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Conditional generation of N-photon entangled states of light
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We propose a scheme for conditional generation of two-mginoton path-entangled states of traveling
light field. These states may find applications in quantum optical lithography and they may be used to improve
the sensitivity of interferometric measurements. Our method requires only single-photon sources, linear optics
(beam splitters and phase shifterand photodetectors with single-photon sensitivity.
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Quantum entanglement represents one of the most remdN=4 but were not able to extend them to higiterin
markable and intriguing features of the quantum mechanicspe present paper we design a scheme for conditional gen-
Recently, entanglement has been _identifieq as a fundamentglation ofarbitrary entangled\-photon statel) for any N
resource necessary for quantum information processing e first present a generic scheme and then, as an application,
such as quantum teleportatif®-5] and quantum computing \ye shall consider preparation of the sté?e
[6]. The entangled states may also help to improve the sen- The quantum-state preparation schemes, whose success is
sitivity of interferometric measuremen{§—10 and they  congitioned on the results of quantum measurements, have
form a key ingredient of quantum optical lithograpfl—  atiracted considerable amount of attention recently. Schemes
13], which employsN-photon entangled states to fabricate for probabilistic preparation of Fock stateks, 17, arbitrary
patterns.on I|thograph|c substrate with resolutiof(2N), superpositions of Fock states of single-mode figl8,19,
where is the optical wavelength. o ~and Schrdinger cat stateg20,21], have been found. Experi-

In view of these potential applications, it is highly desir- mental conditional preparation of the single-photon Fock
able t.o bu_ild a source di-photon path-entangled states of state with negative Wigner function has been repof2sgj.
traveling light field, In cavity QED, the statél) can be generated by injection of

N a sequence dfl suitably prepared three-levél-type atoms
_ into a two-mode resonat¢23]. In that scheme, one detects
|¢N>_g‘o clk,N=K). @ whether the atom leaving the resonator is in excited or
ground state and the desired stétgis prepared only if all
Here|k,N—k) denotes the usual Fock state witphotons in ~ atoms are in a ground state. Here, we design a scheme for
modea andN—k photons in modé. Of particular interest generation of two-mode entangled statestrafeling light

could be the entangled state field.
For our purposes it is convenient to express the target
1 state(1) in terms of bosonic creation operataa$ and b*
Loy = E(“\LOH |ON)). (2 acting on two-mode vacuum state,
N
In the Schrdlinger picture] wﬁ,} evolves in time according to [in) = 2 dkakaTN*"|O,0), 3
k=0

[42(1)) = exp(—iNwt)| 42 (0)), wherew=27c/\. We can in-
terpret Eq.(2) as a state of a quasiparticle with eneidgy o
and effective de-Broglie wavelengihz= N/N. This specific
feature of| wﬁ} is the origin of the improvement of the reso-
lution in quantum optical lithographjt1-13.

For N=2, the statg2) can be generated by feeding two N
ports of a balanced beam splitter with single-photon Fock |¢N>=i H (cosa’—e*singb1)|0,0,  (4)
states, e.g., signal and idler photons generated by means of JN k=1
spontaneous parametric downconversida]. For N>2, _
however, single-photon sources and linear optics are not sufvhere A/ is a normalization factor and,=e'*tané, are
ficient for deterministic preparation of stat®), and Kerr or  complex roots of the polynomid}_,d,z¥. The factorization
other nonlinear media are required. Unfortunately, suffi-(4) suggests that we can prepare the statg) from the
ciently strong nonlinear interactions between single travelingzacuum stat¢0,0) by applyingN times a nonunitary trans-
photons are not currently available. formation

Nevertheless, one may avoid the necessity of nonlinear
interactions. In a recent paper, Leeal.[15] showed that the | )= (cosha’— e *singbh)| 1), (5
states(2) can be prepared probabilistically using only Fock-
state sources, linear optical elements and single-photostarting with|,)=|0,0). We shall show that the transforma-
counting detectors. Leet al. provided schemes foN=3  tion (5) can be implemented probabilistically using only

where d,=c/VkI(N—Kk)!. The polynomial on the right-
hand side of Eq(3) can be factorized into a product of
terms linear in creation operators,
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FIG. 1. Setup for probabilistic implementation of the transfor-
mation (5) consists of single photon source, three beam splitters CI-—{ T 0 ¢ }——D
BS,, BS;, BS;, phase shiftekp, and two photodetectors Rand
PD,.

