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Teleportation improvement by conditional measurements on the two-mode squeezed vacuum

P. T. Cochrane,* T. C. Ralph, and G. J. Milburn
Department of Physics, The University of Queensland, St. Lucia, Queensland 4072, Australia

~Received 10 August 2001; revised manuscript received 5 February 2002; published 30 May 2002!

We show that by making conditional measurements on the Einstein-Podolsky-Rosen~EPR! squeezed
vacuum@T. Opatrný, G. Kurizki, and D.-G. Welsch, Phys. Rev. A61, 032302~2000!#, one can improve the
efficacy of teleportation for both the position-difference, momentum-sum, and number-difference, phase-sum
continuous variable teleportation protocols. We investigate the relative abilities of the standard and conditional
EPR states, and show that by conditioning we can improve the fidelity of teleportation of coherent states from

below to above theF̄52/3 boundary, thereby achieving unambiguously quantum teleportation.

DOI: 10.1103/PhysRevA.65.062306 PACS number~s!: 03.67.Hk, 42.50.2p
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I. INTRODUCTION

Over recent times, teleportation has shown itself to b
fundamental building block in the business of quantum
formation processing@1–8#. In continuous variable telepor
tation the entanglement resource is usually the two-m
squeezed state, or the Einstein-Podolsky-Rosen~EPR! state
@20#. The quality of teleportation depends upon ho
squeezed the EPR state can be made. High levels of squ
ing are hard to achieve, so other techniques for improv
teleportation need to be considered. Opatrny´, Kurizki, and
Welsch@9# showed that one can improve standard continu
variable teleportation, by conditioning off detection resu
from very weakly reflective beam splitters inserted into ea
arm of the entanglement resource. Making such conditio
measurements selects a subensemble of more highly
tangled states that can then be used to teleport more e
tively. From this point of view it is similar to a distillation
protocol. The conditioning procedure also gives informat
on when one should attempt to teleport the input sta
thereby improving the efficiency of teleportation. Opatrn´,
Kurizki, and Welsch looked at the example of teleportati
of Schrödinger cat states.

In this paper we concentrate on the more experiment
relevant situation of coherent states. We consider the rela
merits of the conditioned and unconditioned EPR states
the original scheme@5# ~generalized to include a variabl
gain and output state amplitude! and show that the condi
tional entanglement resource improves the efficacy of t
portation. We maximize the average fidelity over the gain
show a teleportation efficiency improvement from using
conditioning procedure. We show that the conditioning p
cedure can produce unambiguous quantum teleportatio
coherent states from an entanglement resource initially
able to do so. The number-difference, phase-sum telepo
tion protocol of Milburn and Braunstein@10# is also ana-
lyzed. The conditioning procedure improves the outp
fidelity of the teleportation scheme; the conditional sta
being shown to be simultaneous eigenstates of number
ference and phase sum for sufficiently high levels of sque
ing.

*Electronic address: cochrane@physics.uq.edu.au
1050-2947/2002/65~6!/062306~6!/$20.00 65 0623
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II. ENTANGLEMENT RESOURCE IMPROVEMENT

Following Opatrny´, Kurizki, and Welsch@9#, we introduce
a very weakly reflective beam splitter into each EPR be
and look for coincidences occurring from only one phot
being reflected. Such coincidences tell us when we hav
‘‘good’’ resource and, therefore, when to teleport, it mere
being a matter of time to wait for such an occurrence. T
photon-subtracted EPR state is an entanglement reso
produced by these conditional measurements@9#. Consider
the experimental schematic shown in Fig. 1. To obtain
expression for the photon-subtracted resource we calcu
the effect of introducing a beam splitter into each mode
the EPR state,

uc&EPR5A12l2(
n50

`

lnun,n&AB , ~1!

