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g factor of high-Z lithiumlike ions
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Theg factor of Li-like ions is evaluated in the rangeZ56 – 92. The interelectronic-interaction correction of
first order in 1/Z is calculated to all orders inaZ within a rigorous QED approach. The higher-order
interelectronic-interaction, the one-electron QED, and the nuclear recoil corrections are evaluated to lowest
orders inaZ. It is found that the uncertainty due to the nuclear size effect can be significantly reduced in a
specific difference of theg factors of H- and Li-like ions.
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I. INTRODUCTION

Accurate measurements of theg factor of H-like carbon
@1,2# stimulated theorists to calculate various contributions
this effect@3–15#. In particular, these investigations provide
an independent determination of the electron mass@14#. The
current accuracy of this determination is three times be
than that of the accepted value for the electron mass@16#. An
extension of these experiments to higher-Z systems, which is
anticipated in the near future@17#, would provide an inde-
pendent determination of the fine structure constant@8,17#,
nuclear magnetic moments@17#, and nuclear charge radi
They would also give a good possibility for a test of t
magnetic sector of QED in a strong Coulomb field. Howev
as is known@6,18,19#, investigations of the QED effects i
high-Z hydrogenlike systems are strongly restricted by
uncertainty due to the nuclear size effect. In particular,
investigations of the hyperfine splitting in heavy ions@20#
showed that the QED effects can be probed only at a spe
difference of the hyperfine splitting values in H- and Li-lik
ions, where the nuclear structure effects can be significa
reduced. In the case of the bound-electrong factor the role of
the nuclear structure effects is not so crucial as in the cas
the hyperfine structure splitting. It is caused by the fact th
in contrast to the hyperfine splitting operator, the operato
the interaction of the atomic electron with a homogene
magnetic field has a regular behavior at the nucleus. H
ever, as can be seen from Table 3 of@15#, for heavy H-like
ions the uncertainty of the 1s g factor due to the finite
nuclear size effect is comparable with the QED correction
second order ina and, therefore, restricts probing the QE
effects on theg factor of H-like ions to first order ina. For
this reason, investigations of theg factor of Li-like ions seem
particularly important since one may expect that the unc
tainty due to the nuclear size effect can be significantly
duced in a combination of theg factors of H- and Li-like
ions. In addition, the investigations of theg factor of Li-like
ions can serve as a very good test for various methods
are employed in relativistic calculations of many-electr
systems@21–26#, because all the contributions to theg22
value for anns state are of pure relativistic origin. We als
expect that high-precision measurements of theg factor of
Li-like ions combined with the related measurements
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H-like ions and with the corresponding theoretical investig
tions will provide a more accurate determination of the el
tron mass.

In the present paper we calculate theg factor of Li-like
ions with a spinless nucleus in a wide interval of the nucl
charge numberZ. The interelectronic-interaction correctio
of first order in 1/Z is calculated to all orders inaZ within a
rigorous QED approach. The higher-order interelectron
interaction corrections, the one-electron QED, and
nuclear recoil corrections are evaluated to lowest order
aZ. It is found that the uncertainty due to the nuclear s
effect can be significantly reduced in a specific difference
the g factors of H- and Li-like ions.

Relativistic units (\5c51) and the Heaviside charg
unit (a5e2/4p,e,0) are used in the paper.

II. BASIC FORMULAS AND CALCULATIONS

The ground-stateg factor of a high-Z lithiumlike ion with
a spinless nucleus can be written in the form

g5gD1Dgint1DgQED1Dgrec1DgNS, ~1!

where

gD5
2@A212g11#

3
522

~aZ!2

6
1¯ ~2!

is the one-electron Dirac value for a point-charge nucle
g5A12(aZ)2, Dgint is the interelectronic-interaction cor
rection, DgQED is the QED correction,Dgrec is the nuclear
recoil correction, andDgNS is the nuclear size correction
Below we evaluate all these corrections.

A. Interelectronic-interaction correction

The interelectronic-interaction correctionDgint can be
written in the following form:

Dgint52F ~aZ!2

Z
B~aZ!1

~aZ!2

Z2 C~aZ!

