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Quantum computation with two-level trapped cold ions beyond Lamb-Dicke limit
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We propose a simple scheme for implementing quantum logic gates with a string of two-level trapped cold
ions outside the Lamb-Dicke limit. Two internal states of each ion are used as one computation&CQubit
and the collective vibration of ions acts as the information bus, i.e., the bus @)t Using the quantum
dynamics for the laser-ion interaction as described by a generalized Jaynes-Cummings model, we show that
quantum entanglement between any one CQ and the BQ can be coherently manipulated by applying classical
laser beams. As a result, universal quantum gates, i.e., the one-qubit rotation and two-qubit controlled gates,
can be implemented exactly. The required experimental parameters for the implementation, including the
Lamb-Dicke (LD) parameter and the durations of the applied laser pulses, are derived. Neither the LD ap-
proximation for the laser-ion interaction nor the auxiliary atomic level is needed in the present scheme.
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I. INTRODUCTION alizing the “reduced” two-qubitCN logic operation between
the internal and external degrees of freedom of the trapped
Since Shor’s algorithm for efficiently factoring large num- cold ion by applying three laser pulses. Furthermore, by us-
bers was proposefil], many authors have addressed theing a single resonant pulse, a two-qubit controlled operation
problem of implementing quantum computatif?). It has  with a single trapped two-level ion outside the LD limit was
been shown that arbitrary rotations in the Hilbert space of agonstructed11]. However, the third auxiliary internal atomic
individual computational qubitCQ), i.e., a one-qubit gate, state is still required in Ref14] and the operation reported
and a controlled rotation, such as a controliezr (CN) or  in Ref.[11] is not the exacCN gate, although it is equivalent
controlledZ (C?), between two different CQs, i.e., a two- to the “reduced’CN logic gate[14] apart from phase factors.
qubit controlled gate, are universal quantum gates. In otheBubsequent operations must be carried out in order to elimi-
words, any unitary transformation on arbitrarily many CQsnate the additional phase factors. Up to now, the problem of
can be carried out by repeatedly performing these universalonstructing a quantum computing network by connecting
guantum gatef3]. Since one-qubit gates are generally easydifferent ions in different traps, i.e., the scalability of the
to realize, implementing the two-qubit controlled gate operasingle trapped ion, has not been soldd]. On the other
tion is a central problem for constructing a quantum com-hand, much attention has been paid to the problem of build-
puter. Several kinds of physical systems have been proposéag a quantum network with cold ions confined in a single
to implement quantum logic operations. Some of the mostrap. Recent experiments showed that the collective motion
attractive schemes are based on nuclear magnetic resonarafetwo °Be ions confined in a trap can be cooled to the
(NMR) [4], coupled quantum do{®], cavity QED[6], and  ground statd16] and that quantum entanglement of up to
trapped cold iong7], introduced first by Cirac and Zoller four ions can be achieved7], thus supporting the idea of
[8]. This system is based on the laser-ion interaction andealizing the quantum computation in a single trap. Theoreti-
possesses long qubit coherence tini@k Information is  cally, Jonatharet al [18] proposed an alternative scheme to
stored in the spin states of an array of trapped cold ions angkalize the true two-qubit ion-ion gate by using the ac Stark
manipulated by using laser pulses. Two special conditionshift induced by laser resonance with the ionic transition
are required in the original Cirac-Zoller schefi@: (a) the  frequency. This scheme allows an increase in gate speed by
ion must have three levels, arfl) the trap must operate in at least an order of magnitude with respect to that of related
the Lamb-Dicke(LD) limit, i.e., the coupling between the single ion-trap experiment§l4,19. In addition, directly
internal spin and external vibrational degrees of freedom ofmodifying the Cirac-Zoller propos#B], Childs and Chuang
the ion must be sufficiently weak. Laser pulses with differenf13] provided a general and accessible technique for per-
polarizations are used to coherently manipulate the quanturfierming a universal logic operation between ions with only
information of the system and five-step pulses are used ttwo internal levels in a common trap. However, these
realize an exacCN logic operation between two different schemes are based on the LD approximation, which requires
cold ions. It is thus desirable to look for simpler schemes tadhat the spatial dimension of the ground state of the collec-
construct an ion-trap quantum computer. tive motion of these ions is much smaller than the effective
In the last few years, a number of modifications and exwavelength of the laser wave. In fact, the quantum motion of
tensions to the Cirac-Zoller idea have been propdd€d-  the trapped ions is not limited to the LD regirfig]. It has
13]. In particular, much attention has been paid to carryingoeen shown that utilizing the laser-ion interaction beyond the
out the universal quantum logic gates with a single trapped.D limit is helpful for reducing the noise in the trap and
cooled ion, because imprisoning a single ion in a trap andmproving the cooling rat¢20].
cooling it to the vibrational ground state can easily be In this paper we propose an alternative scheme for realiz-
achieved with the present experimental technology. In 1995ng quantum computation with a set of two-level cold ions in
Monroeet al.[14] demonstrated a simplified scheme for re- a single trap driven by a series of laser pulses without using
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the LD approximation. The CQ is encoded by two internalThe first two terms correspond to the ion’s external and in-
states of the ion and the collective vibration of the trappedernal degrees of freedom, respectively, ands the trap
ions acts as the information bus, i.e., the bus q(®®). We  frequency. The final term gives the interaction between the

show how to realize universal quantum gates, including don and the light field with phase. Pauli operatorsr, and

simple rotation on any individual CQ and the exact two-qublt(}i describe the internal degrees of freedom of the .

