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Nonlinear atom optics and bright-gap-soliton generation in finite optical lattices
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We theoretically investigate the transmission dynamics of coherent matter wave pulses across finite optical
lattices in both the linear and the nonlinear regimes. The shape and the intensity of the transmitted pulse are
found to strongly depend on the parameters of the incident pulse, in particular its velocity and density: a clear
physical picture of the main features observed in the numerical simulations is given in terms of the atomic band
dispersion in the periodic potential of the optical lattice. Signatures of nonlinear effects due to the atom-atom
interaction are discussed in detail, such as atom-optical limiting and atom-optical bistability. For positive
scattering lengths, matter waves propagating close to the top of the valence band are shown to be subject to
modulational instability. A scheme for the experimental generation of narrow bright gap solitons from a wide
Bose-Einstein condensate is proposed: the modulational instability is seeded starting from the strongly modu-
lated density profile of a standing matter wave and the solitonic nature of the generated pulses is checked from
their shape and their collisional properties.
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[. INTRODUCTION equation of mean-field theory corresponds to Maxwell’s

equation with a nonlinear polarization tefril].
In recent years, great interest has been devoted to theoret- In the present paper, we shall report a theoretical investi-
ical as well as experimental studies of the propagation of@tion of the transmission dynamics of coherent matter
matter waves in the periodic potential of optical lattices. ThePU!Ses which are incident on a finite optical lattice with a

first experiments were carried out using ultracold atomicveIOCity of the order of the Bragg velocity. In this velocity

sampled1]; later on, the realization of atomic Bose-Einstein range, Bragg reflection processes are most effective and the

. _ - atomic dispersion in the lattice is completely different from
conden_sateeBECs) [2] and their c;oherent _Ioadmg INto Opti- {51 in free space. Depending on the value of the density and
cal lattices[3] opened the possibility of investigating fea-

the spatial size and velocity of the incident atomic cloud, as
tures that follow from the coherent nature of the BOSE€-ye|| as on the depth and length of the lattice, a number of
condensed atomic samdl4,5. _ _different behaviors are predicted by numerical simulations;
At the same time, the propagation of light waves in linearhere, we shall focus our attention on the shape of the trans-
and nonlinear periodic dielectric structures has been a veritted pulse just after it has crossed the lattice as well as
active field of research: global photonic band gaps have beephile it is still propagating in the lattice. In particular, we
observed[6] and one-dimensional nonlinear periodic sys-shall discuss a mechanism that can be used to generate nar-
tems such as nonlinear Bragg fibg¢d are actually under row bright atomic-gap solitons propagating along the lattice
intense investigation given the wealth of different phenom-tarting from a wide incident Bose-Einstein condensate. For
ena including optical bistability, modulational instability, and more details of the continuous-wave transmission and reflec-
solitonic propagation that can be obsery8e-10. tion spectra in the linear regime, the reader can refét 2e-
Given the very close analogy between the behavior ofl6]; some aspects of the linear pulse dynamics are discussed
coherent matter waves and nonlinear optics, we expect that [15].
the concepts currently used to study the physics of nonlinear The geometry considered in the present paper as well as
Bragg fibers can be fruitfully extended to the physics of co-in [12-16 is significantly different from the one usually
herent matter waves in optical lattices: the optical potentiatonsidered in recent experimental wg84 on BEC dynam-
of the lattice plays the role of the periodic refractive index,ics in optical lattices, in which an optical lattice is switched
the atom-atom interactions are the atom-optical analog of an and superimposed on a stationary condensate; the dynam-
Kerr-like nonlinear refractive index, and the Gross-Pitaevskiics of the condensate inside the lattice is then studied in
response to some external force such as gravity, an accelera-
tion of the lattice, or a spatial translation of the magnetic
*Electronic address: lacopo.Carusotto@Ikb.ens.fr potential.
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The present paper is organized as follows. Section Il de-
scribes the physical system under examination. In Sec. Il we
review some basic concepts of the dispersion of matter
waves in the periodic potential of an infinite optical lattice Atoms

r 'll.“;‘k "‘”.lilil, i ’ “lr
and present some simple analytical calculations which accu
rately reproduce the dispersion of the atomic bands in the / ¢ Beam \
neighborhood of the first forbidden gap. The linear regime aser beams

propagation of coherent matter wave pulses across finite lat
tices is the subject of Sec. IV. The intensity as well as the W~
shape of the transmitted pulse are found to strongly depent 18 conduction ]