FIG. 1. Schematic of continuous variable teleportation. SV
the two-mode squeezed vacuum entanglement resource, one
of which goes to Alice~labeledA), the other to Bob~labeledB).
Alice mixes the unknown input stater in on the 50:50 beam splitte
and measures position differencex2 and momentum sump1 . She
sends this information via a classical channel to Bob who th
makes the relevant local unitary operations on his beam, depen
upon the information from Alice, to recreate the input state at
locationrout . The conditional resource is made by inserting be
splitters of reflectivityu in each arm of the teleporter, a Fock sta
uM& at the spare port of the beam splitters, and detectingN at the
detectors. The left-hand beam splitter’s input mode is labeledC; the
right-hand beam splitter’s input mode is labeledD.
©2002 The American Physical Society06-1
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wherel is the squeezing parameter, the labelsA andB refer
to the first and second modes, respectively, and we h
made the definitionun,n&[un& ^ un&. ModesA and B refer,
respectively, to the left- and right-hand output of the pa
metric down converter@~SV! where SV is squeezed vacuum#
in Fig. 1. ModesC andD being the modes at the spare po
of the left- and right-hand beam splitters, respectively. T
effect of the beam splitter is described by the unitary ope
tor

U~u!5exp@ iu~a†c1c†a!#, ~2!

whereu is the beam splitter reflectivity anda, a†, c, andc†

are the annihilation and creation operators for modesA and
C, respectively. We expand to second order in the beam s
ter reflectivity and condition on the resultN51 at each de-
tector with the vacuumuM&5u0& at the spare port of eac
beam splitter. The photon-subtracted state in the Fock b
is

uc&PS5A~12l2!3

11l2 (
n50

`

~n11!lnun,n&AB , ~3!

where PS denotes that this is the photon-subtracted reso
The probability of obtaining this state is dependent upon
squeezing parameter and the reflectivity of the beam spli

P~u,l!5u4
11l2

~12l2!3
. ~4!

The main drawback of this conditioning technique is t
small probability of the coincidences occurring. This is offs
by the current experimental feasibility of detecting sing
photon coincidences, the knowledge of when to teleport
input ~as given by coincidence events!, and the realization
that given finite resources — such as squeezing — tele
tation can be improved.

The photon number distribution for the photon-subtrac
EPR state has a higher weighting for large photon numb
than the standard EPR state~Fig. 2!. This suggests that th
conditioning procedure behaves similarly to entanglem

FIG. 2. Photon number distributions for the standard EPR s
~solid curve! and the photon-subtracted EPR state~dashed curve!
for a squeezing parameter ofl50.8.
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distillation. To support this intuition we use the fact that t
resource states are pure and calculate the von Neuman
tropy S52Tr(r ln r) as a function of the squeezing param
eterl. It is known that the von Neumann entropy is a go
measure of entanglement for bipartite pure states@11#, hence
we can analyze the difference in entanglement between
standard and conditional EPR states. We show in Fig. 3
von Neumann entropy as a function of squeezing param
for the photon-subtracted EPR state~dashed line! and the
standard EPR state~solid line!. Note that the entropy of the
conditioned state is higher for a given level of squeezi
This result shows that the entanglement in the conditio
resource is higher than that in the standard resource, h
conditioning procedure seems to have had the effect of
tilling entanglement out of the initial EPR state.

It is interesting to note that the conditional EPR states
not exhibit EPR correlations in the usual sense. That is,
variance of the amplitude sum and phase difference qua
ture amplitudes are above shot noise for large values
squeezing. This is contrary to the standard definition of E
correlations in which quadrature amplitude variances exh
sub shot noise correlations@14#. However, fourth-order mo-
ments do decrease with increasing squeezing~and it is ex-
pected that higher order moments also show this behav!
indicating that EPR-like nonlocal correlations exist in t
higher order but not necessarily the second-order mome
That this novel situation can arise is a consequence of
non-Gaussian nature of the conditioned states.

