1 1 2.5538 1.507
2 1 4.5843 3.5374
2 2 6.6779 1.4438

3 4 0.5919 24.1611 1 1 3.2991 1.4661
2 1 5.6817 3.8487
2 2 9.3477 0.1827
6-5
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2S1/2uF52,mF51&, separated byv0/2p51.25 GHz. If the
Rabi frequencies are chosen asV52p3140 kHz for reso-
nant excitations andhV52p330 kHz for off-resonant ex-
citations, one can easily show that the shortest duration
the applied pulses for the realization of the exactCN gate is
about 1024.

In summary, we have suggested a method for implem
ing quantum logic operations between the BQ and CQ
yond the LD limit. In the controlled operations, the BQ ac
as the control qubit. It is worthwhile to point out that the B
is really not an additional qubit in the quantum compu
because one cannot perform any single-qubit operation
the BQ. However, the BQ can serve as an intermediary
perform quantum logic operations between different CQ
This will be the subject of the next section.

III. UNIVERSAL GATES FOR QUANTUM COMPUTATION
WITH TWO-LEVEL TRAPPED COLD IONS BEYOND

THE LD LIMIT

The ion-trap quantum computer consists of a string
ions stored in a linear radio-frequency trap and cooled su
ciently. The motion of the ions, which are coupled togeth
due to the Coulomb force between them, is quantum m
chanical in nature. Each qubit is formed by two internal le
els of an ion. The ions are sufficiently separated to be
dressed by different laser beams@7#, i.e., each ion can be
illuminated individually. The communication and logic op
erations between qubits are performed by using laser pu
sequentially to excite or deexcite quanta of the collect
vibration ~i.e., the shared phonon! modes, which act as th
BQ. Following Monroeet al. @11#, only the lowest vibration
mode of the ion string, i.e., the harmonic motion of the ce
ter of mass, is considered. In the interaction picture defi
by the unitary operator

Û0
N~ t !5exp@2 ivt~ â†â11/2!#)

j 51

N

exp~2 i td j ŝ j ,z/2!,

the Hamiltonian of the system takes the form

Ĥ5
\

2 (
j 51

N

V j$ŝ j ,1exp@ ih j~ â1â†!#1H.c.%, ~18!

with V j[V, h j[h. We have shown in the above sectio
that simple rotations on a single CQ and controlled ope
tions between a CQ and the BQ can be realized exactly
applying suitable laser pulses. In the following we show h
to implement universal quantum gates involving many C
assisted by their common BQ.

A. Operation of multiple CQs

Operations on different CQs can be performed by app
ing different laser beams to different ions. As a con
quence,rotation operations on different CQs can be
formed individually and synchronously. For example, for
quantum register withN trapped cold ions, it is easily prove
that the uniform superposition state of theN-CQ register
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which is the computational initial state for almost all qua
tum algorithms, can easily be prepared by applyingN reso-
nant pulses with equal initial phasesp/2 ~or 3p/2) and du-
rations Vm,mt5p/4 to N trapped ions synchronously. W
note that the CQs in such an operator are not correlated
each other except by sharing a common phonon mode.
realizing quantum computation with theN-ion quantum reg-
ister, we shall construct the universal two-qubit controll
gates between different CQs.

B. CZ logic gate between different trapped ions

The CZ logic operation between thei th ion andj th ion,

Ĉcicj

Z 5ugi&ugj&^gi u^gj u1ugi&uej&^gi u^ej u1uei&ugj&

3^ei u^gj u2uei&uej&^ei u^ej u, ~19!

means that if the first CQ~control qubit! is in the stateugi&,
the operation has no effect, whereas if the control qubit is
the stateuei&, the state of the second CQ~target qubit! is
rotated by the Pauli operatorŝz . To realize this operation we
consider the quantum evolution of a three-qubit system~i.e.,
two CQs and the BQ initially in the stateu0&! driven by an
off-resonant laser pulse. Using three-step red-sideb
pulses with the same frequencyvL5v02v to the i th, j th,
and again thei th ions sequentially, we have the followin
dynamical evolutions:

u0&ugi&ugj&→u0&ugi&ugj&,

u0&ugi&uej&→B1u0&ugi&uej&1B2u0&uei&ugj&

1B3u1&ugi&ugj&,

u0&uei&ugj&→C1u0&ugi&uej&1C2u0&uei&ugj&

1C3u1&ugi&ugj&,

u0&uei&uej&→D1u1&ugi&uej&1D2u1&uei&ugj&

1D3u2&ugi&ugj&1D4u0&uei&uej&, ~20!

