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Nonresonant corrections to the 1s-2s two-photon resonance for the hydrogen atom
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The nonresonant~NR! corrections are estimated for the most accurately measured two-photon transition
1s-2s in the hydrogen atom. These corrections depend on the measurement process and set a limit for the
accuracy of atomic frequency measurements. With the measurement process adopted in modern experiments
the NR contribution to the 1s-2s transition energy can reach 1022 Hz, while the experimental inaccuracy is
quoted to be646 Hz.
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Nonresonant~NR! corrections were introduced in Ref.@1#
where the modern QED theory of the natural line profile
atomic physics was formulated. The NR corrections indic
the limit up to which the concept of the energy of an excit
atomic state has a physical meaning—that is, the reson
approximation. In the resonance approximation the line p
file is described by the two parameters energyE and width
G. Beyond this approximation the specific role ofE and G
should be replaced by a complete evaluation of the line p
file for the particular process. If the distortion of the Loren
profile is small one can still consider the NR correction as
additional energy shift. Unlike all other energy correction
this correction depends on the particular process that
been employed for the measurement of the energy differe
Quite independent of the accuracy of theoretical calculati
of the ‘‘traditional’’ energy corrections, which can be muc
poorer than the experimental accuracy, NR corrections de
the principal limit for the latter. One can state that nonre
nant corrections set the limit for the accuracy of all atom
frequency standards.

Nonresonant corrections have been evaluated for
H-like ions of phosphorus (Z515) and uranium (Z592) in
Refs.@2,3#. While for uranium the NR correction turned ou
to be negligible, its value was comparable with the expe
mental error bars in the case of phosphorus. Recently the
correction was evaluated for the Lyman-a 1s-2p transition in
hydrogen@4#. In @4# the process of resonance photon scat
ing was considered as a standard procedure for the dete
nation of the energy levels. According to@1# the parametric
estimate of the NR correction to the total cross section is~in
relativistic units!

d15c1ma2~aZ!6. ~1!

Herea denotes the fine structure constant,m is the electron
mass,Z is the nuclear charge number, andc1 abbreviates a
numerical factor. Evaluations in@4# yielded c1522.13
31023 and d1522.12 Hz. In Ref.@4# a minus sign was
missing in the expression ford1. Moreover, there exists an
other NR correction to the total cross section of the sa
process, connected with the contribution of the near-reso
2p3/2 state~see below!:
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d25c2ma4~aZ!4. ~2!

For the hydrogen atom (Z51) this correction is parametri
cally of the same order, but numerically it is larger than E
~1!: c254.9431023, d254.89 Hz. Finally, the ‘‘asymme-
try’’ correction, which is of the same order, arises from t
resonant term when replacing the widthG(v0), wherev0 is
the resonant frequency, byG(v). In the case of the Lyman-a

transitionG(v0)5( 2
3 )8a3 a.u. should be replaced byG(v)

5(211/39)a3v a.u. This result corresponds to the ‘‘velocity
form of the transition amplitude. The ‘‘length’’ form tha
follows from the ‘‘velocity’’ form after the gauge transforma
tion would yieldG(v)5(217/311)a3v3 a.u. The asymmetry
shift is different for the velocity and the length forms. How
ever, we should remember that the velocity form follow
originally from the QED description and that the gau
transformation in the simple form mentioned above exi
only at the resonance frequency. The additional asymm
shift which follows from the velocity form ofG(v) is given

by d35c3ma2(aZ)6 with c35( 2
3 )1751.01531023, yield-

ing d351.007 Hz. Thev-dependent terms in the Lorent
denominator lead to smaller NR contributions@1#. Still the
accuracy for the Lyman-a frequency measurements is muc
poorer: about 6 MHz@5#. Modern experimental technique
employed in Lamb-shift measurements are based on t
photon resonances, in particular for the transition 1s-2s
@6,7#. In the present paper we provide an estimate for the
correction to the transition frequency in this case.

The magnitude of the NR corrections depends strongly
the conditions of the experiment. It is important whether
tal or differential cross sections are measured since some
corrections vanish after angular integration. In@4# the fol-
lowing expression for the NR correction to the frequency
the one-photon transition, which applies in the case when
total cross section scattering is measured, was derived:

d152
1

4
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2

GA8AGBA8
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G . ~3!
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Here B, n, and A denote initial, intermediate, and fina
electron states, respectively.A8 labels the resonant interme
diate state. ThenGA8 is the total width andGA8A ,GBA8 are
partial widths, connected with the transitionsA8→A andB
→A8. The notationGAB;CD is used for ‘‘mixed’’ transition
probabilities where one amplitude corresponds to the tra
tion A→C and the other one to the transitionB→D. Finally,
EB , EA8 , and En denote the one-electron energies. In t
case of the Lyman-a transitionB5A51s,A852p, and the
photon frequency is close tov5E2p2E1s . Then GA8
5GA8A5GBA85G2p . Assuming that the mixed probabilitie
are parametrically of the same order asG2p.ma(aZ)4 ~in
relativistic units! and using the parametric estimateDE
.m(aZ)2 for the energy denominators in Eq.~3! we obtain
immediately the estimate~1!. An explicit summation over the
total energy spectrum for the hydrogen atom leads to
coefficientc1 quoted above.

Expression~3! corresponds to the interference term b
tween resonant and nonresonant contributions to the ph
scattering amplitude. The nonresonant contributions a
when we replace the resonant intermediate state 2p by np
states withn.2 and also when the incident and emitt
photons are interchanged.