C? or CN logic operation, by using suitable laser pulses. The

paper is arranged as follows, In Sec. Il the conditional quang:mda are the creation and annihilation operators of the trap

tum dynamics for the laser-ion interaction are derived and ¥iPrational quantaw, is the atomic transition frequency, and
method for coherently manipulating the entanglement bef? |s_the Rabi freq_uencyn(<1) IS the o~ parameter. we :
tween the CQ and BQ is proposed. Then, we present a sinfonsider the case in wh_lch thg applied !aser is resonant with
pler scheme to realize rotations on an individual CQ and thdhekth red_—shlf_ted vibrational sideband, i.e., the_frequen_cy of
exact two-qubit controlled logic operations between the cQne 1aser field is chosen as = w,—kw, wherek is a posi-
and the BQ. We derive values of the required parameterdiVe mteger. _Under the usual rotating-wave approximation,
including the LD parameter and the durations of the applied® Hamiltonian of the system reads
laser pulses. Section IIl is devoted to the construction of . #Q p( 7> )[ i (in)2afan
oIy

>

logic gates between different CQs by making use of the el- H=—-exp — 5 —i¢ 2 itk
ementary operations presented in Sec. Il. We also discuss -
how to set up the experimental parameters for these realiza- A
tions. Finally, we give some conclusions in Sec. IV. xXak+H.c., (2
in the interaction picture defined by the unitary operator
Il. QUANTUM DYNAMICS FOR THE LASER-ION Oo(t) =exf —iot@@'a+1/2)]exp(-it6o,/2), where 5= wo
INTERACTION BEYOND THE LD LIMIT AND EXACT —w_ is the detuning of the laser field from the ion. The
QUANTUM GATES WITH A SINGLE TRAPPED above Hamiltonian is similar to that of the nonlinear coupled
COLD ION multiqguantum Jaynes-Cummings modeB], which is ex-

d’:\ctly solvable. Therefore, it is easy to check the dynamical

The use of a BQ makes the physical construction of . L : .
quantum information processor much simpler. Most currenfV0IUtion of any two-qubit initial state by using the evolution

ion-trap proposals use this idea. The BQ carries the quantu@PeratorU(t) =exd —(i/4)Ht]. Indeed, with the help of the

information in the computer. Instead of seeking a means téelation[24]

carry out the quantum logic operation between a pair of CQs

directly, it is sufficient to implement the quantum operation (m—k|<e||3||m>|g>= 0, m<k,

between an arbitrary CQ and the BQ. In an ion-trap quantum ﬁike*"mm,kym, m=Kk,

computer a CQ is encoded by two internal spin states of the

ion and the BQ is encoded by two Fock states of the externa¥ith

collective vibration of the trapped iongenter-of-mass vi- 2 m—k . >

brational degree of freedomlit has been assumed that a RAN (m)! 3 i

single laser beam can be directed at will to any chosen ion m—k,m™ 2 (m—Kk)! &0 (k+n)t “m-k’

[8]. Thus, a single trapped cold ion driven by a laser beam

can be used to describe a single CQ interacting with the BQthe time evolution of the initial statds)|e) and|m)|g) can

In this section we show how to implement quantum gatede expressed as

with a single trapped cold ion driven by a traveling-wave

laser field by considering the conditional quantum dynamics [m)|€)—cog Qi m+it)IM)e)

:;);ttircl)cre].laser ion interaction without taking the LD approxi —(—i)k_le'¢8irl(ﬂm,m+kt)|m+k>|g> 3)
For simplicity, we assume that a single ion is stored in agnq

coaxial resonator rf-ion traf21], which provides pseudopo-

tential oscillation frequencies satisfying the conditian Im)|g), m<Kk,

<w, , along the principal axes of the trap. Only the quan- k=1

tizeéyzvibratigonal r?mtiorr]) along the directiorl)‘n is cgnside?ed m)lg)—] cos Lmn-imt)[M)|g) +1*Te™? )

for the cooled ion14]. Following Blockleyet al. [22], the XSiN(Q - mt)Im=k)|e), m=Kk,

interaction between a single two-level trapped cold ion and a , . )
classical single-mode traveling light field of frequeney respectively. The above treatment can also be mOd.Ierd di-
can be described by the following Hamiltonian: rectly to another laser excitation case, i.e., kite blue side-

band. In the present work only the red-sideband excitation is
considered. It is seen from Eqg&) and (4) that entangled