III. POSITION-DIFFERENCE,
MOMENTUM-SUM TELEPORTATION

Opatrný, Kurizki, and Welsch@9# arrive at expressions fo
the teleportation fidelity, measurement probability, and av
age fidelity~the fidelity averaged over all measurements a
weighted by the measurement probability! by calculating the
effect of the teleportation operations on the relevant wa

te

FIG. 3. von Neumann entropyS versus squeezing parameterl.
The standard EPR state gives the solid curve and the pho
subtracted EPR state the dashed curve. The figure shows a h
entanglement content in the photon-subtracted EPR state relati
the standard EPR state.
6-2
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TELEPORTATION IMPROVEMENT BY CONDITIONAL . . . PHYSICAL REVIEW A 65 062306
functions and then transforming into the Fock basis. In t
paper we use the formalism of Hofmannet al. @12# to calcu-
late these parameters. The fidelity is defined as the ove
between the input stateuc&T and the output staterout ,

F5T^curoutuc&T . ~5!

Teleportation in this formalism proceeds as per normal
continuous variables@3–5,7#; Alice has one component of a
entangled pair of states and Bob the other. She mixes
entangled state with the state she wishes to teleport to
on a beam splitter, and measures the position difference (x2)
and momentum sum (p1). Alice sends these results to Bo
via a classical channel, who now displaces his state by
amountb5x21 ip1 to recreate the input state at his loc
tion. The entire teleportation process can be described
transfer operatorT̂(b) such that

uc~b!&out5T̂~b!uc&T ~6!

is the output state, normalized to the probability of meas
ing the resultb,

P~b!5out^c~b!uc~b!&out . ~7!

One is able to describe the probability of measuring a gi
b, the fidelity of teleportationF(b), and the average fidelity
F̄, in terms of the transfer operator as follows:

P~b!5T^cuT̂†~b!T̂~b!uc&T , ~8!

F~b!5
1

P~b!
uT^cuT̂~b!uc&Tu2, ~9!

F̄5E d2bP~b!F~b!5E d2buT^cuT̂~b!uc&Tu2. ~10!

Following this formalism one merely needs to calculate
transfer operator for the given entanglement resource in
der to obtain the parameters of interest. Hofmannet al. @13#
showed for the standard EPR state that the transfer ope
is

T̂~b!5A12l2

p (
n50

`

lnD̂T~gb!un&^nuD̂T~2b!. ~11!

HereD̂T(b) is a displacement of amountb andg is the gain
of the teleporter. By noting correspondences between
standard EPR state and the photon-subtracted EPR stat
can write expressions for the transfer operator for each.
photon-subtracted EPR state transfer operator is

T̂~b!5A ~12l2!3

p~11l2!
(
n50

`

~n11!lnD̂T~gb!un&^nuD̂T~2b!.

~12!

We briefly note that if one has an entanglement resou
of the form
06230
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uc&5N(
n50

`

cnun,n&, ~13!

whereN is the normalization of the entangled state and
cn are the coefficients that describe its photon number dis
bution, one can generalize the transfer operator to

T̂~b!5AN
p (

n50

`

cnD̂T~gb!un&^nuD̂T~2b!. ~14!

It is easy to see that the entanglement resource discuss
this paper is of this form. The significance of this result
that one has some freedom to choose an entanglemen
source applying directly to the given situation. Doing so m
help to enhance the teleportation fidelity or ease of imp
mentation of the protocol. For example, in the current exp
mental setup~Fig. 1! another possible resource, a photo
added conditional EPR state can be obtained by having o
photon Fock states (uM&5u1&) incident at the spare port o
the beam splitters and measuring the vacuum (N50) at the
detectors. This state is represented in the Fock basis by

uc&PA5A~12l2!3

11l2 (
n50

`

~n11!lnun11,n11&AB ,

~15!

wherePA denotes that this is the photon-added resource,
its transfer operator is

T̂~b!5A ~12l2!3

p~11l2!
(
n50

`

~n11!lnD̂T~gb!un11&

3^n11uD̂T~2b!. ~16!

This transfer operator also fits into the general form m
tioned above. This alternative entanglement resource is
discussed further here since it gives identical results to
of the photon-subtracted EPR state and would be more
ficult to realize experimentally.