—
GRS

single-photon sources, linear optical elements, and photode- T T
tectors, provided thdty,) is an eigenstate of the operator of Gin bin
total number of photons,,=a'a+b'b,

FIG. 2. Setup for probabilistic generation dFphoton path-
_ entangled states of light. The device consistdNobasic building
Nayl Vi k|¢k>' © blocks, each block represents the scheme shown in Fig. 1 and is
The setup under consideration is shown in Fig. 1. In agSharacterized by three paramet@s=cos', i, and ¢ .

dition to modesa and b, that initially contain the state
|_1), we also need two auxiliary modesandd, initially
in a single-photon Fock stald,0).4. With the help of the
beam splitter B$ with transmittance sf#, and a suitable
phase shifter we transform this state to

which describes the conditioning on no photons present in
the modesc,, and d,,. Herel,, is an identity operator
acting on Hilbert space of modesandb. Thus we can write

| 1) abl 0,0 ca=TTU [ ¢h 1) apl @k} ca - (11

We insert the factorized forr(®) of the operatotJ into Eq.
The next step consists of mixing the maalwvith c at a beam 11 ang_ make lTJie of t_he vacuum stability co.ndltlon
splitter BS while the modeb is mixed withd at BS;. The co{0,0¢"=c4(0,0d"=0 to simplify Eq.(11) as follows:
beam splitters BSand BS are identical. The corresponding _ . Kate Kkbtd

unitary transformation describing the operation of,Bd | 1) ap| 0,0)ca=I1(cOSK)"abe? e |¢k—1>ab|90k>cd(-12
BS; can be thus parametrized by a single real number

| oK) ca= cOSOy| 1,00 cq— €' #sin 6,]0,1) g (7)

Now we expand the two exponentials in Taylor series. Since
the state|¢,)cq contains only a single photon, we have to

The photodetectors PDand PD measure number of pho- keep only terms up to linear in annihilation operatorand

tons in the output modes,,; andd,,. The transformation ™

(5) is performed if and only if both detectors do not detect t + t t

any photons. This means that Pieed not resolve between expKa‘c+Kbid)—1+Ka'ctKbid. (13

single- and two-photon states, they should only distinguishnserting Eq.(13) back into Eq.(12) and taking into account

vacuum state from any Fock state with nonzero number ofhat (0,0 ¢y).q=0 we obtain

photons. Efficient avalanche photodiods are suitable for this

purpose{24]. ) ab=qi(cosOa’— €' sin b ") [ 1)ap,  (14)
If no photons are registered in output modgg andd,,

then the photon contained in the input sthig).q has been where

added to modea or b. This intuitively explains the principle 1

of operation of the scheme shown in Fig. 1. In order to pro- k= (cosk)"" “sink (15

vide a rigorous mathematical treatment, we rewrite the uni- . .
tary transformatior(8) in a disentangled forrfi25], and we have used that the statg ;) is an_elgenstate of the
total photon number operatar;,. The desiredN-photon en-

U:efKacTefKde(COSK)nabfnCdeKaTceKde (9) tangled statd1l) can be generated if we repeatedytimes
' apply the basic transformatiof®), as illustrated in Fig. 2.
whereK =tanx andn.gq=c'c+d'd. The conditionally gen- There are altogetherN detectors. If none of them detects

erated statéis) in the output modesi,,, and by, can be any photon, then the stajtéy) is generated at the output. We
obtained from the transformed input staiéy,_1)ap|@k)eq  ASSUME that may be different for each basic building block,

