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Origin of spectral hole burning in Brillouin fiber amplifiers and generators
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We show theoretically that the spectral hole burning recently observed in Brillouin fiber amplifiers and
generators can be interpreted without invoking an inhomogeneous broadening of the Brillouin line. By using
the three-wave model of stimulated Brillouin scattering~SBS!, we first investigate the linear response of a
Brillouin fiber amplifier to a weak amplitude modulation of the injected signal wave. The transfer functions
that fully characterize this response are analytically calculated. The fact that they may exhibit a dip is shown
to be due both to the gain saturation and to the coupling between the pump and signal perturbations that
counterpropagate around the steady-state intensity profiles. These transfer functions also appropriately charac-
terize the way through which noisy perturbations are filtered in SBS fiber generators. The spectral hole burning
observed in generators is thus simply connected to spectral hole burning studied in SBS amplifiers.
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I. INTRODUCTION

Stimulated Brillouin scattering~SBS! is a nonlinear pro-
cess that manifests through the generation of a backw
propagating Stokes wave whose frequency is down-shi
from that of the pump laser@1#. In optical fibers, two experi-
mental configurations permit to study this interaction in
simple way:~i! the SBS generator and~ii ! the SBS amplifier
@2#. In the former configuration, great care is taken to av
Fresnel reflections from the fiber ends and only one la
beam is injected into the fiber core. SBS is then initia
from thermally excited sound waves, and the intensity of
generated Stokes wave is found to exhibit fluctuations o
stochastic nature@3–5#. In the amplifier configuration
Fresnel reflections are also eliminated from the fiber ends
a strong pump field and a weak signal are now launched
the fiber. The signal is strongly amplified if its frequen
falls within the Brillouin gain bandwidth that typically
broadens up to several tens of megahertz@6#. The linewidth
of the Stokes radiation delivered by Brillouin fiber gene
tors is also of this order of magnitude@4#. This spectral
broadening around the exact Stokes frequency arises
the finite response time (.10 ns) of the acoustic wave in
volved in the SBS interaction.

There is currently a lot of controversy about the ex
nature of spectral broadening of SBS in optical fibers. Rec
experiments performed both in a Brillouin fiber amplifier a
in a Brillouin fiber generator have indeed revealed featu
that are usually observed as a laser radiation resonantly
teracts with an atomic medium in which absorption lines
inhomogeneously broadened@7#. Actually, hole burning has
been observed in the gain spectrum of a Brillouin fiber a
plifier @8# and in the spectrum of intensity fluctuations of t
Stokes light emitted by a Brillouin fiber generator@9#. As
spectral hole burning usually typifies the interaction of la
radiation with an inhomogeneously broadened system, al
features experimentally observed have been attributed t
inhomogeneous broadening of the Brillouin line. Accordi
to Kovalev and Harrison who performed experiments in
Brillouin fiber generator@9#, this inhomogeneous broadenin
1050-2947/2002/65~5!/053812~13!/$20.00 65 0538
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arises from the waveguide interaction of the pump a
Stokes waves. Following their interpretation, there is n
only one Stokes frequency shift as should be the case if
SBS interaction involved plane waves. A continuum of fr
quency shifted Stokes components is generated becau
single-mode fiber is able to guide a fan of beam directio
within a small angle. However, this interpretation has be
disputed by two of us@Randoux and Zemmouri~RZ!#, hav-
ing shown that the behaviors reported by Kovalev and H
rison can be simulated without invoking an inhomogeneo
broadening of the Brillouin line@10#. In particular, RZ have
shown that the hole burning presented in Ref.@9# can be
reproduced by numerically integrating the equations of
usual three-wave model of SBS in, which both homogene
broadening and plane-wave propagation are assumed. S
lar numerical results have also been recently reported by
tiadi et al. in Ref. @11#. In the Brillouin fiber amplifier,
Takushima and Kikuchi have also shown that the occurre
of spectral gain hole burning can be described by using
three-wave model@12#. Nevertheless, some confusion no
surrounds the nature of spectral broadening of SBS in opt
fibers, partly because the physical mechanisms respon
for spectral hole burning of a homogeneously broade
Brillouin line remain unclear. Furthermore, no connecti
has been established between the spectral hole burning f
in Brillouin fiber amplifiers and the spectral hole burnin
observed in Brillouin fiber generators.

The aim of this paper is to study theoretically the mech
nisms inducing the emergence of spectral hole burning i
Brillouin line that is supposed to be homogeneously bro
ened. By using the three-wave model of SBS, we will sho
in particular, that these mechanisms are identical both in
Brillouin fiber amplifier and in the Brillouin fiber generato
This paper is organized in the following way. The three-wa
model of SBS is briefly presented in Sec. II. The origin
spectral gain hole burning in Brillouin fiber amplifiers
studied in Sec. III. In particular, we investigate the line
response of the Brillouin fiber amplifier to a weak amplitu
modulation of the injected signal. Analytical expressions
the transfer functions that fully characterize this response
©2002 The American Physical Society12-1
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L. STÉPIEN, S. RANDOUX, AND J. ZEMMOURI PHYSICAL REVIEW A65 053812
determined for three different amplification regimes. The
sults obtained are then used in Sec. IV to explain the oc
rence of hole burning in the spectrum of intensity fluctu
tions of Brillouin fiber generators. We thus show that t
noisy perturbations propagating in generators are simply
tered by the transfer functions determined for the amplifi

II. THE THREE-WAVE MODEL OF SBS

The theoretical study presented throughout this paper
ters within the framework of the three-wave model of SB
which is commonly used to describe the dynamics of B
louin fiber lasers@13#, amplifiers@14#, and generators@4#. Let
us recall that this model is derived by assuming that
nonlinear interaction does not alter the mode characteris
of the guide, so that the transverse evolution of the opt
fields can be decoupled from their longitudinal one. As
SBS process is then supposed to involve infinite plane wa
propagating collinearly along the fiber axis, the theoreti
treatment is greatly simplified. In particular, this means t
only one phase-matching relation is verified and that
mechanisms of inhomogeneous broadening by the guid
suggested in Ref.@9# cannot be described by using such
approach. The acoustic damping being supposed uniform
the fiber, the three-wave model of SBS is, furthermore,
tablished by assuming that the Brillouin line is homog
neously broadened. Assuming linear polarization for the li
beams and slowly varying envelopes for all the waves,
glecting the weak attenuation of the fiber and the pertur
tive optical Kerr effect, the dimensionless equations desc
ing the SBS interaction read

]«p

]t
1

]«p

]z
52gB«s , ~1a!

]«s

]t
2

]«s

]z
5gB* «p , ~1b!

1

bA

]B

]t
1B5«p«s* 1 f ~z,t!. ~1c!