[

on the properties of the weak incident pulse, in particular its &

velocity and spatial size; a simple interpretation of the ob-5 t4r "’B_*::::" valence

served phenomena in terms of allowed bands and forbidde! 1L o, <= ]
gaps is provided. In Sec. V, we discuss the effect of atom-

atom interactions on the propagation of the pulse in the dif-  %® ——3 20 0 20 20
ferent cases: simple explanations for the observed behavic z/ly,

are put forward in terms of familiar concepts of nonlinear
optics such as optical limiting, optical bistability, or modula- ~ FIG- 1. Upper panel: schematic plot of the experimental setup
tional instability; in the case of a positive scattering length, gunder con5|derat|_on. Lower panel: spatial dependence of the local
broad pulse of matter waves propagating at the top of th@and edge energies.

valence band where the effective mass is negative is in fact . ) ) N ]
subject to a dynamical instabilitghe so-called modulational the lattice periodg,. Unless differently specified/q(2) will
instability) toward the formation of a train of narrow pulses Pe taken as a Gaussian,

as a consequence of the effective attractive interactions. In 0 2

Sec. VI, we propose a scheme to exploit the modulational Vo(2)=Voe =724, 1)
instability of valence band atoms in order to obtain a narrow . .
bright ggp soliton from a wide condensate: as an initial see&f heightV, and spatial '9”9?'“." ; for the sake of comple_te-_

for the instability, the standing matter wave pattern create ess, we have how_ever verified that most of the qualitative
by the interference of the incident and reflected waves i eatures discussed in the present paper do not .depend on the
used. The solitonic nature of the generated pulses is verifie ecific shape chosen for the longitudinal lattice envelope
by looking at their dynamical and collisional properties as o(2).

well as by comparing the pulse shape with the analytical If”bOt[]htheﬂl]('nft'C and th? |nt|eract|c_)n er}etrr?y are mupdh
predictions of the envelope-function approximation dis—tSrTaI et: an be ranS}(/jerS(acj eveb spacing OI eV\C/iavegw ea
cussed in Sec. VII. Conclusions are finally drawn in IS 1atlér can be considered as being a single-mode one an

Sec. VIII the condensate wave function can be written in the factorized
' ' form

Il. THE PHYSICAL SYSTEM Y(X)=h(2) i, (X)), 2

We consider a Bose-condensed atomic cloud in a quasivherey, (x,) is the ground-state eigenfunction of the trans-
one-dimensionalquasi-1D geometry in which the trans- verse confining potential with the appropriate
verse motion is frozen by the confining potential of an opti- fd2x, |4, (x,)|?>=1 normalization. Within this approxima-
cal or magnetic atomic waveguidd.7]. Gravity is made tion, the dynamics of the condensed atomic cloud can be
immaterial either by placing the waveguide axis along thedescribed by a one-dimensional Gross-Pitaevskii equation
horizontal plane or by counterbalancing the gravitational

field with a suitable magnetic field gradient. Cap(z,t) h2 92 )

A periodic potential is created along the waveguide axisit ———=| — 5 — +Vop(2) + g1l (z, )] | (z,1)
by means of a pair of far-off-resonance laser beams of fre- 0 Jz 3
guencyw, and wave vectok, = w,/c crossing the wave- ®)

guide at an angle as in Fig. 1[3]: denoting by, (z)  wherem, is the atomic mass and the renormalized 1D effec-
=|d-E(2)|/% the (slowly varying single-beam Rabi fre- tive interactiong,p is written in terms of the usual 3D scat-
quency and withw,, the atomic transition frequency, the op- tering lengtha as[18]

tical potential experienced by the atoms is given\ly(z)

=Vo(2)cog kg2, With Vo(2) =%Q (2)%/(w — wa) and kg, _4777123] 2 4 4

=k cosé. For a red- or blue-detuned laser field, the optical 9107, LA @
potential is, respectively, attractive or repulsive; the lattice
periodlg,= 7/kg, can be tuned by varying the anghe The
longitudinal envelopé&/y(z) of the lattice potential is deter-
mined by the profile of the laser beam waist and is assumed As happens to electrons in crystalline solid$] and light

to smoothly vary on a length scale significantly longer thanin periodic dielectric systems such as photonic band gap

