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Extraction of energy-differential ionization cross sections in time-dependent calculations
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We propose an alternative way to extract single-differential ionization cross sections from time-dependent
wave-packet calculations. Using the Temkin-P8&tave model fore-H collisions, it is shown that a properly
constructed time-dependent wave function “knows” the energy of the one-particle bound or continuum orbital
it has been projected on. No explicit symmetrization scheme is therefore needed to ensure a single-differential
ionization cross section that accounts for the indistinguishability of the two outgoing electrons.
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As the classic three-body breakup problem, electronproaches, on the other hand, as well as the ECS method,
impact ionization of atomic hydrogen has been of centrabften suffer from the need for a very large radial mesh on
interest since the beginning of quantum mechanics. Not untivhich the problem has to be solved. Like thamatrix for-
less than ten years ago, however, numerical studies were natulation[13], these yield symmetric results of the SDCS for
even attempting to solve the prob|em in a “Convergent” ionization. Note, however, that this is partly due to the fact
fashion, i.e., by using algorithms that can be expected téhat the information is extracted using obviously symmetric
converge to the correct answer if sufficient computationarecipes[see, for example, Eqgl) and (8) of Ref. [13]).
resources are allocated. This situation changed with the pid=inally, Jones and Stelbovidd5] obtained benchmark re-
neering work of Bray and Stelbovi¢4], who developed the sults for the SDCS of the TP model by pushing a direct
so-called “convergent close-coupling®CCC) method and finite-difference method essentially to numerical conver-
demonstrated its applicability to the Temkin-PGEP) model ~ géence.

problem[2,3], in which only theS wave is considered and  In this paper, we suggest another way of extracting the
hydrogenic states with angular momentum=0 are ac- ionization cross section from a time-dependent wave-packet
counted for. solution of the TP model. The method has several appealing

In the meantime, many different methods have been triedeatures, namelyl) it is a straightforward extension of the
out to solve this model problem, and many have moved oivay cross sections for discrete-state excitation are extracted;
with great success to solve the fetH collision problem. In  (2) it can be implemented easily3) it is not explicitly sym-
addition to the CCC methoflL,4] these include close cou- Metrizedand, therefore, deviations from the required symme-
pling with pseudostates[5], the intermediate-energy try can be used to judge the numerical accuracy before a final
R-matrix (IERM) [6], eigenchannelR-matrix [7], and symmetrization; and4) it further enhances the possibilities
R-matrix with pseudostate)RMPS approache$8], hyper- ~ for visualizing the details of the collision process.
spherical close coupling9,10], the J-matrix method[11], To illustrate the basic idea, we will concentrate on the
exterior Comp|ex Sca”nQEcg [12], a T-matrix method Slnglet Spin channel O'nly. The WaV.e'paCket method solves
[13], direct finite-difference methodécDM) [14,15, and the time-dependent Schdimger equatio(TDSE)
time-dependent wave-packet approacheg 17). Overall, it
was found that the total excitation and ionization cross sec-  dP(ry,rp,t) | 1 >
tions could be predicted with very high accuracy by essen- ! Jt |2 E”LE
tially all these methods, with the only practical limitation
being the available computational resources.

As pointed out by Pindzolat al.[13], however, the situ-
ation is much less satisfactory for the SD@@th respect to _ 2
the ejected-electron enerngyror example, the close-coupling P(r1.r,,0 _[Pls(rl)Gko(rZ) + PlS(r2)Gko(r1)] 2
plus pseudostates metho@CC, RMPS, IERM exhibit an
unphysical asymmetry in the SDCS with respect to half ofin time. HereP,s andGy represent the initial bound orbital

the available energy for the two outgoing electrons. The reayng 3 Gauss packet moving with momentignrespectively,
son for this asymmetry has been discussed in great detajpjie r _ is the smaller ofr, andr,. Total excitation cross
[18-21]; it is effectively due to the unequal treatment of the gections for discrete statess.3s 4s. . .. ns are then ob-

two positive-energy electrons. For futher discussion, particUgained from the probabilities to find one of the electrons in
larly with respect to the way the single-differential cross secypat particular state. After defining

tion (SDCS is extracted from a numerical wave function,

see the work by Rescignet al. [25] and by Madisoret al. "