«p , «s , andB represent, respectively, the complex envelop
of the pump, Stokes, and acoustic waves. The timet is nor-
malized to the transit time of the light inside the fiber.z is
the space coordinate that is normalized to the fiber lengtL.
The fields«p and«s are measured in units of the maximu
pump fieldEmax available at the entrance end of the fiberg
is the normalized SBS coupling constant.bA , which repre-
sents the normalized damping rate of the acoustic wave
equal topDnBnL/c, wherec/n andDnB are the phase ve
locity of light inside the fiber and the Brillouin spontaneo
linewidth, respectively. Full details concerning the adop
normalization are given in Ref.@15#.

f (z,t) is a weak noise term describing the random th
mal fluctuations of density occurring inside the fiber. As
represents spontaneous scattering, its relative importan
much weaker than that of the term«p«s* associated with
stimulated Brillouin scattering. However, its influence cann
be neglected in Brillouin fiber generators, in which the s
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chastic fluctuations of the Stokes intensity are complet
shaped by the randomness of spontaneous scattering@3,4#. In
Brillouin fiber amplifiers, two counterpropagating laser fiel
are launched into the fiber, and the dynamics no longer
mains noise dominated but becomes purely determini
@14#. In typical experiments, Brillouin amplifiers operate in
stable fixed state in which the signal wave is strongly a
monotonically amplified@6#. The influence of the noise term
f (z,t) is then commonly fully neglected@12,16#.

The normalized parameters used throughout this pape
g510.98 andbA518.22. They are computed from SBS co
pling constants commonly found in the literature@15,17# and
from physical values corresponding to typical optical-fib
experiments. The fiber length is supposed to be 60 m an
core diameter is equal to 8mm. At a pumping wavelength
of 1550 nm,DnB is estimated to be 20 MHz@6#. The maxi-
mum pump fieldEmax chosen for the normalization is 2.2
MV/m and corresponds to an injected pump power of 5
mW. To clearly precise the relation between our reduc
variables and physically measurable quantities, a normal
pump intensityu«p(z50)u2 equal to unity corresponds to
pump power of 500 mW injected inside the fiber core.
normalized time variation of unity corresponds to 0.29ms
and a normalized angular frequencyv of 2p corresponds to
a physical angular frequency of 2p33.43106 rad/s.

III. SPECTRAL GAIN HOLE BURNING IN BRILLOUIN
FIBER AMPLIFIERS

The aim of this section is to study the mechanisms
sponsible for the emergence of hole burning in the g
bandwidth of Brillouin fiber amplifiers. In Sec. III A, we firs
recall the approach adopted in Ref.@12# by Takushima and
Kikuchi who have proposed a configuration in which spe
tral hole burning is evidenced by injecting three optic
waves into a Brillouin fiber amplifier. After a brief discussio
about the relation between this approach and pump-pr
studies performed in atomic systems, we show that
three-wave configuration is equivalent to a two-wave co
figuration in which the amplitude of the signal wave
weakly modulated. This permits to greatly simplify the th
oretical treatment, since only the equations governing
evolution of the field amplitudes have to be consider
These amplitude equations are linearized and the proble
reduced to the determination of transfer functions charac
izing the way through which the amplitude modulation
filtered by the amplifier. These transfer functions fully cha
acterize the linear response of the amplifier and they
analytically calculated for three different regimes rangi
from unsaturated to saturated amplification. By using app
priate approximated expressions for the stationary pump
signal intensity profiles, Sec. III B, III C, and III D are thu
devoted to the theoretical treatment of the weak interact
the weak saturation, and the strong saturation regim
respectively.

A. Theoretical approach and approximations

In Ref. @12#, Takushima and Kikuchi consider that th
Brillouin amplifier operates in a stable fixed state obtain
2-2
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ORIGIN OF SPECTRAL HOLE BURNING IN . . . PHYSICAL REVIEW A65 053812
by injecting two counterpropagating laser beams into the
ber @see Fig. 1~a!#. A strong pump field~weak signal field!
oscillating at an optical frequencynp (ns) is launched into
the fiber atz50 (z51). The frequency detuningnp2ns
between the two fields is equal to the Brillouin shift in silic
so that the signal is strongly and resonantly amplified. Ad
tionally, a probe field oscillating at a frequencyns1Dn is
launched in the fiber atz51 @see Fig. 1~b!#. Whateverz, the
amplitudeapr(z) of this field is much weaker than that of th
pump and signal fields. The gainGpr5apr(z50)/apr(z
51) experienced by the probe in the amplifier is then m
sured as a function ofDn. If the intensity of the signal wave
is sufficiently low, the gain of the amplifier is not saturat
and a bell-shaped curve is recorded. On the other hand
functionGpr(Dn) is found to exhibit a dip aroundDn.0 as
gain saturation is reached. The theoretical analysis perfor
by Takushima and Kikuchi enters within the framework
the three-wave model presented in Sec. II. Equations~1! are
linearized by assuming that the probe field generates w
perturbations that propagate around the stationary profile
the pump and signal fields. This leads to four different
equations governing the longitudinal evolution of the co
plex amplitudes of various sidebands oscillating at6Dn.
Finally, these equations are numerically integrated and
functionGpr(Dn) is plotted for increasing values of the sig
nal intensity.

The approach adopted by Takushima and Kikuchi is qu
analogous to that used in pump-probe studies performe
atomic systems. In standard pump-probe experiments,
pump beam ‘‘prepares’’ the atomic system, which is sub
quently monitored by the probe beam. In Refs.@12,8#, the
pump and signal beams ‘‘prepare’’ the Brillouin fiber amp
fier in a stationary state, which is subsequently monitored
the probe beam. In inhomogeneously broadened atomic
tems, it is well known that a dip is observed in the pro
absorption profile as the pump beam saturates one seg
of the absorption line. However, the emergence of spec
hole burning at the frequency of the pump laser must no
interpreted straightforwardly as being a signature of an in
mogeneous broadening of the absorption line. The prese

FIG. 1. Two possible configurations for studying Brillouin fib
amplifiers.~a! Usual two-wave configuration studied in Ref.@14#.
~b! Three-wave configuration studied in Ref.@12#.
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of a strong wave may indeed cause the absorption line
appear to be ‘‘hole burned’’ when probed by a second wa
even though the broadening mechanisms are homogen
@18#. This phenomenon has been studied in the 1980s
arises from a periodic modulation of the ground-state po
lation at the beat frequency between the pump and pr
fields @19,20#. From this brief summary of spectral hol
burning in atomic systems, it appears that the mechani
responsible for the emergence of a dip in the Brillouin ga
spectrum may be subtle and that no simple conclusion ca
drawn straightforwardly from the observation of such a ph
nomenon.

After this qualitative discussion, let us now examine ho
the theoretical treatment of spectral hole burning in Brillou
fiber amplifiers can be further developed. To describe
behavior of the Brillouin fiber amplifier represented in Fi
1~b!, Eqs.~1! must be completed by the following bounda
conditions:

«p~z50,t!5m, ~2a!