U=exp ka'c—kachexp kbTd— xbd"). (8)

by applying a projection operator hence we have I8 parametersky, 6 and ¢, (k
=1, ... N) characterizing the setup shown in Fig. 2. The
IM=1,,®]0,0).¢(0,d, (10 unnormalized conditionally generated output state reads
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N ' vacuum statd0), we send a single-photon Fock stdte
lyn) =11 aqe(cosba’—e*singb)|0,0. (16) into the right input port of BS After mixing on balanced
k=1 beam splitter B[ 6,= 7/4] and passing through the phase

The probabilityPy of generation of the stateyy), i.e., the shifter, the statgey)cq of the modess andd reads

yield of our scheme, can be obtained as a norm of the output 1
state(16), —

|‘Pk>cd: \/E

PN:NkHl G - (17 similarly as before, we take the condition of detecting no
- photons in the output modes,; and d,,;. In this way we

We can maximize the probabilitpy by maximizing inde- add two photons to the modesor b at each step. AftelN/2

pendently each term? . It is convenient to introduce a trans- Steps we thus end up wilk-photon entangled state.
mittanceT = cofx,. Thus we have The calculations of the conditionally generated output

state closely follow those presented above. Since the state
Q§=TI|§_1(1—TK) (18) |®k)eqg NOW contains two photons, we must keep quadratic
terms in the expansiofi3),

(|210>cd_e2i¢k|012>cd)- (25)
N

and the optimall, maximizingq? reads )

K1 gka'eghb™d_ 1 1 Kk (atc+btd)+ K?(a*202+ 2a'bfcd
Tk:T. (19)
+b"%d?). (26)
Notice that the optimum beam splitter transmittance does not
depend on the state that we want to generate. On insertiﬁ?fS
g=(k—1)"YK* into Eqg. (17) we obtain the optimum
probability of generation

Py=M"N (20)

suming that the state),) is an eigenstate of total number
photons,nay| ) = 2K| ¢}, we find that

)= %(COSK)Zktar?K(aTZ— e o)y 1), (27)

The normalization facto has been introduced in E). The optimal transmittance of the beam splitters, B8d BS
As an example of application of our generic method, wein kth basic block is again given by E(L9). The probability

shall consider generation of the entangled s{@lelt is easy  of generation of the stat@) (i.e., the yield reads

to see that this state may be written as

PLy=2(N—1)IN1"N, (29

1 N

|y = JEWkHl (a'—e'*b")[0,0), (21) A comparison of Eqs(28) and(22) immediately reveals that
T P=2"Py. The scheme where we add two photons in a

where .= (2k+ 1) m/N. Upon comparing Eq€21) and (4) single step is much more efficient, because the number of
we find that 6, = /4. After some algebra one obtains the N€cessary measurements is halved. To be specifidy fo#

optimum probability of generation we haveP,=3/256 andP,=3/16. Leeet al.[15] designed
schemes for generation of the stafd,0)+|0,4))/\2 with
Py=(N—1)I(2N)*N, (22 yield 3/64 and our second method improves on this result by
a factor of 4.
With the help of Stirling’s formula we find that for largé On the way towards experimental implementation of the

we may approximate Eq22) asPy=~2y27N(2e) M. The  scheme proposed in the present paper, several obstacles have

yield decays exponentially with the number of photdhs to be overcome. The main obstacle is that one needs a con-
If N is even, then we can simplify our scheme and reducerolled source of single-photon Fock states. Currently avail-

the number of necessary elements by a factor of two. Weble triggered single-photon sources operate by means of

write the statg2) as fluorescence from a single moleciz6] or a single quantum

dot [28,27] and they exhibit very good performance. How-

N/2 . . L
. ever, in our scheme we need a synchronized arrivaN of
|nd = \/E\/Wkl;[l (a'?—e”%b'2)[0,0). (23 single photons intdN input ports ofN beam splitters, which
' will be experimentally challenging.