1
~aZ!2

Z3 D~aZ!1¯G , ~3!
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where the functionsB(aZ), C(aZ), andD(aZ) define the
interelectronic-interaction corrections of first, second, a
third orders in 1/Z, respectively. The interelectronic
interaction correction of first order in 1/Z is defined by dia-
grams shown in Fig. 1, where the dashed line ended b
shaded circle indicates the interaction with the homogene
magnetic fieldAcl(r )5@H3r #/2. In this figure, the labelv
denotes the valence electron while the labelc denotes one of
the core electrons. The formal expressions for the ene
shift due to these diagrams can easily be derived by the t
time Green function method@19#. This derivation can even
be simplified if one employs the representation in which
closed (1s)2 shell is regarded as belonging to the vacuu
This derivation was considered in detail in@27# where the
interelectronic-interaction corrections to the hyperfine sp
ting in Li-like ions were investigated. In the case under co
sideration, this derivation yields

DEint

5(
mc

H(
P

~21!P (
n

«nÞ«v ^PvPcuI ~DPcc!unc&^nudVuv&
«v2«n

1(
P

~21!P (
n

«nÞ«v ^vudVun&^ncuI ~DPcc!uPvPc&
«v2«n

1(
P

~21!P (
n

«nÞ«c ^PvPcuI ~DPvv!uvn&^nudVuc&
«c2«n

1(
P

~21!P (
n

«nÞ«c ^cudVun&^vnuI ~DPvv!uPvPc&
«c2«n

2^cvuI 8~Dvc!uvc&~^vudVuv&2^cudVuc&!J , ~4!

wherev and c are the valence and core electron states,
spectively,mc denotes the angular momentum projection
the core electron,Dab5«a2«b , dV(x)52ea•Acl(x),
I (v)5e2arasDrs(v), Drs(v,x2y) is the photon propa-
gator, which is given by

Drs~v,x2y!5grs

exp~ i uvuux2yu!
4pux2yu

FIG. 1. The interelectronic-interaction corrections of first ord
in 1/Z to theg factor of Li-like ions.
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in the Feynman gauge, andI 8(v)5dI(v)/dv. The related
contribution to the g factor is defined as Dgint
5DEint /m0Hmv , wherem05ueu/2m is the Bohr magneton
and mv is the angular momentum projection of the valen
electron. The numerical evaluation of the expression~4! was
carried out similarly to our previous calculations of the co
responding correction to the hyperfine splitting@27,28#. After
integration over angles, the finite basis set method was u
to evaluate infinite summations over the electron spectr
Basis functions were constructed fromB splines by employ-
ing the procedure proposed in@29#. The results of the nu-
merical evaluation, expressed in terms of theB(aZ) function
defined by Eq.~3!, are presented in Table I. The results f
point- and extended-charge nuclei are listed in the third
fourth columns, respectively. In the extended nucleus ca
the Fermi model was used to describe the nuclear cha
distribution. The uncertainty of this calculation was es
mated by taking the difference between the results obtai
with the Fermi and uniform sphere models for the nucle
charge distribution. The root-mean-square nuclear radii w
take from@30,31#. For comparison, the results of the relat
calculation performed in the framework of the Breit appro
mation for the point nucleus case are presented in the se
column of the table. In that approximation, the operatorI (v)
in Eq. ~4! is replaced byI C1I B , where

I C5
a

r 12
, ~5!

TABLE I. The interelectronic-interaction correction of first o
der in 1/Z to the ground-stateg factor of Li-like ions, expressed in
terms of the functionB(aZ) defined by Eq.~3!. Bp.n.(aZ) and
Bf.n.(aZ) denote the results of the rigorous QED calculation
point- and extended-charge nuclei, respectively.BBreit(aZ) indi-
cates the results obtained within the Breit approximation.

Z BBreit(aZ) Bp.n.(aZ) Bf.n.(aZ)

3 0.214 937 0.214 942
4 0.214 961 0.214 969
5 0.214 992 0.215 005
6 0.215 029 0.215 048
8 0.215 125 0.215 159
10 0.215 249 0.215 302 0.215 301
16 0.215 787 0.215 921 0.215 921
18 0.216 024 0.216 193 0.216 192
20 0.216 289 0.216 497 0.216 496
24 0.216 907 0.217 205 0.217 203
30 0.218 061 0.218 521 0.218 518
32 0.218 509 0.219 030 0.219 026
40 0.220 632 0.221 429 0.221 420
50 0.224 104 0.225 305 0.225 283
54 0.225 778 0.227 155 0.227 123
60 0.228 637 0.230 284 0.230 232
70 0.234 474 0.236 573 0.236 447
80 0.241 997 0.244 501 0.244 218~1!

82 0.243 753 0.246 327 0.245 991~1!

90 0.251 829 0.254 622 0.253 927~1!

92 0.254 155 0.256 984 0.256 152~2!

100 0.265 056 0.267 923 0.266 256~3!

r
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I B52aS a1•a2

r 12
1

1

2
@a1•“1 ,@a2•“2 ,r 12## D . ~6!

As one can see from the table, for low-Z systems the result
of the rigorous QED calculation almost coincide with tho
derived from the Breit approximation.

To evaluate the interelectronic-interaction corrections
higher order in 1/Z, we employed the results of@23#, where
the g factors of Li and Be1 were calculated within the Brei
approximation. Subtracting the 1/Z term from those results
and fitting the rest to the form 2(aZ)2@C(0)/Z2

1D(0)/Z3#, we find C(0)'20.0445 and D(0)'
20.0497. The uncertainty of this determination is estima
to be about 20%.