IIl. ALLOWED BANDS AND FORBIDDEN GAPS
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crystals[6], the atomic dispersion in an infinite periodic po-

tential is characterized in the linear regirtie., in the non-

interacting caseby allowed bands and forbidden gaps.
When the depthV, of the lattice potential is weak with

respect to the Bragg enerdwarzhzkér/Zmo the lowest

PHYSICAL REVIEW A 65 053611

Around the band edge, the weights of the forward and
backward traveling waves are comparaalg=|a,| for both
valence and conduction bands: the density profile of the
Bloch eigenfunction thus has a standing wave shape with a
spatial period equal to the lattice peribgl. Further away

part of the band structure can be accurately described withifrom the gap, one component dominates the other: the Bloch

a nearly-free-atomapproximation[16] in which only two
coupled mode§7] are taken into account:
W(z)=ae*+ abei(k—sz,)z'

©)

In this restricted {,b) basis, the linear regime Hamiltonian
has the following form:

h2k? Vo
2my 2 %
Tl Ve AEk-2ke)? Vs ©
4 2mg 2

and the eigenenergiésw .. are equal to

Vo
2

Ak 2 AKZ T Vo |2
E) iz\/(k_sr) +(8hwsr) J @

where we have seik=k—Kkg,; the positive sign holds for

ho-(K)=hog+ = +hog,

X

the upper, conduction band and the minus sign for the Iowerﬁ

valence band. No states are present betwagn Vy/4 and

wg+3V/4: this is the lowest forbidden gap in which the

matter waves cannot propagate through the lattice.
The group velocity is given by
—1/2]

( )2 ( VO )2
kBr 8ﬁwBr

+

dw. vgAk
ak

Ua(k)z _k—Br

close to a band edgé ( 5, Ak<<V,), the group velocity)g is
much reduced with respect to the Bragg velocity,
=hkg /mg; further away (vgAk>V,), it recovers the
free-space valuék/m.

The effective mass of the atom is given by

i
Mer(AK) 7 k2
1 1i8ﬁwBr . Ak/Kg, 2—3/2.
mo Vo Volsﬁ&)Br

9)

At the band edgeAk=0), mg; is much smaller in absolute
value than the free-space atomic masg as usual, it is

eigenfunction then has a traveling wave character and the
density profile is uniform over the unit cell of the lattice.

IV. PROPAGATION IN THE LINEAR REGIME

We now consider a coherent matter puleey., extracted
from a Bose-Einstein condenspatehich is moving along the
waveguide with a uniform velocity, close to the Bragg
velocity vg, . Initially the atomic pulse is far outside the lat-
tice. The initial density distribution of atoms in the cloud is
taken as having a Gaussian shape:

Vind 2) = e ¥07e™ (272071205, (10)

the carrier momentum iBkq=mguv, and the carrier kinetic
energyﬁw0=h2k§/2m0; since the wave packet is finite in

space, its Fourier transforni(k) has a finite momentum
spreado .= 1w, aroundk,. As for the lattice shape, we have
checked that the qualitative features discussed in the present
paper do not depend on the details of the incident pulse
shape.

If the density is sufficiently low and the interactions suf-
ciently weak, the nonlinear term in the Gross-Pitaevskii
equation(3) can be neglected and the time evolution of the
matter field is accurately described by a linear Sdhnger
equation. In this case, the superposition principle holds and
the transmission of the pulse can be well described in mo-
mentum space in terms of the wave vector-dependent trans-
mission amplitude (K):

Yr(K)=t(K) Pinc(K). (11)

If the whole of the incident wave packet is contained in
either a transmitting or a reflecting region of the spectrum
[Fig. 2@)], it will be transmitted Fig. 2(b)] or reflected Fig.

2(c)] without apparent reshaping. As discussed in full detail
in previous paperklL6], complete transmission occurs when-
ever propagating states are available at all spatial positions
for the frequencies of interest. Given the smooth envelope of
the lattice, interface reflections do not occur and the matter
wave adiabatically follows the shape of the corresponding
Bloch state; the typical sinusoidal shape of band edge Bloch
wave functiong6,19] multiplying the broad pulse envelope
can be clearly recognized while the wave packet is crossing
the lattice[Fig. 2(b), insef. On the other hand, if the wave
packet frequency falls inside the forbidden gap at some spa-
tial positions, the matter wave is not able to cross that region
and is then nearly completely reflected b4€kg. 2(c)]; the

positive at the conduction band edge, while it is negative ainversion point is located at the beginning of the forbidden
the valence band edge. Further away from the band edgeggion, i.e., at the point at which the carrier frequengy

Me Coincides with the positive free-space valug [19].