In @8# it was observed that a large NR contribution aris
when taking into account the fine structure of the H atom a
considering the state 2p3/2 as a nonresonant one. Then t
enhancement follows from the small energy denomina
DEf5E2p3/2

2E2p1/2
. However, this contribution vanishes i

the total cross section after angular integration and rem
finite only if the differential cross section is considered. T
latter may correspond to a particular experimental situa
but it is the total cross section which defines the abso
limit for the accuracy of the frequency measurement. Ad
tionally, we would like to note that there also exists a qu
dratic NR contribution to the total cross section from 2p3/2
state. This contribution does not vanish after angular integ
tion and is given by the formula

d25
~ 1

2 G2p!4

DEf
3

. ~4!

This can be easily obtained in the same way as Eq.~3! ~see
@4#!. The parametric estimate Eq.~2! immediately follows
from Eq. ~4! and from the estimateDEf5m(aZ)4.

Formula ~3! is valid also for the NR correction to th
process of resonant two-photon excitation 1s12g→2s. In
this caseB5A51s,A852s, 2v5E2s2E1s , GA8.GA8A
.GB8A5G2s,2g . HereG2s,2g is the two-photon width of the
2s level ~neglecting the small contribution of the one-phot
width G2s,1g). Using the parametric estimate for the tw
photon widthG2s,2g.ma2(aZ)6 one obtains

udu5
G2s,2g

2

DE
.

@ma2~aZ!6#2

m~aZ!2
5ma4~aZ!10. ~5!

This estimate was derived in Ref.@8# where the conclu-
sion was drawn that NR corrections for the 1s12g→2s
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transition enter at the levels 10214 Hz and thus are negli-
gible at the current and projected levels of experimental
curacy. At present the latter is646 Hz and is expected to b
two orders of magnitude smaller in future experiments@7#.

The NR correction~5! corresponds to the process d
scribed by the Feynman graph of Fig. 1. However, the
periment in@6,7# is based on a different process. In this e
periment the H atom in its ground state is excited first by
absorption of the two laser photons into the 2s state. After
some time delaytD the 2s state is detected by applying
‘‘small’’ electric field and observing the quenched Lyman-a
decay. The corresponding process is described by the F
man graph of Fig. 2. For the analysis we will assume that
the ‘‘small’’ electric field the Stark parameterjS5^2sudW

•EW u2p&/DEL corresponds tojS!1. dW is the electric dipole
moment operator,EW is the electric field strength, andDEL is
the Lamb shift between 2s and 2p states. Accordingly, we
can replace the intermediate 2s state in the graph in Fig. 2 by
the state 2s852s1jS2p. The resonant cross section corr
sponding to the Feynman graph of Fig. 2 is determined b

s res5
1

2p

3
G2s,2gjS

2G2p,1g

~E2s1DEs
(2)2E1s22v!21 1

4 jS
4G2p,1g

2
. ~6!

HereG2p,1g denotes the Lyman-a width andDEs
(2) is the

second-order Stark shift for the 2s state. The Stark shift for
the 1s state can be neglected for ‘‘small’’ electric field
However, in the real experiment@6,7# the excitation region is
separated spatially from the detection region. Therefore
Stark shift does not contribute to the excitation conditi
2v5E2s2E1s . Moreover, the width of the resonance is d

FIG. 1. The Feynman graph for the resonance excitation ofs
level in the double photon scattering process 1s12g→2s. The
solid line denotes the electrons, the wavy lines with the arro
denote the incident and emitted photons.

FIG. 2. The Feynman graph that describes the quenched d
of the intermediate 2s state. The electric field is denoted by th
dashed line. The other notation is the same as in Fig. 1.
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fined by the time delaytD , which is necessary for the atom
to reach the detection region: forjS;0.1 the decay time in
the electric field is (jS

2G2p,1g)21.1027 s. This is very small
compared totD : the characteristic atomic velocities a
104 cm/s and the space separation of the excitation and
tection regions is 13 cm@6,7#. ThentD.1023 s, which cor-
responds to the experimental width of the resonanceGexpt
;1 kHz. Then Eq.~6! should be replaced by

s res5
1

2p

G2s,2gGexpt

~E2s2E1s22v!21
1

4
Gexpt

2

. ~7!

The major nonresonant contribution arises from
closely lying 2p852p1jS2s level:

sNR5
1

2p

G2p8,2gG2p,1g

~E2p2E1s22v!21
1

4
G2p,1g

2

~8!

whereG2p8,2g is the two-photon width of the 2p8 level. The
interference term betweens res andsNR is absent in the tota
cross section, but may be present in the differential cr
section.

To find the NR correction we employ the same idea as
@4#, i.e., we determine the position of the maximum for t
function s(v).

In the case in which the total cross section is measured
obtain
ff,

05450
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e

d5
G2p,2gG2p,1g

G2s,2gGexpt

S 1

2
GexptD 4

DEL
3

. ~9!

Here we assumed thatDEL@G2p,1g whereDEL5E2s2E2p
is the Lamb shift. The corresponding expressions~in relativ-

istic units! are G2p,1g5( 2
3 )8ma(aZ)450.04ma(aZ)4 and

DEL50.4ma(aZ)4. Taking into account thatG2p,2g is de-
fined by theE1-M1 transition andG2s,2g corresponds to the
2E1 transition, we haveG2p8,2g /G2s,2g.(jS)2. Insertion of
these quantities into Eq.~9! leads to a negligible NR correc
tion. The NR correction to the differential cross section
much larger. In this case a formula of the type of Eq.~3! for
the differential cross section should be used:

udu5
1

2 S G2p8,2gG2p,1g

G2s,2gGexpt
D 1/2~Gexpt!

2

DEL
.1022 Hz. ~10!

This limit for the experimental accuracy turns out to
many orders of magnitude larger than the correspond
value obtained from Eq.~5!. It is the value~10! that should
be compared with the projected experimental accuracy
about 1021 Hz @6,7#.
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