) e 1V 1 L RO L .. states are produced by the time evolution of the Jtajge)
H(t) =fiw| a'a+ 5| T 5wt —-{oexdina+t a’)  and the statém)|g) with m=k. From this conditional quan-
tum dynamics we can define two kinds of elementary quan-
—i(w t+¢)]+H.c}. (1)  tum operations: the one-qubit rotations
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Fo(M,é,t)={cos Dy t)|g)(g| —ie ™ ’sin( Q) |e)
X (g|—ie'?sin(Qp mt)|g)(€|+ cog L mt) [€){el} & [m)(m| (5)
generated by applying a resonant pulsg € wg) to the chosen ion, and the two-qubit joint operation on the CQ and BQ
Im)[g)(m[(g|+[cog L msit) M) €)= (=) &' sin(Qpy s it) M+ K) @) I(mi(e], m<k,

IAch(ma ¢:t) = [COSmek,mt)|m>|g>+ [ I(71e7i¢5in(0mfk,mt)|m_ k>|e>]<m|<g| (6)
+[cog Qpy met) [MY|€) = (—1)* 2 ?sin(Q e it) IM+KY @) (M| (e], m=K,

performed by using an off-resonant pulse. Héreandt are  rotation of a CQ can be realized directly by applying a reso-
the initial phase and duration of the applied pulse. By maknant pulse {, =w;) on the specifically chosen ion
ing use of these basic operations we now show how to real8,13,25. This operation does not depend on the state of the
ize exact quantum logic operations on a single trapped iorBQ. The reason is that, under the LD approximation, the
once the LD parameter and the laser-ion interaction time argpplied resonant pulse does not result in a coupling between
set up properly. We only need to consider the c&se® and  the internal and external degrees of freedom of the ion. Be-
k=1. yond the LD limit, however, such a coupling exists and thus
the rotating angle of the one-qubit operati@) depends on
A. Simple rotations of a single CQ both the state of the BQ and the duration of the applied

In general, one-qubit rotations are easy to implement in &&sonant pulse. In the space spanned by the basis $tates
physical system for quantum computation. In fact, it has={|0),|1)}®{|g),|e)}, the transformatiom (m,¢,t) takes
been shown that, under the LD approximation, the simplehe following matrix form:

cog Qo) —ie'?sin(Qq ¢) 0 0
. —ie "sin(Qq ) cog Qg ) 0 0
rc(¢yt): i i(b . (7)
0 0 co%(2, 4t) ie'?sin(€q qt)
0 0 —ie "sin(Q, qt) cogQ 1t)
|
Here|0) and|1) are the ground and first excited states of the cog Qo) =1,siMQq t)=1,

external vibration of the trapped ion. They are usually used

to encode the BQ. It is easily seen that the Walsh-Hadamarid satisfied, the operatia(?) reduces to the controlled opera-
gate can also be implemented by this one-qubit rotation. Intion constructed in Refg.11,26, which is equivalent to the
deed, the resonant pulse with special initial phasand the  CN logic operation between the BQ and a CQ under local
durationt= (7/4+ 2kw)/Q, , yields the following opera- transformation.

tion on the CQ:

B. Logic operation between the CQ and BQ:C? gate

,
1 1 1 It is easily seen that an off-resonant pulse is required for
E|m)<m|® -1 1 generating entanglement between the CQ and BQ from an
unentangled two-qubit initial state. We assume in what fol-
i for = m/2+2km,k=0,1,2..., @® lows that the cold ion is addressed by the first red-sideband
(M ¢,0)— 1 1 -1 laser pulse, i.e., the frequency of the applied laser field is
—|m){(m|® ) o_=wo— . The BQ is encoded by the statg® and|1).
V2 11 As a consequence, the dynamical evolution equapran
| for p=3m/2+ 2k, be rewritten as

Rep(0,60,t) =|0)]g)(0[(g|+[cog Qg 1t)|0)|e
which generates a uniform superposition of two encoded ba- eo(04,)=[0)[9)(0Kg| +[cos 2o, 1)[0) €)

sis states of the CQ from one of them. The state of the BQ is —e'?sin(Q11)|1)|g)]1(0|(€]
unchanged during this operation. It is easily seen that, if the
condition for the BQ’s initial statg0), and
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Rep(1,¢0,t) =[cog Qg 1t)|1)|g) Aooco Agoor O 0