We consider teleportation of a coherent state to gauge
ability of the conditional EPR state relative to the standa
EPR state. The fidelity is calculated including a variable g
g and output coherent amplitudeg so as to include the pos
sibility of the output state being an attenuated or amplifi
version of the input state. Choosing a coherent state of
plitude a53, an output amplitudeg53, and unity gain, we
calculate the average fidelity of teleportationF̄ as a function
of squeezing parameterl for both the standard and photon
subtracted EPR states. Figure 4 shows both of these f
tions; the photon-subtracted EPR state~dashed curve! tele-
porting better than the standard EPR state~solid curve!, since
its average fidelity is higher for all values of the squeez
parameter. This result means that the conditioning techni
has improved the efficacy of teleportation.

Polkinghorne and Ralph@15# identified a particular gain
for which the output of teleportation using the standard E
resource exactly corresponds to an attenuated version o
input. A similar, though not as ideal effect also occurs for t
conditional EPR resource. In Fig. 5 we show the avera
6-3
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fidelity F̄ maximized over the gain for a given comparis
coherent amplitude@21#, in the example of teleportation of
coherent state of amplitudea55, with a squeezing param
eter of l50.5. Both the standard~solid curve! and the
photon-subtracted~dashed curve! EPR resources are show
According to Polkinghorne and Ralph, the average fide
goes to unity when the gain is equal to the squeezing par

FIG. 4. Average fidelityF̄ as a function of squeezing paramet
l for teleportation of a coherent state of amplitudea53 using the
position-difference, momentum-sum continuous variable telepo
tion protocol. The dashed curve is the average fidelity for
photon-subtracted EPR state and the solid curve is for the stan
EPR state. The dashed curve is above the solid curve for all va
of the squeezing parameter, showing that the photon-subtra
EPR state performs better than the standard EPR state as a
tanglement resource for teleportation.

FIG. 5. Average fidelityF̄ maximized over the gain as a func
tion of comparison coherent amplitudeg for teleportation of a co-
herent state of amplitudea55, with a squeezing parameter ofl
50.5. The standard EPR resource is the solid curve; the pho
subtracted EPR resource is the dashed curve. Note that althoug
average fidelity for the photon-subtracted resource does not r
unity as the standard resource does, it reaches its maximum
0.976 at a larger comparison amplitude ofg53.7, implying that
there has been an efficiency increase due to using the condit
entanglement resource.
06230
y
-

eter for the standard EPR resource. This is evident in
figure since the solid curve reaches its maximum value
unity atg52.5, which is the expected comparison amplitu
for a gain of 0.5 (5l). The photon-subtracted average fide
ity does not go to unity as the standard EPR resource d
reaching a maximum of 0.976. However, it reaches t
maximum at a higher comparison coherent amplitude og
53.7. This implies that our conditioning technique may
improving the efficiency of the protocol. The conditional r
source also beats the standard resource at this compa
amplitude and at unity gain~wheng5a55), implying that
the conditional resource does better than the standard
source in the region of interest.

The boundary beyond which entanglement is required
continuous variable teleportation of coherent states w
found by Furusawaet al. @3# to beF̄50.5. On the other hand
a qualitatively different boundary, beyond which the sta
reproduction is unambiguously quantum was found by Ra
and Lam@7# and has recently been the source of considera
discussion@16–18#. The criterion for beating this secon
boundary at unity gain isF̄.2/3 @7,16,17#. Consider the av-
erage fidelity of both the standard EPR state and the pho
subtracted EPR state as functions of the squeezing param
l, shown in Fig. 6, where we teleport a coherent state
amplitudea53 with the teleporter at unity gain. We can fin
a region where the conditional resource beats the 2/3
cessful quantum teleportation limit while the standard
source does not; this region is shaded gray in the figure.
horizontal line denotes theF̄52/3 boundary and the vertica
line gives the upper edge of the shaded region, occur
where the average fidelity of the standard EPR state eq
2/3. The significance of this boundary is that above theF̄
52/3 there exists no other better copy of the state that B
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FIG. 6. Average fidelityF̄ as a function of squeezing paramet
l for teleportation of a coherent state of amplitudea53 using the
standard EPR state~dashed line! and the photon-subtracted EP
state~solid line!. The gray shaded region denotes where the phot
subtracted EPR state beats the 2/3 successful quantum telepor
limit, whereas the standard EPR state does not. The horizontal