with

B15cos~V0,1t28!, B252ei (f282f38)sin~V0,1t28!sin~V0,1t38!,

B352eif28sin~V0,1t28!cos~V0,1t38!;

C152ei (f182f28)sin~V0,1t18!sin~V0,1t28!,

C25cos~V0,1t18!cos~V0,1t38!2ei (f182f38)sin~V0,1t18!

3cos~V0,1t28sin~V0,1t38!,
6-6
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C352eif18sin~V0,1t18!cos~V0,1t28!cos~V0,1t38!

2eif38cos~V0,1t18!sin~V0,1t38!;

D152@eif18sin~V0,1t18!cos~V1,2t28!cos~V0,1t38!

1eif38cos~V0,1t18!cos~V0,1t28!sin~V0,1t38!#,

D252eif28@cos~V0,1t18!sin~V0,1t28!cos~V1,2t38!

1ei (f182f38)sin~V0,1t18!sin~V1,2t28!sin~V1,2t38!#,

D35eif28@eif18sin~V0,1t18!sin~V1,2t28!cos~V1,2t38!

1eif38cos~V0,1t18!sin~V0,1t28!sin~V1,2t38!#,

D45cos~V0,1t18!cos~V0,1t28!cos~V0,0t38!2ei (f182f38)

3sin~V0,1t18!cos~V1,2t28!sin~V0,1t38!.

Heref i8 and t i8 ( i 51,2,3) are the phase and duration of t
first, second, and third off-resonant pulses. They should
set up properly for realizing the operationĈcicj

Z . Obviously,

if the LD parameterh and the duration of the second of
resonant pulse are set up according to Eq.~9! to implement
the logic operationĈcjb

Z between the BQ and thej th CQ, the

coefficients in Eq.~20! reduce to

B151, B25B350;

C150,

C25cos~V0,1t18!cos~V0,1t38!

2ei (f182f38)sin~V0,1t18!sin~V0,1t38!,

C352eif18sin~V0,1t18!cos~V0,1t38!

2eif38cos~V0,1t18!sin~V0,1t38!;

D15eif18sin~V0,1t18!cos~V0,1t38!

2eif38cos~V0,1t18!sin~V0,1t38!,

D25D350,

D45cos~V0,1t18!cos~V0,1t38!

1ei (f182f38)sin~V0,1t18!sin~V0,1t38!.

These coefficients further become

B25B350, B151, C15C350, C251,

D15D25D350, D4521,

if f18 ,f38 andt18 ,t38 are further set up to satisfy the condition
06231
e

f185f3862kp, k50,1,2, . . . ,

cos@V0,1~ t181t38!#51, cos@V0,1~ t182t38!#521. ~21!

This means that, once the LD parameter is set up proper
Ĉcjb

Z gate operation, surrounded by two off-resonant pul

addressing thei th CQ, yields the exactCZ logic operation
between thei th and j th ions, i.e.,

R̂cib
~f38 ,t38!Ĉcjb

Z R̂cib
~f18 ,t18!→Ĉcicj

Z
^ u0&^0u. ~22!

The BQ remains in its initial state after the operation. Equ
tion ~21! implies that

V0,1t185~k1k8!p2
p

2
, V0,1t385~k2k8!p1

p

2
,

k,k851,2,3, . . . . ~23!