enters the forbidden gap.
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FIG. 2. (a) Linear transmission spectrum across a repulsive FIG. 3. (c) Time evolution of a weak and shorw /I g= 10)
(Vo/wg,=1) optical lattice with Gaussian profilev(/l5,=5). Lin- Gaussian pulse close to resonance with a quasibound made at
ear regime time evolution of Gaussian incident pulses /(g =1.17wg, [see Fig. 2a)]; lattice parameters as in Figs. 1 and 2. The
=20) centered aiy=w, (b) (transmitted and wy=w, (c) (re-  spatial extension of the latticev( /15, =5) is indicated by the ver-
flected. The spatial extension of the lattice is indicated by the ver-tical dashed linesa) Expanded view of the transmitted pulse shape
tical dashed lines. for the pulse in(c) (solid line) and for a longemw,/lz=20 pulse

(dashed ling (b) incident (dashed and transmittedsolid) spectra

When one or more resonance peaks due to quasi-bourf@l the incident pulse irc).
modes$ are contained within the spectrum of the incident ] )
wave packet, the pulse will be partially reflected and parduasibound modes coupled to the same continuum of propa-
tially transmitted[Figs. 3b)—3(C)]; the strong frequency de- gating modes outside the lattite.
pendence of the transmission amplitude leads to a profound
reshaping of the spatial profile of the pulgeig. 3@]. An V. NONLINEAR REGIME AND MODULATIONAL
incident pulse of linewidth much wider than the quasibound INSTABILITY
mode linewidth has in fact a time duration much shorter than . ] ] )
the characteristic decay time of the mode; this latter can For higher values of the atomic density and the coupling
therefore be considered as being impulsively excited by théonstantg;p, the effect of the atom-atom interactions is no
incident pulse and then exponentially decaying on a muctnger negligible and the mean-field nonlinear tegm) ¢/
longer time scale. The exponential tail shown by the transin Eg. (3) starts playing an important role in the dynamics. In
mitted pulse profile when a single quasibound mode is exthe following, we shall focus on the experimentally most
cited [dashed line in Fig. @] is a clear signature of trans- relevant case of a positive scattering length0, which
mission occurring via a single resonant quasibound mod&eans a repulsive interaction among atoms in free space;
[20]. furthermore, we shall limit ourselves to the case of a suffi-

If several isolated modes are instead present in the freciently weak nonlinearity; p|#/|><V, in order for the band
quency interval encompassed by the incident spectrum, thgfructure of the atomic dispersion not to be washed out by
spectrum of the transmitted pulse will contain several peakéhe interaction term.

[Fig. 3(b)] and a complex shape will result from the interfer-  In [16] we discussed the case of a continuous wave
ence of the different frequency components. For example, ipeam of coherent atoms incident on a finite lattice; depend-
the incident pulse has a duration comparable to the dephakg on the detuning of the incident beam with respect to the
ing time of a pair of neighboring modeke., the inverse of frequency of a quasibound mode of the lattice, atom-optical
their frequency differen(jeboth of them will be impu|si\/e|y |Im|t|ng or bIStablllty was pFEdiCtEd for an incident beam
excited and the profile of the transmitted pulse will showrespectively on or above the resonance frequency. Here we
oscillations following the time evolution of the relative phase shall consider the more realistic case of a finite atomic wave
[solid line in Fig. 3a)]; these oscillations can be interpreted packet incident on a finite optical lattice; its central fre-
as quantum beatingbetween the two coherently excited qUeENCyw, is taken to be close to that of a quasibound mode
of the lattice and its temporal duration much longer than the
lifetime of the mode so that the frequency spread is narrower
Yin analogy with optics, these quasibound modes correspond tfan the mode linewidth.
the resonance peaks of a Fabrydteinterferometer or, more
closely, to the cavity modes of a distributed Bragg refle¢iBR)
microcavity [6(b)]. A more detailed discussion about quasibound 2Similar oscillations were studied if15] in the case in which a
modes in optical lattices can be found[it6] and in[14,15. large number of closely spaced quasibound modes are excited.
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packet: the higher density part is cut and the resulting wave
packet is flattened. The negative feedback in the transmission
obviously corresponds to a positive feedback in the reflec-
tion.