—idgj “ A A A 0 0
+e '?sin(Q 1t)|0)|e)](1[(g Fe( bz ta)Chf by th)= 0100 0101

0 0 Ao Aonn]’
+[cogQy 5)[1)€) 0 0o A A
1110 A1z

—e'?sin(Q4 4)[2)[g)](1(e] (12
for the BQ’s initial state1). Obviously, if the applied off- with
resonant pulse satisfies the condition Agooo= 08 Qg ¢t3)cOg Qg )1
cogQgt)=1, cogQqt)=—1, 9 —€/(9372sin( Qg t3)siN(Qo 1),
. Agoor= — i€ ?1cog Qg ¢t3)Sin( Qg ot

a universal two-qubit logic gate, the controIIZc{Cfb) logic 0001 ' 4o ds)sin o ot)
operation between the CQ and BQlinspace, i.e., —ie'?3sin(Qg it3)co Qg ot 1),

- Agio= —ie ' ?3sin(Q cog Qg of

€%=10)la)(0(a|+ [0} e)(0l(e] Miods)coa oy

_ia~ i i
+11)g)(1l(g|~ [1)]e)(1(e] le 1009 Qo da)siN Do),
0 0 O Aog101=C0g Qg t3)cOL Qg ot 1)
_eii(%ﬁ¢1)SirKQO,ot3)Sin(Qo,ot1);

A101O: Cogﬂlvltg)coiﬂl,ltl)
+ ei(¢37 ¢1)Sir(91‘1t3)3im91,1t1) '

(10

O O O B

1
0
0

o » O

-1

can be realized directly. If the BQ is in the sté®, CZ, has

no effect, whereas if the BQ is in the sta®, CZ, rotates
the state of the CQ by the Pauli, operator. Similarly, one
can prove that if the duration of the applied pulse satisfies the

Ao11= —i€'?1c0g Q0 t3)siN(Qy 4t;)
+ie'?3sin(Q; 1t3)cog Qg 1ty),

Apig=ie” ?1c0g Qg 4t3)SiN(Qq 1t)

condition
—ie'3sin(Qy 4t3)cog Qg 4ty),
cog Qo it')=1, sinQ,4")=1,
A1111= — €0 1t3)cOg Qg 1t1)
the CZ, logic operation(10) can also be implemented by —e (P~ 9Isin(Q t3)sin(Qy 1ty),
sequentially applying two red-sideband pulses with equal du-
rationst’ =2p'w/Qqy4,p'=1,2,3... i€, wheret, ,t; and ¢4, ¢4 are the durations and initial phases of
the first and third applied resonant laser pulses, respectively.
|0Y|g)—|0)|g)—|0Y|g), |0Y|e)—|0Y|e)—|0)e), They should be set up properly for realizing the specific

quantum operation between the BQ and CQ. It is easily seen

11 (g)—[1)g)—|1lg), [1le)——[2)]g)— —|1)[e). that, if the two initial phaseg, ¢4 satisfy the relation
11y

ba— dpy=+2km, k=0,1,2..., (13)

However, in the following, only the direct way to implement the matrix elements on the right side of E2) become
the CZ, gate(10) is considered. It is worth noting that there

is no requirement on the initial phase of the applied pulse for Aoooo=Ao101= Co4 Lol ta+ )],
realizing the operatiofZ, . Agoor= — i€ 18I Qo o ta+11) ],
C. Logic operation between CQ and BQ: CN gate Aoioo= —ie ™ 1sin Qo otz +1y)],
The “reduced” C’C\'b logic gate[14] can be constructed Aotor= —A1111=c0§ Qo (t3—t1)],
exactly from the one-qubit operaticﬁlg(m,gb,t) and the two- ”
~ — i1l H
qubit gateCZ, . Indeed, one can easily see that the operation Arorr=i€' 78I Qg 5(t3—ty)],

CZ,, surrounded by two one-qubit operationg#; ,t;) and

Fc(¢>3,t3), yields the following new operation between the
BQ and a CQ: Furthermore, if the matching conditions

Arpi= —ie  Psin Qg 4(tz—ty].
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cog Qo ts+t)]=1, TABLE I. Some experimental parameters for realizing the exact
' “reduced” CN gate by three-step sequential pulses with= ¢
Sil’[Qlyl(t3—t1)] :’7T/2.
1 for ¢1=37/2=2k' 7, k'=0,1,2..., P q i Qt, /7 p' q Qtlm  Qtzlw
—1 for ¢py=m/2=2km, k=0,12... 2 2 09692 132024 5 1 291785  2.8108
(14) 10 8 33.0061 8 1 38.7753 12.4076
o 10 1 45,1732 18.8055
are satisfied, we have 2 3 04819 186448 1 1 29777 15148
_ _ _ _ 6 8 55.9343 2 2 8.1496  0.8354
Aooo= Ao101= A1011= A11167 1, 3 1 74702  6.0073
A =A — A — A =0, 3 3 0.9064 19.9648 2 1 10.2554 1.8081
000% 7201007 FH000™ FHLL 9 8 50.8943 3 1 132713  4.8239
This means that, under the conditiofi$) and(14), the op- 8 2 452453  3.0088
eration(12) is nothing but the exact reduce&" logic gate 4 6 0235 698532 1 1 2.6005  1.5119
[14], i.e., 2 1 4.6567  3.5682