«s~z51,t!5as~11aeiDVt!. ~2b!

m is a dimensionless pump parameter andas represents the
amplitude of the signal field injected into the amplifier.a is
a small dimensionless parameter determining the ratio
tween the probe and signal amplitudes (a5apr /as.1023).
DV is proportional to the frequency detuning between
signal and the probe fields (DV52pDnnL/c). By consid-
ering that a!1, the intensity I s(z51,t) and the phase
fs(z51,t) of the complex field«s(z51,t) can be easily
determined and read,

I s~z51,t!5u«s~z51,t!u2.as
2@112a cos~DVt!#,

~3a!

tan@fs~z51,t!#.a sin~DVt!. ~3b!

These expressions show that adding a weak probe field
is frequency detuned to a resonant signal field is equiva
to weakly modulating both the amplitude and the phase
the signal wave. Let us now examine how this simple res
can be used to simplify the theoretical analysis, and let
first transform the complex variables of Eqs.~1! to modulus-
phase form. By neglecting the noise termf (z,t) of Eq. ~1c!,
we obtain

]Ap

]t
1

]Ap

]z
52gAaAscosu, ~4a!

]As

]t
2

]As

]z
5gAaApcosu, ~4b!

1

bA

]Aa

]t
1Aa5ApAscosu, ~4c!

]fp

]t
1

]fp

]z
52g

Aa As

Ap
sinu, ~4d!
2-3
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]fs

]t
2

]fs

]z
52g

AaAp

As
sinu, ~4e!

1

bA

]fa

]t
52

ApAs

Aa
sinu, ~4f!

whereAi andf i ( i 5p,s,a) represent, respectively, the am
plitudes and phases of the pump, Stokes, and acoustic wa
The variableu(z,t) is a function of the phases, which
equal to fs(z,t)1fa(z,t)2fp(z,t). The amplitude and
the phase of the signal wave atz51 being weakly modu-
lated, one can consider that the amplitudes and the phas
all the waves involved in the SBS interaction will weak
fluctuate around their steady state. In these conditions, s
tions of Eqs.~4! can be sought under the following form:

Ai~z,t!5Ai
0~z!1dAi~z,t! ~ i 5p,s,a!, ~5a!

f i~z,t!5f i
0~z!1df i~z,t! ~ i 5p,s,a!. ~5b!

The functionsAi
0(z) @f i

0(z)# are the steady-state profiles
the field amplitudes@phases# calculated in Ref.@14#. The
functions dAi(z,t) @df i(z,t)# represent the slight devia
tions of these amplitudes@phases# from their steady-state
profiles. If the frequency of the signal wave is precise
tuned to the center of the Brillouin gain bandwidth, all t
stationary phase profilesf i

0(z) are uniformly equal to zero
@14# and the variableu(z,t) then slightly fluctuates aroun
zero. The term cosu present in Eqs.~4a!–~4c! only brings
second-order terms that are neglected when the lineariza
is performed by substituting Eqs.~5! into Eqs. ~4!. To the
first order, amplitude fluctuations are thus decoupled fr
phase fluctuations. As we are mainly interested in determ
ing the gain experienced by the probe wave, we will igno
the phase equations and only consider the equations gov
ing the spatiotemporal evolution of the amplitude fluctu
tions.

By introducing relative amplitude fluctuations defined
dÃi(z,t)5dAi(z,t)/Ai

0(z), we obtain

]dÃp

]t
1

]dÃp

]z
5gIs~z!~dÃp2dÃa2dAs̃), ~6a!

]dÃs

]t
2

]dÃs

]z
5gIp~z!~dÃp1dÃa2dÃs!, ~6b!

1

bA

]dÃa

]t
5dÃp1dÃs2dÃa , ~6c!

where the functionsI i(z)5@Ai
0(z)#2 ( i 5p,s) represent the

steady-state intensity profiles of the pump and signal wa
inside the Brillouin fiber amplifier. These equations must
completed by boundary conditions, expressing that the
plitude of the pump laser is constant whereas the amplit
of the signal field is sinusoidally modulated. They read

dÃp~z50,t!50, ~7a!
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dÃs~z51,t!5a cos~DVt!. ~7b!

With these boundary conditions, the spectra of the vari
fields at the input and output ends of the fiber consist
carriers and weak sidebands. This is schematically re
sented in Fig. 2, which shows the spectral components
volved in a Brillouin fiber amplifier submitted to a wea
amplitude modulation of the injected signal wave. Let
emphasize that this configuration is equivalent to that stud
by Takushima and Kikuchi in Ref.@12# @see also Fig. 1~b!#.
However, it should be noted that Takushima and Kikuc
directly linearize the set of Eqs.~1! to obtain a set of four
complex differential equations, which is solved only nume
cally. On the other hand, our theoretical treatment can n
be further developed and, as shown hereafter, analytica
lutions can be found from the unsatured to the saturated
plification regimes.

The next step of our theoretical analysis consists in tak
the Fourier transforms of Eqs.~6!. We then obtain two
coupled differential equations governing the spatial evo
tions of the Fourier transformsdÃp(z,v) and dÃs(z,v) of
the functionsdÃp(z,t) anddÃs(z,t). They read

]dÃs~z,v!

]z
5 ivS gIp~z!

bA1 iv
11D dÃs~z,v!

2gIp~z!S 11
bA

bA1 iv D dÃp~z,v!, ~8a!

]dÃp~z,v!

]z
52gIs~z!S 11

bA

bA1 iv D dÃs~z,v!

1 ivS gIs~z!

bA1 iv
21D dÃp~z,v!. ~8b!

With our normalization, the steady-state intensity profiles
the pump and signal waves calculated in Ref.@14# read

I p~z!5
I p~0!~12r !

12r exp~2gz!
, ~9a!

I s~z!5
I p~0!r ~12r !

exp~gz!2r
~9b!

with

FIG. 2. Schematic representation of a Brillouin fiber amplifi
submitted to a weak amplitude modulation of the signal. This c
figuration is equivalent to that presented in Fig. 1~b!.
2-4
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ORIGIN OF SPECTRAL HOLE BURNING IN . . . PHYSICAL REVIEW A65 053812
r 5
I s~0!

I p~0!
, ~10a!

g52gIp~0!~12r !. ~10b!

For small values of the parameterr ~i.e., r ,1024), the am-
plifier operates in the weak-interaction regime. Pump dep
tion can be ignored and the signal wave is exponenti
amplified. In other words, the stationary pump and sig
profiles can be approximated to

I p~z!5I p~0!, ~11a!

I s~z!5rI p~0!exp~2gz! ~11b!

with g52gIp(0). Forvalues ofr ranging approximately be
tween 1022 and 1023, the Brillouin fiber amplifier operates
in the weak saturation regime. Pump depletion is then
very pronounced and it can be ignored. Equations~11! are
still adequate butg can no longer be approximated
2gIp(0), and Eq.~10b! must be used to describe the we
gain reduction that occurs in this regime. For values or
between 1022 and 1, the amplifier operates in the stro
saturation regime in which pump depletion cannot be
nored. For moderate values ofr ~i.e., r ,0.1), an approxi-
mate expression of the pump intensity profile can be fou
by expanding Eq.~9a! to the first order inr. It reads

I p~z!5I p~0!$12r @12exp~2gz!#%. ~12!