In the opposite case of a wave packet incident with a
kinetic energy higher than the quasimode frequency, a low
density wave packet is nearly completely refledt€ig). 4(b),
dashed ling At higher densities, the cw calculations[ib6]
predicted the appearance attom-optical bistabilityeffects:

! several stationary states with different transmitted intensities
i can indeed be found for the same value of the incident in-
\ tensity. On such grounds, we are able to put forward a physi-
cal interpretation of the transmitted pulse shape in the pres-
ence of interactions shown as a solid line in Figh)4only a
small fraction of the leading part of the pulse is transmitted
FIG. 4. Transmitted pulse shape for Gaussian incident pulses ogince the incident frequency is out of resonance with the
resonancga) and 0.04g, above resonandd) with the quasibound  empty quasibound mode; moreover, this part of the incident
mode of the lattice ato,~1.17wg, (solid lineg. For comparison, wave packet has been accelerated by the repulsive mean-field
same calculations neglecting the interaction tedashed linesand  nteractions before reaching the lattice and thus pushed even
in the absence of the lattioglot-dashed lingsare shown. Same  rther off resonancd For the same reason, the trailing part
lattice parameters as in Figs. 2 and 3; the pulse stag/tg= ot the pulse has been slowed down with respect to the central
—1000 with a Gaussian width equal g/l = 480. velocity and thus is closer to resonance with the quasibound
mode; when this trailing part of the pulse reaches the lattice,

First we c0n3|der_ the_ case of an incident wave packet witlh, quasibound mode starts to be effectively populated. The
a center-of-mass kinetic energhywy exactly on resonance ain effect of the interactions among the atoms in the qua-

with a quasibound modgFig. 4@]: in the absence of inter- i, ,nd mode is to push its frequency closer to resonance
actions(dashed ling the wave packet is nearly completely it the incident wave packet: the sudden increase in the
t_ransmitted Witho_ut any shape distortion; only a small frac'density of the transmitted pulse that is apparent in Fig) 4
tion of the pulse is reflecteffig. Sa)]. Thanks to the reso- s 5 girect consequence of this positive feedback. This behav-
nance condition with the quasibound mode, the atomic deny,. s analogous to the jump from the lower to the upper
sity inside the lattice is significantly larger than that in the y .00k of the bistability loop that occurs in the cw case for
incident wave packet. In the presence of interactions, thg, ijent intensities growing beyond the switch-on threshold.
main effect of nonlinearity is to blueshift the quas_lbound-l-he shape of the reflected pulse is complementary to that of
mode frequency11] and push it out of resonance with the ¢ (ransmitted pulse: in the presence of the nonlinearity, the
Phflected pulse shows a dip corresponding to the switch-on of
the transmissiofiFig. 5(b)].

Provided the interaction energy is much smaller than the
spacing of the different quasibound modes, the transmission
dynamics is mostly determined by a single resonant mode
and the shape of the matter field inside the lattice is fixed by
the eigenfunction of the mode; this guarantees thanodu-
lational instability can occut even in the presence of an
effectively attractive interaction such as the one which oc-
curs in the case of negative mang;<<0 valence band atoms

0

0 500 1000 1500 2000 0

2/l

500 1000 1500 2000

/iy,

in the cw treatmenf16], gives not only a saturation of the
transmission as a function of the incident dengiigom-
optical limiting), but also a significant reshaping of the wave
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3In the previous casfFig. 4@a)] this acceleration effect was not
apparent since the nonlinearity required to observe the optical lim-
iting effect is generally weaker than the one required for optical
bistability.

“4From a different point of view, this suppression of the modula-
tional instability can be interpreted in the following terms: If the
spatial extension of the condensate wave packet is small enough,
the excitation of the long wavelength modes that are responsible for
the modulational instability cannot occur because of the finite size

FIG. 5. Reflected pulse shapes for the same values of the physdf the system; this effect is well known from the physics of trapped
cal parameters as in Fig. @lack lines: (a) refers to the resonant BECs with attractive interactions, which are stable provided the
case, andb) to the off-resonant case. For comparison, same calcunumber of atoms is sufficiently small for the effective healing
lation neglecting the interaction term is showgray lines. length to be larger than the condensate §&g22.
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" FIG. 7. Bright-gap-soliton generation from a standing matter

FIG. 6. Onset of modulational instability: propagation of a pulsewave (same lattice parameters as in Fig. pulse shape snapshots
of valence band atoms w/wg=0.68,wq/lg=240,2y/lg, at different times. Vertical dashed lines indicate the spatial exten-
=—650) across an attractive lattic®{/wg,= —0.4). The lattice  sion of the lattice; the dot-dashed line indicates the reflection point
has a flat profile in the centrak/lg|<100 region and Gaussian in the linear regime. Inset: incident pulse profilavy(wg,