2 2 6.8337 1.3913
14 20 0.1738 16.3571 1 1 2.5538 1.5071
~ 4.5843 3.5374
— “cb- 2 2 6.6779 1.4438
3 4 05919 241611 1 1 3.2991 1.4661
2 1 5.6817 3.8487
2 2 9.3477 0.1827

T $3,t3)Copl o d1.,t1)—

o O O -
o O —» O
= O O O
S » O O
N
H

(19

In this logic operation, if the BQcontrol qubi} is in the state
|0), the operation has no effect, whereas if the BQ is in the
state|1), a NOT operation is applied to the CQ. The BQ
remains in its initial state after the operation. operation between the CQ and BQ can be implemented ex-
We now show how to set up the experimental parameterdctly by sequentially applying three pulsées red-sideband

to realize the>", gate(15). These parameters include the LD PUIS€ surrounded by two resonant onesth controliable

parameter and the durations of the applied laser pulses. Fir ur_at|c_)ns. As in Refs[ll_,ZQ,. neither the wc_egk °°Up"F‘9
the requisite LD parameter and the duration of the Off_n’mt (i.e. the LD approxiamtionnor the auxiliary atomic

resonant red-sideband pulse are determined by (8j. Ieve_l IS r_equwed in the present scheme. Therefore, pulses
which implies having different polarizations are not needed and the cou-

pling parameter between the CQ and BQ may be léegg.,

Q,, 2—-7° q-05 0.9064, 0.9692, etc.We also note that this logic operation
— = =—— p,q=1,23..., does not depend on the initial phase of the applied off-
Qos V2 p resonant pulse, while the initial phases of two resonant
) pulses should be set up accurately to satisfy the conditions
2pm  Apme’? (13), (14). The main points of our approach can be summa-
"0y, Qp (16)  rized as follows:

(a) Use a resonant pulse with initial phasé2(or 37/2)
Second, using the LD parameter determined from the abovand durationT (T53) to rotate the chosen CQ,
equation, the durations of two resonant pulses surrounding (b) Use an off-resonant red-sideband pulse to complete
the first red-sideband pulse are further determined by solvinthe C* logic operation between the chosen CQ and BQ and

Eq. (14) for different initial phases; e.g., (c) Use another resonant pulse with initial phas (or
) ) 37/2) and durationTs (T4) on the chosen CQ to complete
_(p'+1 q'+0.25 the gate operatio€ between the chosen CQ and BQ.
tl_ a + = Tl! . .
Qoo (X% Some values of these experimental parameters are given

in Table I. The durations of the applied pulses are given by

p'+1 q'+0.2 the quantitie€t;/7,j=1,2,3 in the table. It is seen from the
ty=m Qoo Oy, =Ts for ¢1=pg=m/2; table that the switching speed of tBd' gate depends on the
’ ' Rabi frequency) and the LD parametes;. It can be esti-
t,=Ts, tz3=T, for ¢,=ds=37/2; mated numerically once the experimental parameters are de-
fined. For example, in the case of a recent experiribfita
p’.q'=1,23.... (17 single °Be™ ion confined in a coaxial-resonator radio fre-

quency ion trap and cooled to its quantum ground state by
So far we have shown that, once the coupling paramgter Raman cooling, the target qubit consists of ti®,, hyper-
is set up appropriately, the “reduced” two-qub@™ logic ~ fine ground states of°Be™: 2S;,/JF=2m=2) and
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23, )F=2mz=1), separated byv/27=1.25 GHz. If the N-1

1 .
Rabi frequencies are chosen @s=27x 140 kHz for reso- W)= \/_N izEO cli), ¢i==*1,
nant excitations andy{) =2 x 30 kHz for off-resonant ex-

citations, one can easily show that the shortest duration of

the applied pulses for the realization of the ex@ttgate is which is the computat|0r_1al initial state for aImos'F all quan-
about 104 tum algorithms, can easily be prepared by applyigeso-

In summary, we have suggested a method for implemen nant pulses with equal initial phas@$2 (or 37/2) and du-

ing quantum logic operations between the BQ and CQ be[anons Qmmt=m/4 to N trapped ions synchronously. We

yond the LD limit. In the controlled operations, the BQ acts note that the CQs in such an operator are not correlated with

as the control qubit. It is worthwhile to point out that the BQ each other except by sharing a common phonon mode. For

is really not an additional qubit in the quantum computer.reaIIZIng quantum computation with théion quantum reg-

because one cannot perform any single-qubit operation olster, we shall construct the universal two-qubit controlled
the BQ. However, the BQ can serve as an intermediary t(gates between different CQs.

perform quantum logic operations between different CQs.