This shows that, once the LD parameterh is set up properly,
the CZ logic operation~19! between thei th and thej th CQs
can be realized exactly by sequentially applying three-s
red-sideband pulses with adjustable durations. The proce
for realizing this gate can be summarized as follows:~a! A
red-sideband pulse withV0,1t1853p/2 is applied to thei th
ion; ~b! a red-sideband pulse withV0,1t2852p is applied to
the j th ion; and~c! a red-sideband pulse withV0,1t385p/2,
whose phase equals that of the first one, is applied to thei th
ion again.

Comparing to Cirac-Zoller’s proposal@8#, we note that the
same number of pulses for implementing theCZ logic opera-
tion between different ions are required. An obvious adv
tage of the present method is that no auxiliary atomic leve
needed. Thus laser pulses with different polarizations are
required.

C. CN logic operation between different trapped ions

As another universal two-qubit gate for an ion-trap qua
tum computer, theCN logic operation between a pair of CQ
~e.g., thei th and j th ions!,

Ĉcicj

N 5ugi&ugj&^gi u^gj u1ugi&uej&^gi u^ej u1uei&ugj&

3^ei u^ej u1uei&uej&^ei u^gj u, ~24!

means that if the first CQ~control qubit! is in the stateugi&,
the operation has no effect, whereas if the control qubit is
the stateuei&, the state of the second CQ~target qubit! un-
dergoes aNOT operation. In Ref.@11# Monroeet al. showed
that if theCN gate~15! between the target qubitj and the BQ
is surrounded by two extra operations, which map and re
the state of the control qubiti onto the state of the BQ, the
CN gate operation~24! may be carried out. We now give a
alternative method to realize theCN logic operation~24! by
making use of the two-qubit operationĈcicj

Z and the single-
6-7
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qubit operationr̂ c(m,f,t). When the BQ is in the stateu0&, we know from Sec. II that the rotation on thej th CQ

r̂ cj
~0,f,t !5cos~V0,0t !ugj&^gj u2 ieifsin~V0,0t !ugj&^ej u2 ie2 ifsin~V0,0t !uej&^gj u1cos~V0,0t !uej&^ej u ~25!

can be carried out by applying a single resonant laser pulse to thej th ion. The state of the BQ is not changed during th
operation. If theĈcicj

Z gate is surrounded by the operationsr̂ cj
(0,f19 ,t19) and r̂ cj

(0,f39 ,t39), we have

r̂ cj
~0,f39 ,t39!Ĉcicj

Z r̂ cj
~0,f19 ,t19!5B0000ugi&ugj&^gi u^gj u1B0001ugi&ugj&^gi u^ej u1B0010ugi&uej&^gi u^gj u1B0011ugi&uej&

3^gi u^ej u1B1100uei&ugj&^ei u^gj u1B1101uei&ugj&^ei u^ej u1B1110uei&uej&^ei u^gj u

1B1111uei&uej&^ei u^ej u, ~26!
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B00005cos~V0,0t39!cos~V0,0t19!

2ei (f392f19)sin~V0,0t39!sin~V0,0t19!,

B000152 i @eif19cos~V0,0t39!sin~V0,0t19!

1eif39sin~V0,0t39!cos~V0,0t19!#,

B001052 i @e2 if39sin~V0,0t39!cos~V0,0t19!

1e2 if19cos~V0,0t39!sin~V0,0t19!#,

B00115cos~V0,0t39!cos~V0,0t19!

2e2 i (f392f19)sin~V0,0t39!sin~V0,0t19!,

B11005cos~V0,0t39!cos~V0,0t19!

1ei (f392f19)sin~V0,0t39!sin~V0,0t19!,

B110152 i @eif19cos~V0,0t39!sin~V0,0t19!

2eif39sin~V0,0t39!cos~V0,0t19!#,

B111052 i @e2 if39sin~V0,0t39!cos~V0,0t19!

2e2 if19cos~V0,0t39!sin~V0,0t19!#,

B111152cos~V0,0t39!cos~V0,0t19!

2e2 i (f392f19)sin~V0,0t39!sin~V0,0t19!.