It can be easily seen that the exponential term of Eq.~12!
does not play an important role for values ofz greater than
1/g.0.1. The signal amplification thus remains nearly exp
nential even in the strong saturation regime. As long ar
does not exceed 0.1, Eqs.~11b! and~12!, therefore, describe
intensity profiles that are very close to the exact solutio
given by Eqs.~9!. By using the approximated intensity pro
files given above, Secs. III B, III C, and III D are devoted
the analytical resolution of the set of Eqs.~8! in the weak-
interaction, weak saturation and strong saturation, regim
respectively.

B. Weak-interaction regime

By using Eqs.~11!, the set of Eqs.~8! is first transformed
into a second-order differential equation that reads

]2dÃs~z,v!

]z2
12~G01G1e2gz!

]dÃs~z,v!

]z
1@v212iv~G0

2G1e2gz!1V1
2e2gz#dÃs~z,v!50 ~13!

with

G05
2 ivgIp~0!

2~bA1 iv!
, G15

2 ivgIs~0!

2~bA1 iv!
,

and
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V1
25

24bAg2I p~0!I s~0!

bA1 iv
. ~14!

In the weak-interaction regime, the signal intensity is
weak that the problem can be examined to the lowest o
in I s(0). ThecoefficientsG1 andV1

2 are thus considered a
being equal to zero and Eq.~13! then simply becomes

]2dÃs~z,v!

]z2
12G0

]dÃs~z,v!

]z
1V0

2dÃs~z,v!50 ~15!

with

V0
25v2S 11

gIp~0!

bA1 iv D . ~16!

Taking the spatial Fourier transform of Eq.~15!, we obtain a
polynomial equation of degree 2 for the wave numberk char-
acterizing the propagation of the perturbationdÃs inside the
amplifier. The two roots of the polynomial provide two di
persion relations that read

k15vS 11
gIp~0!

bA1 iv D , ~17a!

k252v. ~17b!

The solution of Eq.~15! can then simply be written as

dÃs~z,v!5C1exp~ ik1z!1C2exp~ ik2z!, ~18!

whereC1 andC2 are integration constants that must be d
termined from the boundary conditions. In particular, t
combination of Eq.~7a! with Eq. ~8a! permits to obtain a
condition showing thatC2 is equal to zero. Taking into ac
count this last result and substituting Eq.~18! into Eq. ~8a!
yields dÃp(z,v)50. Therefore, in the weak-interaction re
gime, the pump wave is much stronger than the signal w
and it remains unaffected by the amplitude modulation
plied to the signal atz51. Moreover, it is worth noticing
that the propagation of the signal perturbation is suppor
by only one of the two possible wave vectors (C250). The
gain experienced by a signal perturbation oscillating at
angular frequencyv can thus be directly determined from
the imaginary part ofk1 and it simply reads

uG0~v!u5UdÃs~z50,v!

dÃs~z51,v!
U5expS 2gIp~0!v2

bA
21v2 D . ~19!

The functionuG0(v)u is plotted in Fig. 3~a! and its analytical
expression can be directly connected to the usual expres
of the gain of a Brillouin amplifier@2,12#. When pump deple-
tion is ignored, the gainGAmpli(v) experienced by a signa
wave that is detuned byv from the center of the Brillouin
bandwidth indeed reads
2-5
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GAmpli~v!5
I s~z50!

I s~z51!
5expS 2gIp~0!bA

2

bA
21v2 D . ~20!

Normalizing this last expression with respect to the ma
mum gain, exp@2gIp(0)#, and taking the square root of th
obtained result simply leads to Eq.~19!. This means that al
the configurations presented in Figs. 1 and 2 provide res
that are qualitatively analogous about the gain bandwidth
the weak-interaction regime.

C. Weak saturation regime

In the weak saturation regime, the parameterr is approxi-
mately between 1023 and 1022. In these conditions,G1 can
still be neglected with respect toG0 in Eq. ~13!. On the other
hand, the termV1

2 clearly plays a role that cannot be ignore
for values ofv that are sufficiently low@see expressions~14!
and the third term of the left-hand side of Eq.~13!#. These
considerations being taken into account, our working eq
tion becomes

]2dÃs~z,v!

]z2
12G0

]dÃs~z,v!

]z

1~V0
21V1

2e2gz!dÃs~z,v!50. ~21!

One of the coefficients of Eq.~21! being a function ofz, the
treatment already performed for Eq.~15! cannot be applied
In particular, it is not possible to derive two dispersion re
tions for the propagation of the signal perturbation. Nev
theless, the solution of Eq.~21! can be found by introducing
the new variableu5exp(2gz). This yields the equation

g2u2
]2dÃs~u,v!

]u2
1gu~g22G0!

]dÃs~u,v!

]u

1~V0
21V1

2u!dÃs~u,v!50, ~22!

FIG. 3. Transfer functions characterizing the linear respons
the Brillouin fiber amplifier in the weak-interaction regime. Th
parameters used areg510.98,bA518.22, I p(0)51, r 51025.
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which admits the solution

dÃs~u,v!5@C18JA~BAu!1C28YA~BAu!#uG0 /g, ~23!

where JA(BAu) and YA(BAu) are Bessel functions of the
first and second kinds, respectively@21#. The coefficientsA
andB are given by

A5
2AG0

22V0
2

g
and B5

2V1

g
. ~24!

The integration constantsC18 and C28 must be determined
from the boundary conditions. From their expressions, it
in particular, possible to derive the analytical expressions
two transfer functionsuG(v)u and uH(v)u defined as

uG~v!u5UdÃs~z50,v!

dÃs~z51,v!
U and uH~v!u5UdÃp~z51,v!

dÃs~z51,v!
U.

~25!

uG(v)u @ uH(v)u# relates the amplitude fluctuations of th
signal atz50 @the pump atz51# to the amplitude fluctua-
tions of the signal applied atz51. Their analytical forms
involve complicated combinations of Bessel functions th
are given in Appendix A.

Let us now discuss the modifications affecting the fun
tions uG(v)u and uH(v)u as r increases. First of all, it is
worth noticing that there is no significant difference betwe
uG(v)u anduG0(v)u when the Stokes intensityI s(0) is much
weaker than the pump intensityI p(0). This is illustrated in
Fig. 3~a! which shows that the two functions are identical
the weak-interaction regime forr 51025. The analytical
forms of uG0(v)u and uG(v)u differ because they are no
built from the same basis functions. The approach used
obtain the expression ofuG0(v)u is indeed very simple and
permits to obtain a solution that reads as a linear comb
tion of exponential functions@Eq. ~18!#. This means that the
propagation modes authorized for the signal perturbation
side the amplifier are progressive sine waves that are e
nentially damped. As the boundary condition for the pum
wave @Eq. ~7a!# imposes that only one of these propagati
modes is excited, the gainuG0(v)u experienced by the signa
perturbation is the simple exponential function given by E
~19!. On the other hand, the approach leading to the ana
cal expression ofuG(v)u @Eq. ~A2!# is much less restrictive
than the previous one. The solution is also much more co
plicated and reads as a linear combination of Bessel fu
tions @Eq. ~23!#. This means that the propagation of the s
nal perturbation inside the amplifier still involves tw
propagation modes, but they do not remain simple prog
sive sine waves. Moreover, it should be noted that both
them are excited even in the weak-interaction regime (C18
ÞC28Þ0). Figure 3~b! shows thatuH(v)u is a bell-shaped
function characterized by a peak value that is very sm
(.r 51025) in the weak-interaction regime. This means th
the signal fluctuation propagates inside the amplifier with
significantly perturbating the pump amplitude. This res
was also found in Sec. III B by treating Eq.~13! to the lowest
order in I s(0).