B. QED corrections

To zeroth order in 1/Z, the QED correction is defined b
the one-electron QED correction for the 2s state. According
to @7,32,33#, the one-electron QED correction accurate up
order (aZ)2 and exact ina/p can be derived by using th
operator

H rad5
ueu
2m

gfree22

2
@b~s•H!2 ib~a•E!#, ~7!

where

gfree52@11~1/2!~a/p!20.328 478...3~a/p!21¯# ~8!

is theg factor of the free electron andE5(ueuZ/4p)(r /r 3).
The expectation value ofH rad has to be evaluated with th
Dirac wave function of the electron that accounts for t
interaction with the homogeneous magnetic field to first
der in H. The first-order correction to the electron wa
function due to the interaction with the magnetic field can
derived analytically by employing the method of generaliz
virial relations for the Dirac equation@34#. Using the explicit
form for this correction presented in@12#, we obtain in the
case of anns state

DgQED5~gfree22!F11
~aZ!2

6n2 G . ~9!

For the 1s state, this formula coincides with the correspon
ing result obtained in@7,8,32#. To date, the complete
aZ-dependence calculations of the one-electron QED cor
tion of first order ina have been performed only for the 1s
state@3–6#. These calculations indicate that the higher-ord
QED correction grows whenZ increases and, atZ592,
amounts to about 25% of the total QED contribution. T
error due to omitting the interelectronic-interaction effect
the QED correction~‘‘the screened QED correction’’! is es-
timated to be smaller by a factora/p than the interelectronic
interaction correction discussed in the previous subsectio

C. Nuclear recoil correction

A systematic QED theory of the nuclear recoil effect
the atomicg factor to first order inm/M and to all orders in
06210
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aZ was developed in@12#. In particular, there a complet
aZ-dependence formula for the recoil correction to theg
factor of a H-like ion was derived. This result was confirm
in @13# by a different method. To zeroth order in 1/Z, this
formula remains valid also for the case of a Li-like ion wi
one electron outside the closed (1s)2 shell, if one replaces
the electron propagators defined for the usual vacuum
those defined for the vacuum with the (1s)2 shell included.
In the case of an arbitrary valence state, this leads to
appearance of a two-electron contribution. However, for
ns valence state the two-electron contribution vanishes a
therefore, to zeroth order in 1/Z, the recoil correction is com-
pletely defined by the one-electron contribution. Accordi
to @12#, to lowest order inaZ, it is

Dgrec5
m

M

~aZ!2

n2 . ~10!

As for the higher-order recoil corrections, they can be eva
ated by using the formulas derived in@12#. To date, such an
evaluation has been performed only for the 1s state@15#. The
results of@15# indicate that for high-Z systems the higher
order term may even exceed the lowest-order term.

D. Nuclear size correction

The calculation of the finite nuclear size correction can
performed numerically by a direct solution of the Dira
equation. For low-Z systems, in the case of anns state, with
a good accuracy, this correction is given by@11#

DgNS

5
8

3n3 ~aZ!4m2^r 2&F11~aZ!2S 1

4
1

12n22n29

4n2~n11!

12C~3!2C~n12!2
^r 2 ln~2aZmr/n!&

^r 2& D G ,
~11!

whereC(x)5(d/dx)ln G(x) and the expectation value has
be evaluated with the provided nuclear charge density.

III. RESULTS AND DISCUSSION

In Table II we present the individual contributions to th
ground-stateg factor for some Li-like ions in the rangeZ
56 – 92. The uncertainty of the finite nuclear size correct
was estimated as the difference between the result obta
with the Fermi model of the nuclear charge distribution a
with the homogeneously-charged-sphere model. The nuc
charge radii were taken from@30,31#. The QED correction
was evaluated by formula~9!. Its uncertainty includes the
error resulting from theaZ expansion of the one-electro
QED contribution as well as the error due to omitting t
screened QED correction. The recoil correction was eva
ated by formula~10!. The error of this evaluation was as
sumed to be equal to the error of the corresponding eva
tion for the 1s state @15#. The interelectronic-interaction
corrections were calculated as described above. The hig
4-3
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TABLE II. The individual contributions to the ground-stateg factor of Li-like ions.

12C31 16O51 32S131 40Ar151 40Ca171

Dirac value~point nucleus! 1.999 680 30 1.999 431 38 1.997 718 19 1.997 108 78 1.996 426 0
Finite nuclear size 0.000 000 00 0.000 000 00 0.000 000 00 0.000 000 01 0.000 000
QED 0.002 319 49~34! 0.002 319 6~5! 0.002 320 6~29! 0.002 321~4! 0.002 321~6!