Here,f19 ,t19 and f39 ,t39 are the phases and durations of t
resonant pulses applied to perform two rotations on the ta
CQ, i.e., thej th ion. Similarly, one can easily prove that,
f19 ,f39 and t19 ,t39 satisfy

f395f1962kp, k50,1,2, . . . ,
06231
et

V0,0t195~p1p823/4!p, V0,0t395~p2p813/4!p

for f15p/262kp,p,p851,2,3, . . . ; ~27!

V0,0t195~p1p821/4!p, V0,0t395~p2p811/4!p

for f153p/262kp,

the coefficients in Eq.~26! become

B00005B00115B11015B111051,

B00015B00105B11005B111150.

This means that an exactĈcicj

Z surrounded by two resonan

pulses applied to thej th CQ can give rise to an exactCN

logic operation between thei th and j th CQs, i.e.,

r̂ cj
~0,f39 ,t39!Ĉcicj

Z r̂ cj
~0,f19 ,t19!→Ĉcicj

N . ~28!

The durations of two applied resonant pulses are determ
again by Eq.~18!. We summarize the process for realizin
the logic operationĈcicj

N as follows:~a! A resonant pulse with

initial phasep/2 (3p/2) andV0,0t1955p/4(7p/4) is applied
to the target CQ~the j th ion!; ~b! three-step red-sideban
pulses are sequentially used to implementCZ gate~19! be-
tween thei th and j th CQs; and~c! another resonant puls
with initial phasep/2 (3p/2) and V0,0t3953p/4 (p/4) is
applied to the targetj th CQ.

In summary, we have given a method to implement ar
tary one-qubit rotations on any single CQ and theCN or CZ

gate between any pair of CQs with trapped cold ions. Th
operations form a universal set. Any unitary operations on
arbitrary number of CQs can be expressed as a compos
of the elements in the set. We note that the initial state of
BQ in the above discussion is always assumed to be
ground stateu0&. One can prove that, if the BQ is initially in
an excited state, e.g.,u1&, u2&, etc., universal two-qubit gate
between different ions cannot be realized by a one-quan
excitation process. Implementing quantum computation
making use of the multiquantum~multiphonon! interaction
between the CQ and BQ will be discussed in a future pu
cation.
6-8
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IV. CONCLUSIONS

We have demonstrated the possibility of performing io
trap quantum computation with two-level ions beyond t
LD limit. The method for realizing the exact universal qua
tum gates, i.e., single-qubit rotations and two-qubit co
trolled logic operations, has been discussed in detail.
present scheme is not limited to small values of the LD
rameter and does not require an extra atomic level. Th
fore, laser pulses with different polarizations are not need
There are two requirements for our scheme. First, the
parameterh must be set up accurately for realizing the ex
CZ logic operation between the internal and external degr
of freedom. Second, the durations of all applied laser pu
must be adjusted accurately. We have shown that theCZ

logic operation between the external and internal states
be realized by using a single off-resonant pulse. ThisCZ gate
Ĉcb

Z surrounded by two resonant pulses with suitable du
tions gives rise to the exact correspondingCN logic gate. We
have further shown that theCZ logic operation between dif
ferent ions in a trap can be implemented by using a thr
step sequence of off-resonant pulses. The second
resonant pulse is used to realize theCZ logic operation
between the internal and external states of the target ion,
the first and third ones are applied to the control ion. ThisCZ

gate Ĉc c
Z surrounded by two resonant pulses with suita
i j

on
r

ci

.
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durations applied to the target ion yields the correspond
CN logic operation between two ions.

Compared to other methods for realizing the exactCN

logic operation on an ion-trap quantum register, the pres
scheme has some advantages. Although the same numb
pulses is needed for realizing theCN logic gate as that re-
ported in Refs.@8#, @13# and @14#, the auxiliary atomic level
and LD approximation are not required in the prese
scheme. Our approach to realizing theCN gate is also differ-
ent from that in Refs.@11# and @26#, where a controlled op-
eration between the BQ and CQ, which is equivalent to
exactCN gate only under local transformation, was realiz
by applying a single resonant pulse. In the present sch
the exactCN logic gate is implemented by an off-resona
pulse surrounded by two resonant ones. We hope that
present scheme will be useful for future experiments.
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