of
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ORIGIN OF SPECTRAL HOLE BURNING IN . . . PHYSICAL REVIEW A65 053812
Increasingr to a numerical value of 231023 first leads to
a weak gain saturation. This is illustrated in Fig. 4~a! which
shows that the functionuG(v)u deviates from the simple
exponential form presented in Fig. 3~a!. It flattens out and
saturates to a constant value of 0.96 at low frequencies.
value is simply found to be the ratio between the satura
gain exp(g) and the unsaturated gain exp@2gIp(0)#. The func-
tion uH(v)u presents a shape that is comparable to tha
uG(v)u @see Fig. 4~b!#. However, its peak value that remain
of the order of r has now increased to'1.931023. As
shown in Fig. 5~a!, further increase in the parameterr leads
to the emergence of a dip in the gain profileuG(v)u. For r
50.01, the central value of the gainuG(0)u has fallen to
0.824. This value remains close to the ratio between the s
rated and the unsaturated gain, which is equal to 0.802

FIG. 4. Transfer functions characterizing the linear respons
the Brillouin fiber amplifier in the weak saturation regime. T
function uG0(v)u plotted by the dashed line is shown for referenc
The parameters used areg510.98, bA518.22, I p(0)51, r 52
31023.

FIG. 5. Same as Fig. 4, but withr 51022.
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shown in Fig. 5~b!, the shape of the transfer functionuH(v)u
is comparable to that ofuG(v)u but it should be noticed tha
its peak value has further increased to a value of'0.0095.
Summarizing our results, the central value of the gainuG(0)u
is approximately the ratio between the saturated and the
saturated gain. Increasingr leads to a decrease ofuG(0)u and
to an increase of the weight taken by the transfer funct
uH(v)u whose peak value is always close tor. Therefore the
emergence of spectral gain hole burning in the Brillouin fib
amplifier is due both to the gain saturation and to the c
pling between the signal and pump perturbations. Gain s
ration induces a flattening of the transfer functionuG(v)u but
the intensity of the signal wave is so high then that the c
pling between the signal and pump perturbations canno
neglected. Contrary to the weak-interaction regime, the p
turbation applied to the signal atz51 is not only carried by
the signal wave but is also seen by the pump wave. Fo
particular frequency range, the coupling strength between
signal and pump perturbations is maximum and the two p
turbations reinforce each other. This results in an increas
the gainuG(v)u in spectral domains that are symmetrica
placed aroundv50. Therefore, the emergence of a dip
the gain profile can be seen rather as the growth of sideba
than as the birth of a spectral hole.

D. Strong saturation regime

For values of the parameterr ranging approximately be
tween 1022 and 1, the Brillouin fiber amplifier operates i
the strong saturation regime in which pump depletion can
be ignored. The set of Eqs.~8! has been analytically solve
by Fotiadi et al. in Ref. @22# for situations in which pump
depletion is especially pronounced~i.e., for r .1). As shown
in detail in Appendix B, Eqs.~8! can also be analytically
solved in the strong saturation regime for values ofr ranging
approximately between 1022 and 0.1. The simplified analyti
cal expressions of the stationary intensity profiles given
Eqs. ~11b! and ~12! are thus used and the set of Eqs.~8! is
transformed into a second-order differential equation. C
trary to the weak saturation regime, the solution of this eq
tion is no longer a sum of Bessel functions but of Whittak
functions @see Eq.~B4!# @21#. As shown in Fig. 6 obtained
for r 50.1, the transfer functionsuG(v)u anduH(v)u that are
determined from the analytical solution@Eqs.~B6! and~B8!#
exhibit a dip that is much deeper than that in the we
interaction regime. Moreover, the two transfer functions
of the same order of magnitude and both of them exhib
multipeak structure. Let us note that the validity of the an
lytical solution given in Appendix B has been tested by n
merically integrating Eqs.~6! and~7!. The relative difference
between the analytical and the numerical solutions is low
than 1% as long asr does not exceed 0.1. For values ofr
greater than 0.1, the stationary intensity profiles can
longer be approximated by Eqs.~11b! and ~12! so that the
quantitative disagreement between the analytical and
merical solutions becomes significant. In very saturated a
plification regimes, numerical simulations must, therefore,
used to characterize the linear response of the amplifier.
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L. STÉPIEN, S. RANDOUX, AND J. ZEMMOURI PHYSICAL REVIEW A65 053812
transfer functions that are plotted in Fig. 7 forr 50.5 have
thus been numerically computed.

For v.0, Figs. 6 and 7 show that the angular frequen
differenceDv between two consecutive peaks of a giv
transfer function is approximately equal top. Actually, it is
worth noticing that similar features would be qualitative
observed in an empty Fabry-Perot cavity with the sa
length as our fiber. In such a resonator, a forward- an
backward-propagating wave are coupled by reflective bou
ary conditions at the right- and left-hand mirrors@23#. This
results in the emergence of resonances separated by a
malized angular frequency equal top. Let us now explain
why a similar frequency difference appears in the Brillou

FIG. 6. Transfer functions characterizing the linear respons
the Brillouin fiber amplifier in the strong saturation regime. T
function uG0(v)u plotted by the dashed line is shown for referenc
The parameters used areg510.98,bA518.22, I p(0)51, r 50.1.

FIG. 7. Same as Fig. 6 but withr 50.5. Contrary to all the
figures previously presented, the plotted transfer functions are
tained from numerical simulations~see the text!.
05381
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fiber amplifier, even though there is no mirror at the boun
aries. This feature only arises from the fact that two coup
perturbations obeying well-defined boundary conditio
counterpropagate in the amplifier. In the strong saturat
regime, the pump and signal perturbations propaga
around the stationary intensity profiles are of the same o
of magnitude. These counterpropagating perturbations
coupled by the SBS interaction@see Eqs.~6a! and ~6b!# and
they must obey precise boundary conditions given by E
~7!. The combination of wave counterpropagation, SBS c
pling, and boundary conditions is sufficient to give rise
resonances separated by an angular frequency differenc
proximately equal top. This is shown in Appendix C in
which very rough approximations are performed to simpl
the problem and to show that the considered effect is o
due to the presence of the three ingredients previou
mentioned.