denotes theF̄52/3 boundary and the vertical line gives the righ
hand edge of the shaded region and is where the standard EPR
lies on the boundary.
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TELEPORTATION IMPROVEMENT BY CONDITIONAL . . . PHYSICAL REVIEW A 65 062306
gets@17#. Below this fidelity it is possible for Alice to have
cheated, keeping a better copy for herself, or an eavesd
per to have obtained a duplicate, possibly better copy. Us
our conditioning technique, Alice and Bob are able to i
prove the teleportation output and ensure that Bob obt
the best copy from an entanglement resource initially una
to do so.

IV. NUMBER-DIFFERENCE,
PHASE-SUM TELEPORTATION

Milburn and Braunstein@10# introduced a teleportation
protocol using number-difference and phase-sum meas
ments on the standard EPR state. Their protocol has the s
structure as the more usual teleportation scheme involv
the two-mode squeezed vacuum but the measurements
by Alice are of number difference and phase sum. Claus
Opatrný, and Welsch @19# proposed a variation on th
scheme of Milburn and Braunstein avoiding problems as
ciated with the measurement of phase. Their teleporta
scheme is conditional on Alice making certain measu
ments, whereas the scheme discussed here uses anentangle-
ment resourcethat is conditional on making certain measur
ments and follows the protocol of Milburn and Braunste
~and later by Cochrane, Milburn, and Munro@8#! exactly.
Because Clausen, Opatrny´, and Welsch’s scheme is cond
tional upon Alice’s measurements, it does not work for ev
run of the experiment. However, our scheme works for ev
run since we wait until the resource is improved before
ecuting the protocol.

We now show that making photon-subtracted conditio
measurements on the standard entanglement resource
proves the number-difference, phase-sum protocol also.
usual EPR state is an eigenstate of number difference a
near eigenstate of phase sum for sufficiently large squee
@8,10#. To see that the photon-subtracted EPR state also
fils these criteria, we calculate the joint phase probabi
density for the photon-subtracted EPR state. In general
joint phase probability is given by

P~f1 ,f2!5u^f1u^f2uc&ABu2, ~17!

FIG. 7. Joint phase probability distribution as a function of bo
phase sumf1 and squeezing parameterl. The distribution be-
comes sharply peaked with increasingl, indicating that the photon-
subtracted EPR state is tending towards eigenstates of phase
06230
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where theuf j& are the phase states@14#,

uf j&5 (
n50

`

e2 if j nun&. ~18!

The joint phase probability density for the photon-subtrac
EPR state is

P~f1 ,l!5
~12l2!3

11l2 U(
n50

`

einf1~n11!lnU2

, ~19!

wheref15f11f2 is the phase sum. Asl→1 this distri-
bution becomes more peaked aboutf150 on the range
@2p,p#, implying that the phase is highly correlated and t
state is close to an eigenstate of phase sum. This is show
Fig. 7.