[26]. Although fixes for this problem have been suggested Fns(ert)Ef driPo(r)P(rq,rs,t), (3)
and implemented, the appearance of unphysical oscillations 0

even after ama posteriori symmetrization of the “raw re-

sults” remains of some concern. Time-dependent apihe cross sectiofin ag) is given by

1
}P(rliert) 1

<

by propagating the initial state
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FIG. 1. Time-dependent probabilities for discrete excitation and FIG. 2. Same as F|g 1 for an incident energy of 20.0 eV.
total ionization(top) and energy-differential ionizatiofbottom) for
the singlet spin channel of the Temkin-Poet model at an incident

energy of 40.8 eV. The energy is 1/40 of the available excess T *
energy. ‘Tks=t|'nl4_k(2) 2 . dro|Fig(ra.t)[%. (7
— lim— 2fxd [SNIE @)
U“S_tm4k§ o o2 ns(r2,01% If the Coulomb functionP,4(r,) is normalized to behave as

k=2 times a sine function for large;, theno is propor-
Note that the factor of 4 in the denominator reflects the spinional to the SDCS at the energy Note that this normaliza-
weight of the singlet channel, while the 2 in the numeratortion by unit energy brings the continuum functions at par
comes from the fact that projection ®,4(r;) andP,4(r,)  with the bound orbital§22]. The proportionality constant is
give the same result. Finally, the total ionization cross secnot known immediately, but it is easy to determine since the
tion can be obtained as area under the SDCS curve must equal the total ionization

cross section. Since the latter can be determined with high

L PR ” 2 accuracyoys can be normalized to give the absolute values
Tion 4k§( 1-2lim 2, 0 drz|Fad(r2, 1) ) ©® of do/de. It is worth noting that this method doe®t re-
quire to generate quasicontinuum states through diagonaliza-

i.e., by subtracting the probabilities for elastic scattering andion of the Hamiltonian on the lattice, nor is it restricted to
discrete-state excitation from unityFor numerical reasons, perform projections only at the resulting energies of the di-
it may be advisable to also subtract the probabilities of havagonalization. Note that box-normalized continuum func-
ing both electrons end up in bound states, but for simplicitytions have also been used recently by Colgaal. [23].
we will omit these details herk. Figures 1—4 illustrate our method for incident energies of

The straightforward extension of the above method to ex40.8 and 20.0 eV in the Temkin-Poet model eH colli-
citation of continuum states, i.e., ionization, is to replace thesions. These calculations were performed on a single-CPU
bound orbitalP,¢(r) in the above formulas by a Coulomb Alpha workstation and could run over a period of a few days
function P,(r,), wherek?/2=¢ denotes the energy of the on a personal computer. We used the standard leapfrog time-
electron represented by this function. Consequently, we dgsropagation method on a 248@400 radial mesh with a
fine stepsize ofh=0.2, i.e., the maximum radius was 480
Such a large mesh is not really necessary for the 40.8 eV
case, but it seems needed to get converged results at 20.0 eV
[24]. The total probabilities for excitation of thes23s, and
4s states, as well as for ionization, are shown in the top parts
and calculate of Figs. 1 and 2 as a function of the propagation time, while
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] FIG. 4. Energy-differential ionization cross section for the TP
model at 40.8 e\(top) and 20.0 eMbottom). The TDSE results for
40.8 eV are compared with FD§IL5] and ECS[12] predictions.
The labels in the curves for 20.0 eV indicate the maximum radius
(in ag), and the dots are the results for 43Mefore any symme-
trization.