It should be noticed that it is very difficult to avoid feed
back from the boundaries in an optical-fiber medium. It
furthermore, well established that the presence of w
Fresnel reflections at the fiber ends gives rise to perio
self-oscillations of the Stokes intensity@5,28,29#. In such a
configuration, the system is no longer a simple amplifier
is termed a Brillouin fiber laser. The period of the observ
steady oscillations is twice the transit time of the light in t
fiber. In other words, the normalized angular frequency ch
acteristic of the Stokes self-oscillations is equal top when
the SBS medium is enclosed within a Fabry-Perot cavity
should be emphasized that these fluctuations of the Sto
intensity are not weak but result from oscillations on a lim
cycle. Although their fundamental frequency can be found
a linear stability analysis@28,30#, these self-oscillations in-
volve the nonlinear response of the Brillouin fiber laser. O
the other hand, the transfer functions considered in
present section characterize the linear response of the am
fier for a weak modulation of the signal amplitude. The sa
frequency found both in the laser and in the amplifier, the
fore, characterizes responses and regimes that are fully
ferent. On one hand, it represents the fundamental freque
of self-oscillations occurring in the nonlinear regime and
the other hand, it appears in a linear response to a w
modulation.

IV. SPECTRAL HOLE BURNING IN BRILLOUIN FIBER
GENERATORS

In this section, we study theoretically the mechanis
leading to the emergence of hole burning in the spectrum
intensity fluctuations of the Stokes light emitted by Brillou
fiber generators. In particular, we will put emphasis on
connection between this phenomenon and the spectral
burning already studied in Sec. III for Brillouin fiber ampl
fiers. The pump field being now the only external field i
jected inside the fiber, the only boundary condition that
taken into account is given by Eq.~2a!. The weak noise term
f (z,t) of Eq. ~1c! describes the thermal excitation of acou
tic waves. In the Brillouin fiber generator, it is responsib
not only for the initiation of the SBS process, but also for t
existence of a stochastic dynamics@3#. Contrary to Sec. III,
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ORIGIN OF SPECTRAL HOLE BURNING IN . . . PHYSICAL REVIEW A65 053812
its influence is now fully taken into account. The noi
source f (z,t) being spatially distributed, the noise dom
nated SBS dynamics can only be studied by numerical si
lations that have been performed by integrating the se
Eqs.~1! with a procedure based on the method of charac
istics @23,24#. In order to unambiguously connect our n
merical results to previous works performed on Brillouin
ber generators, we have chosen to use the param
commonly employed to describe the power transfer cha
teristics of SBS generators. The first of these paramete
the reflectivity R defined as the ratio between the avera
output Stokes power and the incident pump power@R
5^u«s(z50,t)u2&/m2#. The other relevant parameter is th
single-pass gainGF defined as the product between the S
gain factor measured in m/W, the pump laser intensity,
the fiber length@1#. With our normalization, it is also simply
given byGF52gm2. As shown in Fig. 8, the dependence
the SBS reflectivity on the single-pass gainGF obtained
from our numerical simulations is identical to that usua
found in the SBS literature@2,3#. We especially underline
this point since Kovalev and Harrison mention in Ref.@25#
that ‘‘our numerical modeling of SBS~presented in Ref.
@10#! gives results which are intrinsically inconsistent a
contradictory to the physics and practice of SBS.’’ They a
find in Ref.@25# many contradictions in the numerical resu
presented in our Comment@10# to their original Letter@9#;
detailed numerical results supplementing those already p
lished in Ref.@10# are presented hereafter. By using the p
rameters commonly employed to describe the physics
Brillouin fiber generators and by clearly specifying their n
merical values, we hope to definitely clarify the situation a
to conclusively demonstrate the consistency of our numer
simulations. Finally, the power spectra of the Stokes inten
fluctuations given hereafter are also presented in order t
directly compared to the transfer functions determined
Sec. III.

In Sec. III A, we have pointed out an analogy betwe
pump-probe experiments in atomic systems and the th
wave configuration proposed by Takushima and Kikuchi
study the Brillouin fiber amplifier@see Fig. 1~b!#. A similar
analogy can be drawn between fluorescence experimen
two-level atoms and studies performed in Brillouin fiber ge
erators. In both cases, only one pump beam is injected in
the medium. In the Brillouin fiber generator, the backsc

FIG. 8. Dependence of the reflectivity of a Brillouin fiber ge
erator on the single-pass gainGF (g510.98,bA518.22).
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tered Stokes light exhibits intensity fluctuations of a stoch
tic nature@3,5#. In two-level atomic systems, intensity fluc
tuations are observed in the emitted fluorescence@26#. In
particular, it has been shown that the phase noise of
pump laser strongly affects the fluorescence intensity and
fluctuations of the fluorescence intensity@27#. Our numerical
simulations have also shown that the Brillouin generato
sensitive to the phase noise of the pump laser. The S
threshold is thus found to be dependent on the pump-la
linewidth. However, the effects described below rema
qualitatively unchanged with or without the presence
pump phase noise.

For a value of the single-pass gain close above the S
threshold (GF522), the time evolutions of the Stokes an
pump intensities are plotted in Figs. 9~a! and 9~b!, respec-
tively. The power spectra corresponding to these time se
are presented in Figs. 9~c! and 9~d!. Let us emphasize tha
the temporal signals presented in Fig. 9 are obtained afte
integration time that is long enough to ensure that the sys
evolution takes place well after any transient process ass
ated with the turn on of the pump laser. As shown in F
9~a!, the fluctuations in the Stokes intensity obtained fro
our numerical simulations are very similar to those repor
by Boyd et al. in Ref. @3#. Despite the weak reflectivity (R
.1%), it should be noticed that the pump field at the outp
end of the fiber (z51) exhibits weak intensity fluctuation
around a strong dc background@see Fig. 9~b!#. The power
spectrum of this signal is thus composed of a strong dc c
ponent that is approximately'50 dB above the noise leve
@see Fig. 9~d!#. As shown in Fig. 9~c!, the power spectrum o
the Stokes intensity fluctuations is qualitatively similar to t
power spectrum of the pump intensity fluctuations. The o
significant difference lies in the weight of the dc compone
that is only 20 dB above the noise level. Figure 10 shows
time series and power spectra obtained well above the S
threshold forGF560. The reflectivity is now'50% and the
intensity of the pump and Stokes fields is strongly fluctu

FIG. 9. Dynamical behavior of a Brillouin fiber generator ope
ating close above threshold (GF522,g510.98,bA518.22). Time
series of the Stokes intensity atz50 ~a! and corresponding powe
spectrum~c!. Time series of the pump intensity atz51 ~b! and
corresponding power spectrum~d!.
2-9
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L. STÉPIEN, S. RANDOUX, AND J. ZEMMOURI PHYSICAL REVIEW A65 053812
ing. The power spectra are very different from those of F
9. As in the experiments of Ref.@9#, both of them now ex-
hibit a pronounced dip aroundv50. Moreover, a carefu
analysis of Figs. 10~c! and 10~d! reveals several peaks th
are symmetrically and regularly spaced aroundv50. This
strongly suggests to compare the power spectra of Fig
with the transfer functions presented in Fig. 7. To this e
we rescale the functionuG(v)u by plotting the function
GdB(v)520 log10uG(v)u which permits a direct compariso
between power spectra and transfer functions. Figure 1~b!
thus shows that the power spectrum of Fig. 10~c! obtained
for R550% is very similar to the transfer function of Fig
7~a! computed for a ratior 5I s(0)/I p(0) of 0.5. Let us no-
tice that the spectrum presented in Fig. 11~b! has been ob-
tained by averaging the power spectra of Stokes inten

FIG. 10. Same as Fig. 9 but well above threshold (GF560).