(w, /15,=50) wings; its spatial extension is indicated by the vertical =0.72,w, /| 5,= 240, z, /| ;= — 650).
dashed lines.

duced if the modulational instability of a cw laser beam
fo_r which the sign of the effective interaction is reversedpropagating in a lattice is seeded with a weak periodic inten-
with respect to free space. sity modulation[10]. The shape of each pulse is stable dur-

On the other hand, a spatially extended wave packet ohg propagation since the group velocity dispersion is coun-
coherent valence band atoms in the absence of spatial copsrhalanced by the optical nonlinearity. Following the
finement is instead subjected to modulational instability:iiarature. we shall call these pulsgap solitong 7], even if
consider, for example, an attractive lattice and an incidenfrorn a s,trictly mathematical point of view theg/ could be
wave packet with a kinetic energy just below the lower edge lassified only as solitary waves, since the wave equa@bn

of the gap. Since propagating valence band states are avalil- — I : i
able at all spatial positions, the pulse is able to penetratm a periodic potential is not exactly integralji28] and col

inside the lattice without any reflection. As soon as the pulsgSlons between.two such solitons (?10 not exactly preserve the
is in the lattice, the initially smooth envelope starts beingpmse.Sh"’}P@SJ' as W,?.Sha" see in the fpllowmg, _the ex-
modulated with an amplitude that grows exponentially inPr€Ssion “gap soliton” is, however, physically justified by
time and, at the end, a train of narrow and intense pulses &€ fact that the pulse distortion following a collision is gen-
found (Fig. 6). The seed for this modulational instability is €rally small. Since the first observation of optical gap soli-
automatically provided by the density modulations which in-tons in 1995, intense experimental activity has occurred for
evitably arise while the pulse is entering the nonuniform lat-the generation and characterization of gap solitons and Bragg
tice. modulational instabilities in optical fibef9)].

In Fig. 6 a very idealized lattice shape with a flat central In very recent years, solitonic excitations are also begin-
part and Gaussian wings has been considered; we have, howing to be investigated in the context of nonlinear atom op-
ever, checked that the qualitative features remain unchangeits [18]: dark solitons in the form of stable density dips in
if different lattice or pulse shapes are taken into consideran otherwise uniform condensate have been recently ob-
ation. served[26]; bright gap solitong4] and modulational insta-

A similar modulational instability is well known to occur bilities [5] are actually under intense investigation; despite
in nonlinear Bragg fiber optid¥]; a cw laser beam traveling the positive atom-atom scattering length, such stable atomic
in the conductior(valence photonic band of a Bragg lattice pulses can exist inside an optical lattice thanks to the nega-
with a focusing(defocusing nonlinear refractive index is tjye effective mass of valence band atoms. In the present
subjected to self-pulsation and therefore converted into @gction we present a method to generate narrow bright gap

train of pulses. Since the nonlinear refractive index can b&gjitons starting from a wide atomic condensate incident on
interpreted as an effective photon-photon interacfiz$)24], an optical lattice

this self-pulsing effect is easily explained as arising from the Consider a long coherent matter wave puise., a Bose-

modulational instability due to the effective attractive inter- 4.0 atomic clowdncident on the same attractive lat-
action. tice as in the previous section but with a kinetic energy just
VI. BRIGHT-GAP-SOLITON GENERATION above the lower edge of the gap. In the linear regime, such a
wave packet is nearly completely reflected so that the inter-
A regular train of short optical pulses with a well-defined ference of the incident and reflected waves creates a standing
period and intensity has been theoretically shown to be prowave pattern in front of the reflection point. Far outside the
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FIG. 8. Dependence of bright-soliton number and properties on FIG. 9. Bright-soliton generation for different pulse and lattice
the interaction parametey, . In (a) the lattice and incident pulse shapes. Infa) and(b) the lattice is the same Gaussian-flat lattice as
parameters are the same as in Fig. Abin (c), and(d) the densities in Figs. 6—8; in(a) the incident pulse is Gaussiaw(/lz=240),
of the incident pulse are a factor of, respectively, 4/3, 5/3, and 2while in (b) it has an inverted paraboli@homas-Fernjishape. In
larger than in(a). All snapshots are take at the same timgt (c) a Gaussian pulsen /lg,=240) is incident on a lattice with a
=1700. flat central region fotz/1 5| <100 and Lorentzian edges of charac-