We can generate this state if we perfoNi2 times the trans- Instead of those novel sources of single photons one could
formation utilize photon pairs generated by means of spontaneous para-

metric downconversiofPDC). Entangled pairs of downcon-
|y = (a"?—e?%b'2)| g _,), (24)  verted signal and idler photons have been used in many re-

cent fundamental experiments in quantum optics and
which can be conditionally implemented with only a slight quantum information such as quantum teleportaf®j en-
modification of the scheme shown in Fig. 1. Instead of thetanglement swappin@9] and measurement of Bell inequali-
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PDO), the only condition stemming from energy conserva-
tion is that the sum of signal and idler frequencies must be
equal to frequency of pump beam. In terms of wavelengths
we have

PD; BS;

1 1 1

+
Ns N Ap’

hence the effective de-Broglie wavelengtly=\/2 of the
two-photon state may be significantly smaller than the pump
wavelength\p, provided that the idler wavelength is large
enough. In quantum lithography, we would thus achieve a

FIG. 3. Setup for generation of arbitrary two-photon entangledr€@l improvement of the spatial resolution in comparison to
state: C, nonlinear crystal: M, mirrors; PD, photodetectors; TD,using directly the pump beam.
time delay that compensates for time interval between generation of Imagine that we would measure the output signal photons
the first and second photon pair; B&nd BS, beam splitters with ~ in modesa,,; and b, together with the idler ones. In this
mixing anglesd; and 6,; BS; and BS, balanced (50:50) beam case, the setup shown in Fig. 3 can be seen as a typical
splitters; ¢, and ¢,, phase shifters. four-photon coincidence experiment. The main technical ob-

stacle in this type of experiment would be the rather low

ties[30] and the experimental technology is well masteredprobability of spontaneous parametric downconversion. In
Indeed, the first experiment demonstrating the principle othe pulsed regime of operation the probability of generation
quantum lithography was based on pairs of downconvertedf a single pair is typically 10 per pulse. An advantage of
photons[13]. Note, that for our present purposes we do notthis low probability is that the higher photon contributions
require polarization-entangled photons, we only need correare negligible and do not spoil the generated state. This is
lated photon pairs. important because the currently employed detectors with

With the help of pair of correlated photons one can gensingle-photon sensitivity are not able to distinguish one and
erate any two-photon path-entangled state as follows. Onmore photongsee, however, Ref$36,37)).
has to build the interferometer according to the Figs. 1 and 2 It should be stressed here that the four-photon coincidence
with proper parameter@hase shifts and splitting ratipand  experiments have been already successfully carried out in the
then feed two ports of that interferometer with signal andcase of entanglement swappifig9] and measurement of
idler photons, respectively. With certain probability, the de-Bell-type inequalities for spin-1 systerf32,33. In the latter
sired two-photon state is prepared at the two output portssase the observed four-photon joint count rate was about 5
Due to its relative simplicity, this setup has several draw-counts per sec, which is high enough for collecting a suffi-
backs. First, since the downconversion event is inherentlgient amount of experimental data in a relatively short time.
random, we are not aware of the presence of the output em very promising technology in this context is the generation
tangled state until we detect the output photons. Second, thsf correlated pairs by means of spontaneous PDC in nonlin-
effective de-Broglie wavelength of the generated two-photorear optical waveguidel84,35. Waveguides integrated on a
entangled state is the same as that of the pump beam whoperiodically poled substrate allow for very efficient qua-
photons split into signal and idler ones, hence one does nafiphase matchinf34] and the guided light is spatially con-
reach better spatial resolution than that achievable with théined to a small region. These factors contribute to much
original pump beam. higher conversion efficiency than what is achievable in the

A more sophisticated setup that avoids these problems isxperiments with bulk crystals. For instance, Tanzflial.
shown in Fig. 3. The proposed experimental arrangement ig34] reported the conversion rate of 10 pairs per pump
similar to that used in the recent entanglement-swapping exphoton, which is four orders of magnitude higher than that
periments by Jenneweiet al. [29]. The pump beam passes typically obtained with bulk crystals. The whole experimen-
twice through the nonlinear cryst@land, with certain prob- tal arrangement shown in Fig. 3 could be, in principle, built
ability, two pairs of photons are emitted. When both the defrom linear and nonlinear optical waveguides and couplers
tectors P and PO detect idler photons, then we know that on a single substrate. Such an integrated optical implemen-
a signal photon is present in each of the armsaBd §  tation would be very compact and could exhibit superior
[22,31]. These two signal photons then enter an interferominterferometric stability.
eter consisting of four beam splitters B&nd two phase In view of these recent improvements we can expect that
shifters ¢,.. If the two photodetectors RDand PO} do not in a near future the experiments with three photon pairs will
detect any photon, then the two-photon entangled state ise feasible which would enable generation of three-photon
prepared at the output modag, andb,. From the results entangled states in a setup similar to that shown in Fig. 3. If
of the measurements of the four detectors; M2 can say the probability of generation of a photon pair per pulse
whether the desired entangled state has been prepared withiould be 102 then for pulse repetition rate 80 MH32,33
out the necessity to measure it. Moreover, the wavelengths ane would generate simultaneously three pairs 80 times per
the signal and idler photons may be differénondegenerate sec, while the probability of simultaneous generation of four
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pairs would be still small enough, hence the four-photon parivheree=a+b is the effective positive-frequency field op-