FIG. 11. Comparison between the power spectra of Stokes
tensity fluctuations in the Brillouin fiber generator~full lines! and
the transfer functionsGdB(v) of the Brillouin fiber amplifier
~dashed lines!. ~a! Weak reflectivity (R.1%, GF522) and weak
saturation regime (r 50.01). ~b! Strong reflectivity (R.50%, GF

560) and strong saturation regime (r 50.5). Note that an arbitrary
offset of 30 dB has been added to the transfer function of~a! in
order to permit a direct comparison between the two small dips
05381
.
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fluctuations over 100 realizations of the random proc
f (z,t). This averaging procedure permits to remove alm
all the noise that superimposes on the spectrum of Fig. 10~c!.
This is also especially useful for noise spectra computed
weak reflectivities. Figure 11~a! indeed reveals a small dip in
the power spectrum obtained for a reflectivity of 1%. A
shown in Fig. 9~c!, it is not observable in only one spectrum
However, it is very similar to the dip characterizing the tran
fer functionGdB(v) that has been computed for a Brilloui
fiber amplifier operating in the weak saturation regime
r 5I s(0)/I p(0)50.01.

Let us now summarize our results and discuss their
nificance. In a Brillouin fiber generator reflecting a give
percentageR of the incident pump intensity, the power spe
trum of the Stokes intensity fluctuations is very similar to t
transfer function characterizing the linear response of a B
louin fiber amplifier operating in such a way thatr
5I s(0)/I p(0) is equal toR. Rigorously speaking, the trans
fer functions considered in Sec. III properly characterize
intensity noise properties of a Brillouin amplifier operatin
in the configuration represented in Fig. 1~a!. Instead of a
weak intensity modulation applied at the output end of
fiber ~see Fig. 2!, a weak noise source must obviously b
added to the signal wave atz51. The spectral density o
signal intensity noise atz50 is then simply obtained by
multiplying the spectral density of signal intensity noise
z51 by uG(v)u2.

In a Brillouin fiber generator, the situation is not s
simple. First of all, no signal wave is injected inside the fib
This means that no stationary state can be rigorously defi
However for weak reflectivities, pump depletion can be n
glected and the Stokes light is exponentially amplified on
average as it propagates inside the fiber@2#. This is illus-
trated in Figs. 12~a! and 12~b!, which show the Stokes an
pump intensity profiles at an arbitrary time. The termf (z,t)
induces weak fluctuations around the exponential Stokes
tensity profile@see Fig. 12~a!# but the reflectivity is so smal
that the pump intensity profile is not significantly perturbat
@see Fig. 12~b!#. Contrary to the situation previously de

n-

FIG. 12. Longitudinal profiles of the Stokes~a!,~c! and pump
~b!,~d! intensities at an arbitrary time for gain factorsGF of 22
~a!,~b! and 60~c!,~d!.
2-10
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ORIGIN OF SPECTRAL HOLE BURNING IN . . . PHYSICAL REVIEW A65 053812
scribed for the Brillouin fiber amplifier, the origin of th
weak fluctuations is not a localized noise source but a s
tially distributed noise source. Nevertheless, we can ap
arguments identical to those previously used for the disc
sion of noise properties of Brillouin fiber amplifiers. Th
weak fluctuations around the exponential intensity pro
characterizing the average amplification of the Stokes w
are filtered by the transfer functionuG(v)u studied in Sec.
III C. This results in a noise power spectrum atz50, which
is very similar to the transfer function of the amplifier.

For higher reflectivities, the coupling between the Stok
and pump fluctuations becomes significant. This is illustra
in Figs. 12~c! and 12~d!, which show that the Stokes field i
now so intense that its fluctuations induce strong variati
of the pump intensity profile. The coupled pump and Sto
perturbations counterpropagate around mean intensity
files that are determined by the reflectivity. The situation c
thus be compared to that studied in Sec. III D for a Brillou
fiber amplifier operating in the strong saturation regime. D
spite the fact that the intensity fluctuations are now stron
the analysis previously developed for the weak reflectiv
regime still qualitatively holds for the strong reflectivity re
gime. The Stokes intensity fluctuations are filtered by
transfer functionuG(v)u numerically computed in Sec. III D
for a Brillouin fiber amplifier operating in the strong satur
tion regime. This results in a dip in the power spectrum
Stokes intensity fluctuations and in the emergence of pe
arising from the counterpropagation and the coupling
tween pump and Stokes fluctuations inside the generato

V. CONCLUSION

In summary, spectral hole burning in Brillouin fiber am
plifiers and generators has been theoretically studied. Tr
fer functions characterizing the linear response of the B
louin amplifier to a weak amplitude modulation of th
injected signal wave have been analytically determined
three different amplification regimes. The fact that the
transfer functions may exhibit a dip is due both to the g
saturation and the coupling between the pump and sig
perturbations that counterpropagate around the steady-
intensity profiles. The transfer functions also relate the int
sity noise of the amplified signal wave to the intensity no
of the injected signal wave. In other words, they characte
the way through which a weak noisy perturbation propag
ing around the stationary intensity profiles is filtered by t
Brillouin fiber amplifier. In the Brillouin fiber generator, on
cannot consider that the Stokes intensity fluctuates arou
well-defined stationary profile, but around a mean spa
profile determined by the reflectivity. Nevertheless, t
Stokes intensity fluctuations are filtered in the same way
signal intensity fluctuations in a Brillouin fiber amplifie
This results in a dip in the power spectrum of the Stok
intensity noise.

Our interpretation of spectral hole burning in Brillou
fiber generators is very different from the interpretation p
posed by Kovalev and Harrison in Ref.@9#. In particular, we
have shown that this effect can be understood without inv
ing an inhomogeneous broadening of the Brillouin lin
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However, one significant qualitative difference between t
oretical and experimental results must be underlined. T
power spectra of Stokes intensity fluctuations obtained fr
our numerical simulations@see our Fig. 10~c! and Fig. 1 of
Ref. @10## show evidence of peaks regularly spaced that
not found in the experiments~see Fig. 1 of Ref.@9#!. Follow-
ing our interpretation, these peaks are a signature of the
teraction between the counterpropagating pump and si
fluctuations. In our opinion, the fact that they are not o
served in the experiments may be due either to their we
ness or to a poor instrumental resolution. Another way
experimentally check the existence of coupling betwe
Stokes and pump intensity fluctuations would simply cons
in putting a photodiode at the output end of the fiber in ord
to monitor the time evolution of the transmitted pump inte
sity. The observation of a dip in the power spectrum of pu
intensity fluctuations would then indisputably validate o
interpretation of spectral hole burning in Brillouin fibe
generators.
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APPENDIX A: ANALYTICAL DETERMINATION OF THE
TRANSFER FUNCTIONS zG„v…z AND zH „v…z IN

THE WEAK SATURATION REGIME

Combining Eq.~7a! with Eq. ~8a! permits one to obtain a
condition fordÃs(u,v) that reads

]dÃs~u,v!