This will be the subject of the next section. B. C” logic gate between different trapped ions

The C? logic operation between thi¢h ion andjth ion,
1. UNIVERSAL GATES FOR QUANTUM COMPUTATION A
WITH TWO-LEVEL TRAPPED COLD IONS BEYOND Cécl_:|gi)|gj><gi|(gj|+ lgilep{ail(el+elg;)

THE LD LIMIT
X(e(gi|—|eple(el(eil, 19
The ion-trap quantum computer consists of a string of (eil{gjl =lele)(eil(ej 19
ions stored in a linear radio-frequency trap and cooled sufﬂ-means that if the first CQcontrol qubil is in the stateg,),

ciently. The motion of the ions, which are coupled togetherthe operation has no effect, whereas if the control qubit is in

due to the Coulomb force between them, is quantum meg, h f th :
S L . i n r it i
chanical in nature. Each qubit is formed by two internal Iev-t e statele;), the state of the second CQarget qubit is

els of an ion. The ions are sufficiently separated to be adr_otat(_ad by the Paull operatfrrz.. To realize this operatiqn we
dressed by different laser beafig, i.e., each ion can be consider the quantum evolution of a three-qubit systeen,
illuminated individually. The communication and logic op- WO CQs and the BQ initially in the sta{@)) driven by an
erations between qubits are performed by using laser pulsédi-résonant laser pulse. Using three-step red-sideband
sequentially to excite or deexcite quanta of the collectivePU!Ses with the same frequenay =wo—  to theith, jth,
vibration (i.e., the shared phonbmodes, which act as the and again theth ions sequentially, we have the following
BQ. Following Monroeet al. [11], only the lowest vibration dynamical evolutions:

mode of the ion string, i.e., the harmonic motion of the cen-

ter of mass, is considered. In the interaction picture defined 0)gi)|g;)—10)gi)lg;).
by the unitary operator
N |0)[gi)|ej)—Ba|0)|gi)|€;) + B2 0)[€)[9;)
O () =exd —iwt(@ta+12][] exp—its;o; /2), +Bal1)|gi)|9)),
=1

|0)|ei)|g;)—C1|0)|gi)|e)+ C,|0)|e)|g;j)
+CslD)gilg;),

the Hamiltonian of the system takes the form

R . ..
=— Qfo; 4 i 7 U cl
=2 2 Oilopexdin(@rahl+Hel, (9 0)lenle)—Dal1)lg)le) + Dol Dlenlg,)

with Q;=Q, 7,=7. We have shown in the above section +D3|2)[gi)|g;) + D4l0)|e)]e)), (20
that simple rotations on a single CQ and controlled opera-
tions between a CQ and the BQ can be realized exactly by)”th
applying suitable laser pulses. In the following we show how
to implement universal quantum gates involving many CQs B,=cogQq t5), B,=—e(?2~%3sin(Qq t5)sin(Qq it}),
assisted by their common BQ.
— iq}/ H ’ .
A. Operation of multiple CQs Bs=—e"sin((o 17)c08 Qo t3);
Operations on different CQs can be performed by apply-
ing different laser beams to different ions. As a conse-
guence,rotation operations on different CQs can be per- o
formed individually and synchronously. For example, for a ~ C,=cog Qg 1t;)cos Qg 1t5) —e' (P17 ?Isin( Qg qt1)
guantum register witiN trapped cold ions, it is easily proven .
that the uniform superposition state of tNeCQ register X cog Qg tSIN(Qg at3),

Cy=—€/41-92sin( Qg t])sin( Qg 1),

062316-6
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Cy=—€%18in( Qg it7) COY Qg 1t5)COL Qg )

—e ¢éCO€(Qo,1ti)Sir‘(Qo,1té);

—[€'?15in( Qg t})cOL Oy 5)CO Qg 1t5)

+e%3c0q Qg it]) o Qg 1) SIN( Qg 115)],

D,

—¢e ¢é[CoiQovlti)Sir(Qoylté)COiQI,Zté)

+€/(41793)sin( Qg 1t]) SN2y 5)Sin( Q1 A45)],
D= €'?2[ e 1sin( Qg 1t})Sin(Qy 5) COL Oy AS)
+ € #3005 Qg 1) SIN( Qg 1t5)SIN( Q4 A5)],
D= cog Qg 1t})c08 Qg 1t5)cog Qg ¢) — €179
XSin(Qg 1t1)COK 0 A5)SIN(Qg 1t3).