of the generated entangled state would be negligible. erator. It follows that the medium will respond only to the
Another obstacle stems from the less-than-unit efficieniN-photon part of the output staje,, and we have

cies of the single-photon detectors. Note that the currently

achievable detection efficiency is about 8$%6,37. In case

of detectors PR and PD in Fig. 3 that should indicate the Trpand=Pn(¥nl 8 ), (32)

presence of idler photons, a low efficiency will only reduce

the rate of generation of the entangled state. However, in our

scheme we mainly need detectors to verify that no photoryhich, is essentially the same result as for an ideal pure out-

leaked into output auxiliary modggll detectors in Figs. 1 put state ¢ ){ | The rate is only reduced by the facfex

and 2 and PP and PO in Fig. 3. If these detectors are representing the yield of our scheme.

imperfect, then the quality of the output state will be de- In summary, we have designed a universal scheme for

gradgd and .it will become a mix'ed state des.crib'ed by SOMEonditional ge’neration of an arbitraryN-photon path-

density matriXpqp, [15]. How_ever, In Some appllcapons, such ntangled quantum state of traveling light field. The neces-

as quantum lithography, this problem may be circumvente ary resources comprise single-photon sources, beam split-

because these detectors are actually not necessary. If we s, phase shifters, and photodetectors with single-photon

not carry out any measurements on the auxiliary modes an n,sitivity. Howeve,r, in certain applications, when one

always accept the state prepared in magigsandb,, then wishes to measure or utilize tiphoton coincidence rates,

this mixed output state can be expressed as the conditioning is not necessary, because the desired
B 5 N-photon part of the output state is selected automatically.
pav=Pnln)(nl +(1=Pr)pas, (29 The proposed method should be experimentally feasible at
. L~ least for modest photon numbédxs=2 andN=3, when one
where the density matriyp,, represents the output state d utili inale ph ditionally obtained f
when one or more photons leak into the output auxiliaryCou utiize single photons conditionally obtained from
o - downconverted photon pairs by detection of idler photons.
modes. This implies that the operatpyy, is supported on Note added in ProofAfter this work was completed |
Hilbert space of Fock state¢k,M —k) with M<N—1. learned that Zoet al.independently proposed an alternative

Now consider the quantum lithography. If the lithographic scheme for conditional generation &f-photon entangled
process is based on thé-photon absorption, then the ab- gia1eq3g].

sorption rate at the imaging surface will be proportional to

the expectation value of normally ordered operdfdi The author would like to thank N. J. Cerf, S. Iblisdir, and
R. Filip for useful discussions. This work was supported by
Grant No. LNOOAO15 and Research Project CEZ: J14/98 of
the Czech Ministry of Education.

eTNeN
o=

(30

[1] D. Bouwmeester, A. Ekert, and A. ZeilingeéFhe Physics of [16] J.I. Cirac, R. Blatt, A.S. Parkins, and P. Zoller, Phys. Rev. Lett.