]u
U

u51

5DdÃs~u51,v! ~A1!

with D52 iV0
2/(gv). From this condition and by using Eq

~23!, we obtain

uG~v!u5U @PJA~B!1QYA~B!#exp~G0!

PJA~Be2g/2!1QYA~Be2g/2!
U ~A2!

with

P5BYA11~B!2NYA~B!, ~A3a!

Q52BJA11~B!1NJA~B!, ~A3b!

N5A1
2G0

g
22D. ~A3c!

The analytical expression ofuH(v)u derived from Eqs.
~8a! and ~23! reads

uH~v!u5U T~PSJ1QSY!

PJA~Be2g/2!1QYA~Be2g/2!
U ~A4!
2-11
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with

SJ52Be2g/2JA11~Be2g/2!1NJA~Be2g/2!, ~A5a!

SY52Be2g/2YA11~Be2g/2!1NYA~Be2g/2!, ~A5b!

T5
g

2gIp~0!S 11
bA

bA1 iv D . ~A5c!

APPENDIX B: ANALYTICAL DETERMINATION OF THE
TRANSFER FUNCTIONS zG„v…z AND zH „v…z IN

THE STRONG SATURATION REGIME

By using Eqs.~11b! and~12!, the set of Eqs.~8! is trans-
formed into a second-order differential equation that read

]2dÃs~z,v!

]z2
12~D01D1e2gz!

]dÃs~z,v!

]z

1~Q0
21Q1

2e2gz!dÃs~z,v!50 ~B1!

with

D05
2 ivg

4~bA1 iv!
, D15

gbArI p~0!

bA1 iv
, ~B2a!

Q05v2S 11
g

2~bA1 iv! D ,

and

Q1522grI p~0!S iv1
2bAgIp~0!

bA1 iv D . ~B2b!

As already achieved in Sec. III C, we introduce the new va
ableu5exp(2gz), and Eq.~B1! becomes

g2u2
]2dÃs~u,v!

]u2
1gu~g22D022D1u!

]dÃs~u,v!

]u

1~Q0
21Q1

2u!dÃs~u,v!50. ~B3!

The solution of this equation is a sum of Whittaker functio
Mh,k(xu) andWh,k(xu) defined in Ref.@21#. It reads

dÃs~u,v!5@C19Mh,k~xu!1C29Wh,k~xu!#expS xu

2 Dur

~B4!

with

h5
Q1

21gD122D0D1

2gD1
, k5

AD0
22Q0

2

g
,

x5
2D1

g
, and r5

2g12D0

2g
. ~B5!
05381
i-

By determining the ratio between the integration consta
C19 and C29 from Eq. ~A1!, we finally obtain the following
analytical expression for the transfer functionuG(v)u in the
strong saturation regime:

uG~v!u

5U @P8Mh,k~x!1Q8Wh,k~x!#expFx2 ~12e2g!1grG
P8Mh,k~xe2g!1Q8Wh,k~xe2g!

U
~B6!

with

P852Wh11,k~x!1N8Wh,k~x!, ~B7a!

Q85~112h12k!Mh11,k~x!2N8Mh,k~x!, ~B7b!

N852~h2x2r1D !. ~B7c!

The analytical expression ofuH(v)u derived from Eqs.~8a!
and ~B4! reads

uH~v!u5U T8~P8SM1Q8SW!

P8Mh,k~xe2g!1Q8Wh,k~xe2g!
U ~B8!

with

SM5LMh,k~xe2g!1S 1

2
1h1k D Mh11,k~xe2g!,

~B9a!

SW5LWh,k~xe2g!2Wh11,k~xe2g!, ~B9b!

L5xe2g1r2h1
iv

g S gIp~0!@12r ~12e2g!#

bA1 iv
11D ,

~B9c!

T85
g

gIp~0!@12r ~12e2g!#S 11
bA

bA1 iv D . ~B9d!

APPENDIX C: SIMPLIFIED ANALYSIS OF THE ORIGIN
OF THE RESONANCE FREQUENCIES APPEARING

IN THE TRANSFER FUNCTIONS

In this appendix, we perform a very simplified analytic
treatment to show that only three elementary ingredients
necessary to explain the emergence of a normalized ang
frequency difference of approximatelyp in the transfer func-
tions characterizing the response of the amplifier. These
gredients are counterpropagation of pump and signal pe
bations around arbitrary stationary intensity profiles, S
coupling, and boundary conditions for the perturbations
the ends of the fiber. We first assume an instantaneous ac
tic response, so that the set of Eqs.~6! reduces to
2-12
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]dÃp

]t
1

]dÃp

]z
522gIs~z!dÃs , ~C1a!

]dÃs

]t
2

]dÃs

]z
52gIp~z!dÃp . ~C1b!

By taking the Fourier transform of Eqs.~C1!, we obtain the
following second-order differential equation:

]2dÃs~z,v!

]z2
1V2dÃs~z,v!50 ~C2!

with

V25v224g2I p~z!I s~z!. ~C3!

The existence of stationary intensity profiles around wh
the propagation of the pump and signal perturbations is p
sible is obviously crucial, but their shape is not critical
order to explain the emergence of resonance frequencies
though it is not physically realistic, we will, therefore, a
sume that the stationary intensity profiles do not depend
z. The solution of Eq.~C2! is then trivial and reads

dÃs~z,v!5C1exp~ iVz!1C2exp~2 iVz!. ~C4!
s.

h-

l

,

05381
h
s-

l-

n

We will now reduce our analysis to situations for whichv2 is
greater than 4g2I pI s , so thatV is real. This amounts to only
considering situations in whichdÃs(z,t) is the sum of a
forward- and a backward-propagating sine wave. The tra
fer functionuG(v)u relating the amplitude fluctuations of th
signal at z50 to the amplitude fluctuations of the sign
applied atz51 is obtained by using the boundary conditio
given by Eq.~7a!. It simply reads

uG~v!u25UdÃs~z50,v!

dÃs~z51,v!
U2

5
~11a!2

11a212a cos~2V!
~C5!

with

a5
V2v

V1v
, V5vA12

4g2I pI s

v2
. ~C6!

The expression given by Eq.~C5! is very similar to the trans-
mission function characterizing an empty Fabry-Perot cav
@23#. In particular, resonances are obtained each timeV ro-
tates byp. The corresponding rotations of the normaliz
angular frequencyv are equal top if v2@4g2I pI s , and
they are slightly lower thanp if v2.4g2I pI s .
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