Here ¢/ andt/ (i=1,2,3) are the phase and duration of the
first, second, and third off-resonant pulses. They should b

set up properly for realizing the operatiél*fiCj . Obviously,

if the LD parametery and the duration of the second off-
resonant pulse are set up according to &j.to implement

the logic operatiorf:fjb between the BQ and thigh CQ, the
coefficients in Eq(20) reduce to

B]_: 1, BZZ 83:0,

Co=c0g Qg t1)co Qg 1t5)

— el (P1799sin( Qg 1t])SIN( Qg t5),

Cy=—¢ ¢15in(90,1t1)005(90,1t§)

—e'%3c0g Qg t})sin( Qg t5);

D;=e'*1sin(Qg it})cos Qo t3)
—ei?3c04 Qg 1t])sin( Qg it3),
D,=D3=0,
D,=cog Qg t;)cog Qg qt3)
+e/ (417 939sin( Qg 1t})SIN( Qg 1t5).
These coefficients further become
B,=B3=

0 Bl—l, C1:C3:0, C2:1,

D1=D2=D3=O, D4=_1,

if ¢1,¢5 andt],t; are further set up to satisfy the conditions
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d1=¢s*x2km, k=0,1,2...,

cog Qo s(t+13)]=1,c0$Q0(t; —t3)]=—-1. (21)

This means that, once the LD parameter is set up properly, a
C p gate operation, surrounded by two off-resonant pulses

addressmg théth CQ, yields the exacC* logic operation
between theth andjth ions, i.e.,

Re(¢5,t5)CE bRcb(gbl, t)—Ce. 210)0]. (22

The BQ remains in its initial state after the operation. Equa-
tion (21) implies that

Qoit}=(k+k')m— = 901t3 (k=K' )w+—

k,k'=1,2,3.... (23
dhis shows that, once the LD parameigrs set up properly,
the C* logic operation(19) between théth and thejth CQs
can be realized exactly by sequentially applying three-step
red-sideband pulses with adjustable durations. The procedure
for realizing this gate can be summarized as follogas:A
red-sideband pulse wit, ,t;=37/2 is applied to theth
ion; (b) a red-sideband pulse wit ;t,=2 is applied to
the jth ion; and(c) a red-sideband pulse witf g ;t;= /2,
whose phase equals that of the first one, is applied totthe
ion again.

Comparing to Cirac-Zoller’s proposg], we note that the
same number of pulses for implementing @logic opera-
tion between different ions are required. An obvious advan-
tage of the present method is that no auxiliary atomic level is
needed. Thus laser pulses with different polarizations are not
required.

C. CN logic operation between different trapped ions

As another universal two-qubit gate for an ion-trap quan-
tum computer, th€" logic operation between a pair of CQs
(e.g., theith andjth iong,

Coie, =lonlg(ail(gil +1g)le;)(il(ej +enlg))

X(eil(ejl +|e)lep(el(gl, (24)
means that if the first CQcontrol qubi} is in the statdg;),

the operation has no effect, whereas if the control qubit is in
the statele;), the state of the second C@arget qubit un-
dergoes aloT operation. In Ref[11] Monroeet al. showed
that if theCN gate(15) between the target quijind the BQ

is surrounded by two extra operations, which map and reset
the state of the control qubitonto the state of the BQ, the
CN gate operatiori24) may be carried out. We now give an
alternative method to realize ti@" logic operation(24) by

making use of the two-qubit opera\titﬁﬁficj and the single-
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qubit operatiorfc(m,¢,t). When the BQ is in the sta®), we know from Sec. Il that the rotation on thith CQ

Fe (0..t) =cod Qo h)[g;)(gj| —iesin(Qo )] g;) (e —ie ™ *sin( Qo ¢) € )(gj| + cog Qo ) ))& (25

can be carried out by applying a single resonant laser pulse tgthhien. The state of the BQ is not changed during this
operation. If the@fiCj gate is surrounded by the operaticfrgjs(o,(ﬁ{,t{) andfcj(0,¢>§,t§), we have

ch(0,¢>§’tg)ééchcj(O,Wi’t/l’): Boood9i)19;)(gil{8;j| + Boood 9i)|9;){gil{€j| + Boo1d 9i)|€){9il{g;j|+ Boo1d9i)| &)

X(gil(€j|+ B1iod€i)|gj){eil(gj| + Briodei)|gj)(eil(ej|+ Bridei) ej)(eil(gl

+Bude)|e)(el(el,

with
Boooo= €0 Qg ot3) cOg Qg ot
— 6!z Msin( Qo t5)siN( Qo d1),
Booor= —i[€'#1c08 Qo i) sin( Qg ¢t})
+e/%3sin( Qg t5) cog Qo )],
Boorg= —i[€ ' #3sin( Qg ot5) cOS Qg
+e711cog o ¢t4)sin( Qo ¢,

Boo11= €O Qg ot3)cO Qg

—e 1195 PDsin( Qo ¢ sin( Qo o),

B1100= COL Qo ) cog Qg ¢
+ei(#h- ¢’1’)sin(90’0t’3’)sin(ﬂo,ot'1' ,
B1ior= —i[€'%1cog Qo ¢t%)sin( Qg ¢}
—e%ssin( Qo o) cos Qo ),
Biug= —i[e #sin( Qo i) cos Qo ¢
—e 1%1cog Qo ¢)sin( Qo g )],

B1111= —€C0gQq ot3)cOL Qg t]

—e 19537 2Dsin( Qo ¢ sin( Qo o).