Quantum Informatior{Springer, Berlin, 2000 70, 762(1993.
[2] C.H. Bennettet al, Phys. Rev. Lett70, 1895(1993. [17] G.M. D'Ariano, L. Maccone, M.G.A. Paris, and M.F. Sacchi,
[3]D. Bouwmees.teet al, Naturg(Londor) 390 575(1997. Phys. Rev. A61, 053817(2000.
[4] S.L. Braunstein and H.J. Kimble, Phys. Rev. Le30, 869 [18] K. Vogel, V.M. Akulin, and W.P. Schleich, Phys. Rev. L&t
(1998. 1816(1993.

[5] A. Furusaweet al, Science282 706 (1998.

[6] A. Steane, Rep. Prog. Physl, 117 (1998 [19] M. Dakna, J. Clausen, L. Kitipand D.-G. Welsch, Phys. Rev.

[7] B. Yurke, Phys. Rev. Lett56, 1515 (1986; B. Yurke, S.L. A 59, 1658(1999; 60, 726 (1999.
McCall, and J.R. Klauder, Phys. Rev.38, 4033(1986). [20] S. Song, C.M. Caves, and B. Yurke, Phys. Rewi1) 5261
[8] M. Hillery and L. Mlodinow, Phys. Rev. A48, 1548(1993. (1990; B. Yurke, W. Schleich, and D.F. Wallghid. 42, 1703
[9] C. Brif and A. Mann, Phys. Rev. A4, 4505(1996. (1990.
[10] J.P. Dowling, Phys. Rev. A7, 4736(1998. [21] M. Dakna, T. Anhut, T. OpatrmyL. Kndll and D.-G. Welsch,
[11] A.N. Boto et al,, Phys. Rev. Lett85, 2733 (2000; P. Kok Phys. Rev. A55, 3184(1997).
et al, Phys. Rev. A63, 063407(2002). [22] A.l. Lvovsky et al, Phys. Rev. Lett87, 050402(2001).
[12] G. Bjork, L.L. Sanchez-Soto, and J. 8erholm, Phys. Rev. [23] B. Deb, G. Gangopadhyay, and D.S. Ray, Phys. Re®1A
Lett. 86, 4516(2001); Phys. Rev. A64, 013811(200). 2651(1995.
[13] M. D’Angelo, M.V. Chekhova, and Y. Shih, Phys. Rev. Lett. [24] P.G. Kwiatet al, Phys. Rev. A48, R867(1993.
87, 013602(2001). [25] M.J. Collet, Phys. Rev. 88, 2233(1988.
[14] C.K. Hong, Z.Y. Ou, and L. Mandel, Phys. Rev. L&, 2044  [26] C. Brunel, B. Lounis, P. Tamarat, and M. Orrit, Phys. Rev.
(1987. Lett. 83, 2722(1999.
[15] H. Lee, P. Kok, N.J. Cerf, and J.P. Dowling, Phys. Re®3  [27] C. Santoriet al, Phys. Rev. Lett86, 1502(2007).
030101(2002. [28] P. Michleret al., Science290, 2282 (2000.

053818-5



JAROMIR FIURASEK PHYSICAL REVIEW A 65 053818

[29] T. Jennewein, G. Weihs, J.W. Pan, and A. Zeilinger, Phys. Re\(34] S. Tanzilli et al, Electron. Lett.37, 26 (200J.

Lett. 88, 017903(2002. [35] K. Banaszek, A.B. U'Ren, and I.A. Walmsley, Opt. Letfz,

[30] P.G. Kwiatet al, Phys. Rev. A60, R773(1999. 1367(2001).

[31] J. Peina, Jr., O. Haderka, and J. Soubusta, Phys. Re&84A [36] J.S. Kim, S. Takeuchi, Y. Yamamoto, and H.H. Hogue, Appl.
052305(2001). Phys. Lett.74, 902 (1999.

[32] A. Lamas-Linares, J.C. Howell, and D. Bouwmeester, Nature[37] S. Takeuchi, J. Kim, Y. Yamamoto, and H.H. Hogue, Appl.
(London 412 887 (20017). Phys. Lett.74, 1063(1999.

[33] J.C. Howell, A. Lamas-Linares, and D. Bouwmeester, Phys[38] X.B. Zou, K. Pahlke, and W. Mathis, e-print
Rev. Lett.88, 030401(2002. quant-ph/0110149.

053818-6