. . Lo teristic widthw, /15,=50. In (d) a Gaussian pulsenp /I g,=160) is
lattice, the period of the pattern is fixed by the wave vector .ijent on a Gaussian latticev(/l g, = 100).

ko of the incident wave packet and is therefore of the order
of the lattice periodg,. Inside the lattice, the standing wave initial complex nucleation stage at the front edge of the lat-

.. . . |
pattern originates instead from the interference of a forward. L . .
and a backward Bloch wave: the amplitude of the fast oscil(—%'ce' the dynamics is made simple by the fact that the solitons

lations follows from the density modulation of each Bloch freely propagate through a uniform periodic lattice.

! ) S . . In Figs. 9a)—9(c), we illustrate how the generation of a
\(l)\?a;/r?efi?;vt\;(e)? r\;vgzu?a%iﬁosr:;;tyggiéi\:]vgileest?r?)rlr?iﬁlepiigr?er- solitonic pulse relies on neither the specific Gaussian shape
ence of the two Bloch waves &= kg AK is equal to of the incident pulse, nor the Gaussian shape of the lattice

> . edges: a calculation similar to the ones of Figs. 7 and 8 has

3\/7;(/ é:'aAsrovggh?ﬁepf:ﬁg et(;]ee rzgmogﬂgtihéheei?h been repeated for different incident pulse and lattice shapes

£ h p% lation is st | 9¢, 4 with pt o th and in all cases, provided the density in the incident pulse is
IO t € modufation IS strongly Increased with respect to ecarefully tuned, it was possible to obtain a single solitonic
attice peno_d, _although it still remains much_ shorter tha’.‘ theEulse. As a further check, we verified that a soliton can also
size of the incident condensate; this effect is apparent in th
leftmost snapshot of Fig. 7. Provided the nonlinear term is
sufficiently small, the interactions do not wash out the stand- 02
ing wave interference pattefi27] but simply blueshift the 015 ¢ )
local band edge at the spatial position of the rightmost anti- ~ ®'[_— —
nodes; i this way, the wave packet frequency is pushed ou  ** 1 il il
from the local gap and valence band states become availabl o.g ' ' ’
for propagation. The resulting short pulses, stabilized by the & .1 ]
effective attractive interaction, can therefore propagate alon=
the lattice as solitonic objects. The stronger the nonlinear &
term, the larger the number of pulses for which this mecha- =

-]
nism is effective and which are then able to propagate alon¢ s5 42

0.05 1

the whole lattice without being reflected; as shown in Fig. 7, 015 | ]
a parameter range can be found in which a single soliton i< 01 ]
generated. In Fig. 8 we have plotted the shape of the solito 005 [ — —_—]
nic pulse train for different values of the density: the higher 0 . . L
the density, the larger the number of solitons forming the ~100 -50 z/lOB 50 100

train; in the presence of several solitons, the dynamics can be
complicated by oscillations and mass exchange effects be- F|G. 10. Collision process between a pair of gap solitons gen-
tween the different pulses. For lower densities, the lineagrated at either end of a lattice with the same parameters as in Fig.
regime is recovered and the incident pulse is nearly comz and propagating along the lattice with opposite velocities. All the
pletely reflected. In Figs. 7 and 8, a lattice with Gaussiarcollisional dynamics take place in the regiafl g,| <100 where the
edges and a central flat region was used: in this way, after thiattice profile is flat.
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be generated using a simple Gaussian lattice without a fla 0.06 . \
region[Fig. 9(d)]: in this case the dynamics is more com- /
plex, however, since the lattice parameters are spatially vary _ y
ing. The center-of-mass motion is no longer uniform and the ,’
pulse width changes because of the spatially varying effec: 004 L ,’
tive mass. ' /’

In summary, we have found that the generation of a single //
bright-gap soliton from a wide condensate is a rather robus™= r /
feature with respect to changes in the initial parameters:;_ /’
however, given the complexity of the nucleation process, itis —& o.02 | ,”’
not physically evident how to control the parameters of the ®# ’
soliton such as velocity and peak density by acting on the
parameters of the lattice and of the incident pulse.