Teleportation proceeds as follows@8,10#: Alice has one
component of the two-mode squeezed vacuum, Bob
other. Alice makes joint number-difference and phase-s
measurements on the target state and her component o
entanglement resource, obtaining the resultsk and f1 , re-
spectively. She sends these results to Bob via a class
channel who performs the phase shifteinf1 and the amplifi-
cationun1k&→un&, wheren is an index, to obtain the targe
state at his location. We find for a given number-differen
measurement between Alice’s mode and the input statek that
for the photon-subtracted EPR state the teleportation fide
is

m.
FIG. 8. Average fidelityF̄ as a function of squeezing paramet

l for teleportation of a coherent state of amplitudea53 using the
number-difference, phase-sum teleportation protocol. The das
curve is the average fidelity of the photon-subtracted EPR state
the solid curve is the average fidelity of the standard EPR state.
dashed curve lies above the solid curve for all values of the squ
ing parameter, showing that the photon-subtracted EPR state
ports better than the standard EPR state.
6-5
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F~k!55
~12l2!3

~11l2!P~k!
U(

n50

`

ucn1ku2~n11!lnU2

, k>0

~12l2!3

~11l2!P~k8!
U(

n50

`

ucnu2~n1k811!l (n1k8)U2

, k852k.0,

~20!

where thecn are the coefficients describing the photon number distribution of the input state and

P~k!55
~12l2!3

11l2 (
n50

`

ucn1ku2~n11!2l2n, k>0

~12l2!3

11l2 (
n50

`

ucnu2~n1k811!2l2(n1k8), k852k.0

~21!
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is the probability of measuring the number differencek.
To illustrate the relative performance of the entanglem

resources we consider teleportation of a coherent stat
amplitude a53. The average fidelity as a function o
squeezing parameter for both the standard and pho
subtracted EPR states is shown in Fig. 8; the conditio
state ~dashed curve! outperforming the standard resour
~solid curve! over all values of the squeezing paramet
Again the conditioning procedure has improved the telep
tation protocol output.

V. DISCUSSION

By following the ideas of Opatrny´, Kurizki, and Welsch
@9# we have shown how to improve the efficacy of telep
, a

H.

r,

ys
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tation by making conditional measurements on the two-m
squeezed vacuum for both the position-differen
momentum-sum, and number-difference, phase-sum con
ous variable teleportation protocols. The conditional m
surements only require single photon coincidence detec
which, although a challenging task, is currently feasible
the laboratory. The coincidence events also indicate whe
is best to teleport. We have also shown that the conditio
EPR state gives a resource able to provide unambiguo
quantum teleportation for a large range of squeezing.
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@9# T. Opatrný, G. Kurizki, and D.-G. Welsch, Phys. Rev. A61,

032302~2000!.
@10# G.J. Milburn and S.L. Braunstein, Phys. Rev. A60, 937

~1999!.
@11# M.B. Plenio and V. Vedral, Contemp. Phys.39, 431 ~1998!.
@12# H.F. Hofmann, T. Ide, T. Kobayashi, and A. Furusawa, Ph

Rev. A62, 062304~2000!.
nd

J.

.

@13# H.F. Hofmann, T. Ide, T. Kobayashi, and A. Furusawa, Ph
Rev. A64, 040301~2001!.

@14# D.F. Walls and G.J. Milburn,Quantum Optics~Springer-
Verlag, Berlin, 1995!.

@15# R.E.S. Polkinghorne and T.C. Ralph, Phys. Rev. Lett.83, 2095
~1999!.

@16# T.C. Ralph, inDirections in Quantum Optics, Lecture Notes in
Physics~Springer-Verlag, Berlin, 2001!, p. 187.

@17# F. Grosshans and P. Grangier, Phys. Rev. A64, 010301~R!
~2001!.

@18# S.L. Braunstein, C.A. Fuchs, H.J. Kimble, and P. van Loo
Phys. Rev. A64, 022321~2001!.

@19# J. Clausen, T. Opatrny´, and D.-G. Welsch, Phys. Rev. A62,
042308~2000!.

@20# Strictly speaking, the two-mode squeezed vacuum is not
EPR state, however, in the limit of infinite squeezing it tends
the EPR state. This limit is unphysical since infinite squeez
requires infinite energy, but for moderate squeezing the tw
mode squeezed vacuum displays EPRcorrelationsand for this
reason is often referred to in the literature as an EPR state
shall follow this convention here.

@21# The variableg is the amplitude of the state with which Victo
~the verifier! uses to compare the output state of the protoc
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