Here, ¢7,t] and ¢3,t5 are the phases and durations of the
resonant pulses applied to perform two rotations on the targ
CQ, i.e., thejth ion. Similarly, one can easily prove that, if

#y,¢3 andt] tj satisfy

PL= ¢+ 2km, k=012...,

(26)

Qod1=(p+p' =347, Qods=(p—p' +3/4)m
for ¢=m/2=2km,p,p'=1,2,3...; (27
Qodi=(p+p' —Ld 7, Qods=(p—p' + 147
for ¢1=3m/2x 2Kk,

the coefficients in Eq(26) become
Booog= Boo11= B1107= B1110= 1,
Booo1= Boo1o= B1106= B1111= 0.

This means that an exaélécj surrounded by two resonant

pulses applied to th¢th CQ can give rise to an exac"
logic operation between th¢h andjth CQs, i.e.,

F,(0.65.15)CFc e (047t —Coc . (29)

The durations of two applied resonant pulses are determined

again by Eq.(18). We summarize the process for realizing

the logic operationﬁg‘icj as follows:(a) A resonant pulse with

initial phase/2 (37/2) andQ ot} =57/4(77/4) is applied
to the target CQthe jth ion); (b) three-step red-sideband
pulses are sequentially used to implem@&atgate (19) be-
tween theith andjth CQs; and(c) another resonant pulse
with initial phasen/2 (37/2) and Qg ¢t5=3m/4 (7/4) is
applied to the targejtth CQ.
In summary, we have given a method to implement arbi-

tary one-qubit rotations on any single CQ and @léor C*
gate between any pair of CQs with trapped cold ions. These
operations form a universal set. Any unitary operations on an
arbitrary number of CQs can be expressed as a composition
of the elements in the set. We note that the initial state of the
BQ in the above discussion is always assumed to be its
ground staté0). One can prove that, if the BQ is initially in

n excited state, e.d1), |2), etc., universal two-qubit gates

etween different ions cannot be realized by a one-quantum
excitation process. Implementing quantum computation by
making use of the multiquanturfimultiphonon interaction
between the CQ and BQ will be discussed in a future publi-
cation.
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IV. CONCLUSIONS durations applied to the target ion yields the corresponding
CN logic operation between two ions.

We have demonstrated the possibility of performing ion- Compared to other methods for realizing the exadt

trap quantum computation with two-level ions beyond the, . . . .
logic operation on an ion-trap quantum register, the present

LD limit. The method for realizing the exact universal quan-
i ) . . . scheme has some advantages. Although the same number of
tum gates, i.e., single-qubit rotations and two-qubit con-

trolled logic operations, has been discussed in detalil. ThQUIseS is needed for realizing ti&" logic gate as that re-

present scheme is not limited to small values of the LD pa_ported in Refs[8], [13] and[14], the aux_iliary.atomic level
rameter and does not require an extra atomic level. There"’}nd LD approximation are not required in the present

fore, laser pulses with different polarizations are not neededS.Cheme' Our approach to realizing @8 gate is also differ-

There are two requirements for our scheme. First, the L[fmt from that in Refs|11] and[26], where a controlled op-

parameter; must be set up accurately for realizing the exacteratlon Nbetween the BQ and CQ, which IS equivalent t(.) the
éxactc gate only under local transformation, was realized

C? logic operation between the internal and external degree aoplving a sinale resonant pulse. In the present scheme
of freedom. Second, the durations of all applied laser pulse Y apply gN ng L P ) P
e exactC" logic gate is implemented by an off-resonant

must be adjusted accurately. We have shown thatGhe ulse surrounded by two resonant ones. We hope that the
logic operation between the external and internal states cdd Dy : _hop
present scheme will be useful for future experiments.

be realized by using a single off-resonant pulse. Tfigate
CZ, surrounded by two resonant pulses with suitable dura-
tions gives rise to the exact correspond@®y logic gate. We
have further shown that tf‘@z |OgiC Operation between dif- This work was Supported by the Natural Science Founda-
ferent ions in a trap can be implemented by using a threetion of China, the Special Funds for Major State Basic Re-
step sequence of off-resonant pulses. The second offearch ProjectGrant No. 200688 the Shanghai Municipal
resonant pulse is used to realize t@€ logic operation Commission of Science and Technology, and the Shanghai
between the internal and external states of the target ion, antbundation for Research and Development of Applied Mate-
the first and third ones are applied to the control ion. Tfis  rials. One of usL.F.W) is grateful to Professor J. Q. Liang
gate Cécj surrounded by two resonant pulses with suitablefor helpful discussions.
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