Recoil 0.000 000 02 0.000 000 03 0.000 000 06 0.000 000 06 0.000 000 0
Interelectronic interaction, order 1/Z 0.000 137 42 0.000 183 32 0.000 367 94 0.000 414 45 0.000 461 1
Interelectronic interaction, higher orders20.000 005 6~11! 20.000 005 4~11! 20.000 005 1~10! 20.000 005 0~10! 20.000 005 0~10!

Total 2.002 131 6~11! 2.001 929 0~12! 2.000 401 7~30! 1.999 839~4! 1.999 204~6!

52Cr211 74Ge291 132Xe511 208Pb791 238U891

Dirac value~point nucleus! 1.994 838 06 1.990 752 31 1.972 750 21 1.932 002 90 1.910 722 6
Finite nuclear size 0.000 000 04 0.000 000 16 0.000 003 37~1! 0.000 078 64~16! 0.000 241 83~47!

QED 0.002 322~10! 0.002 325~25! 0.002 33~12! 0.002 35~40! 0.002 36~56!

Recoil 0.000 000 08 0.000 000 10~1! 0.000 000 16~3! 0.000 000 24~19! 0.000 000 26~36!

Interelectronic interaction, order 1/Z 0.000 555 18 0.000 746 46 0.001 306 22 0.002 148 29~1! 0.002 509 84~2!

Interelectronic interaction, higher orders20.000 005 0~10! 20.000 004 9~10! 20.000 004 8~10! 20.000 004 8~12! 20.000 004 8~13!

Total 1.997 711~10! 1.993 819~25! 1.976 39~12! 1.936 6~4! 1.915 8~6!
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order interelectronic-interaction correction includes the c
tributions of order 1/Z2 and higher.

From the table, we conclude that for lowZ the theoretical
uncertainty is mainly determined by the uncertainty of t
interelectronic-interaction correction of second and hig
orders in 1/Z, while for highZ it results from theaZ expan-
sion of the one-electron QED correction and from the fin
nuclear size correction.

The one-loop QED and higher-order interelectron
interaction corrections can be calculated to the required
curacy in the same way as was performed for the hyper
splitting ~see@19,20,35# and references therein!. The recoil
correction to theg factor of Li-like ions can be calculated t
all orders inaZ by employing the methods developed
@12,15#. Taking into account recent progress in calculatio
of the QED correction of second order ina to the Lamb shift
@36#, we expect that, in the near future, the correspond
correction to theg factor will be evaluated as well. If al
these corrections are calculated, the theoretical uncertain
the g factor for heavy ions is completely determined by t
error due to the nuclear size effect. For H- and Li-like u
nium, this uncertainty amounts to about 331026 and 5
31027, respectively, and strongly restricts investigations
the QED effects on theg factor. However, as in the case o
the hyperfine splitting@20#, this uncertainty can be signifi
cantly reduced in a specific difference ofg factors of H- and
Li-like ions. To demonstrate this fact, let us introduce t
parameterj by

j5DgNS
@~1s!22s#/DgNS

@1s# , ~12!

whereDgNS
@(1s)22s# denotes the total nuclear size correction

theg factor of a Li-like ion, including the nuclear size effe
on the interelectronic-interaction correction, andDgNS

@(1s)# de-
notes the nuclear size correction to theg factor of the corre-
sponding H-like ion. The numerical calculations perform
for the Fermi and sphere models of the nuclear charge
06210
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tribution indicate that the parameterj is rather stable with
respect to a variation of the nuclear charge distribution
rameters. For instance, for the Fermi model we obtainj
50.167 026 4 forZ582 andj50.183 268 4 forZ592 while
for the sphere model we obtainj50.167 028 7 forZ582
andj50.183 270 9 forZ592. Comparing these values wit
the corresponding variations of the nuclear size correctio
which determine the uncertainty of this effect~see Table II of
this paper for Li-like ions and Table 3 of@15# for H-like
ions!, we conclude that the parameterj is, at least, 100 times
more stable with respect to a variation of the nuclear para
eters than is the nuclear size correction. It follows that
nuclear size correction for a Li-like ion can be express
with high accuracy, in terms of the nuclear size correction
the corresponding H-like ion. As in the case of the hyperfi
splitting @20#, let us introduce the following difference:

g85g~1s!22s2jg1s , ~13!

where g1s and g(1s)22s are theg factors of H- and Li-like
ions, respectively. According to the numerical results and
discussion presented above, we conclude thatg8 can be cal-
culated to an accuracy of about 1029 for Z582 and about
331029 for Z592. This leads to good perspectives for a te
of the QED effects on theg factor in heavy ions, provided
the QED, interelectronic-interaction, and recoil correctio
to g8 are calculated to the desired accuracy. Such calc
tions are under way and will be published elsewhere.
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