0014 : : . :
0.012
0.010
0.008
0.006
0.004
0.002 |
0.000

excess energk or, in turn,E— €, essentially gives the same
probabilities. In other words, the time-dependent wave func-
tion P(rq,r,,t) “knows” how to behave when it is projected
1 to either one of these functions. Although the symmetry is
1 not perfect, especially if one does not wait long enough, it is
very satisfactory overall. We also note that the results for the
s S . equal-energy-sharing situation, while symmetric by construc-
0 100 200 300 400 500 tion, are the slowest to converge with time. In fact, for the
20.0-eV case they take longer than we could afford to wait
given the finite mesh size. The mesh boundaries result in a
FIG. 3. The functionsF (r,,t)|? (solid lineg and|F (r,,t)|2 reflection of the ela§ti_cally sc_attered wave function_ ar!d, con-
(dashed linesfor the TP model at various timesfor an incident ~ S€duently, lead to difficulties in extracting the total ionization
electron energy of 20.0 eV. For better visibiliyf 44(r »,t)|2 has ~ CrOSS section.
been multiplied by 64/27. The functions plotted correspond to the The response oP(r,r»,t) after projection to bound or
cases shown in the bottom part of Fig. 2, with the energy losgontinuum states is shown even clearer in Fig. 3, which ex-
increasing from right to left. hibits |Fn«(r5,t)|? and |Fy4(r,,t)|? for the 20.0-eV case at
four different times. We see that these functions represent
the normalized differential probabilities for exciting 39 Cou- Gauss-type packages as well, with their centers located ex-
lomb states in equal-energy steps are shown in the bottomctly at the positions one would expect for wave packets that
parts. were created at the collision time @§/k,) and move away
Not surprisingly, the total probabilities converge very well from the target with the energy left over after excitation or
with time, and accounting for discrete excitations to statesonization. Looking, in particular, at the results for very
with n=5 via an 1h® scaling law seems justified. More asymmetric energy sharing, it is remarkable that the integrals
interesting, therefore, are the bottom parts of the figures. Fainder two corresponding curves, e.g., the two dashed lines
sufficiently long times after the collision, we see that project-furthest to the right and left, are essentially the same. A color
ing to a single Coulomb wave representing a frackaf the  movie of this figure(TP-20p0-proj.mov.sjtcan be down-
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loaded via anonymous ftp from bartschat2.drake.edu:/pub not reach a sufficiently deep minimum near half the excess
Finally, Fig. 4 shows the differential ionization cross sec-energy €/2). Additional tests with a broadéin coordinate
tion. For 40.8 eV, the agreement in shape with the FDMspacg initial wave packet, corresponding to a smaller energy
calculation of Jones and Stelbovi¢g5] is excellent, but width, showed that the energy resolution is indeed part of the
there is a small difference in the absolute value. The reaSOﬁrob|em_ As mentioned above, however, another reason is
for this disagreement can be traced back to the predictionghe slow convergence of the differential ionization probabil-
for the total ionization cross section—the FDM value of ity with time for the equal-energy sharing conditi6ef. Fig.
0.1977a3 [15] is, indeed, approximately 3% smaller than our 2).
time-dependent result of 0.2623. In summary, we have suggested an alternative way to ex-
For 20.0-eV incident energy, we show how our resultsyract energy-differential ionization cross sections from a
converge with the meshsize. For the largest range 08480 time-dependent wave-packet model. Using a recipe that is
we also present the “raw data” to demonstrate that the finahot explicitly symmetrized allows for qualitative tests of the
symmetrization is essentially optional. For the smallernymerical accuracy by checking the results against the sym-

ranges, the SDCS results are well known to come out t0¢netry requirements of the underlying physical problem.
“flat” [13], i.e., the results for the symmetric and asymmetric

energy sharing are very similar and, therefore, still allow for ~We thank Professor A. T. Stelbovics for unpublished FDM

a satisfactory prediction of the total ionization cross sectionresults at 20 eV. This work was supported by the United
A comparison with unpublished FDM results for this caseStates National Science Foundation under Grant No. PHY-
[24], however, shows that the TDSE method most likely doe€088917, with an REU supplement for S.R. and G.V.
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