Once the pulse has crossed the lattice and has got to it
opposite end, the effective mass of the atoms becomes pos

—_

Br

tive again and the pulse is immediately broadened under th z/[Br
combined effect of group velocity dispersion and mean-field
repulsion(see the two last snapshots in Fig. & proof of FIG. 11. Comparison of the numerically calculated solitonic

the solitonic nature of the generated pulse is obtained from pulse atwgt=1700 in Fig. 7(thin solid ling with the analytical
study of its collisional dynamic$Fig. 10: a pair of such prediction (18) for the envelope(thick solid ling. Dashed line:
pulses symmetrically generated at the two ends of the latticapproximate prediction obtained using the band edge valkigs (
collide in the middle of the lattice. Their solitonic properties =Kay) for get and mey.

result clearly from the fact that their shapes as well as the

number of atoms contained in each of them are only weaklyained within the so-called envelope-function framework.
affected by the collision process. The small broadening oPenoting byu,_(Z) the Bloch eigenfunction at= ks, we
the pulses that can be observed in Fig. 10 is a signature afrite the wave functiony(z,t) of the coherent matter pulse
the fact that the nonlinear wave equation in a periodic potenys the product of the slowly varying envelopgz,t) and the

tial is integrable only in an approximate w§g5,28. quickly oscillating Bloch eigenfunction, (z):
Because the effective massy is much smaller than the sol

free-space massn, (for the parameters of Fig. e —
=—0.07m,), the solitonic width is significantly larger than Pz =Pz Uy (2);
the free-space healing length at the same value of the den-
sity; for a typical value of the lattice period of the order of in the following, the Bloch eigenfunctiony(z) is assumed
0.5 um, the solitonic length turns out of the order of to be normalized according to
10 wm, which is well within the capabilities of actual detec-
tion systems. The mean-field interaction energies required 1 'Brd 2
for the observation of solitonic effects are in general smaller I_f Jud2)[*=1, (13

BrJ O
than or of the order of one-tenth of the recoil eneagy : for
the most relevant case 6fRb atoms and®Na, the recoil  which corresponds to
energy corresponds to reasonable densities of the order of
10" cm™3. The characteristic time for the modulational in- la¢|2+|ap|2=1, (14)
stability and soliton formation processes described in the
previous sections is of the order of,t=500, which means in the (f,b) basis of Eq(5). If the variations of the envelope
t=20 ms for **Rb atoms and=3 ms for *Na. #(z,t) are slow enough, it can be shoR8] that y(z,t)

The method here described for the generation of brighbbeys a simple integrable nonlinear Sairger equation
gap solitons is significantly different from previous proposals

(12

[4]: in our approach the soliton pulse shape originates not aE(z t) 52 2
from the whole BEC cloud, but only from the much shorter i% o= — — + el Wz, )|2 | (2,1),
density bump corresponding to an antinode of the standing at 2Mett 72

matter wave. This fact allows one to obtain short solitons (15
from a wide BEC without the need for a dramatic pulse

compression under the effect of effectively attractive interacin Which the effective masen and the effective coupling
tions. Jet depend on the central wave veckqg. While an explicit

expression fomgx(k) has already been given in E@), the

effective couplingger(k) turns out to be expressed in terms
VII. GAP SOLITONS: A SIMPLE ANALYTICAL MODEL of the Bloch wave function by

Provided the gap soliton is wide enough, only a narrow 1
Br
group of Bloch states around a (_:entral wave vekggr_are Gor(K) = _j dzgplu(2)|*: (16)
populated and an accurate description can be analytically ob- lerJo
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obviously, the sign 0§ is always the same as that @fp, In the linear regime(i.e., in the low-density or weak-
which, in the case we are considering, meggs>0. Within  interaction limi), we have characterized the dependence of
the two-mode ansatz, E¢), this quantity can be rewritten the intensity and shape of the transmitted pulse on the veloc-

in the simple form ity and size of the incident condensate in terms of the dis-
_ 4 4 2 12 persion of matter waves inside the lattice; as in the case of
Ger(K) =gup(arl"+[ap| "+ 4lad @), (17) light waves in periodic dielectric structures or in the case of

wherea, , are the projections of the Bloch eigenfunction on electrons in crystalline solids, the dispersion of matter waves

the forward and backward propagating waves. Notice thal the periodic potential of optical lattices is in fact charac-
the density modulation of the Bloch wave function at the gag®rized by allowed bands and forbidden gaps.
edge (ar]2=|a,|2=1/2) makes the effective coupling a fac- The dynamics in the presence of interactions is found to

tor of 3/2 larger than that far from the gap, i.e., the free-spac@e even richer: an interpretation of the n_qmerically predicted
coupling. effects is put forward in terms of familiar concepts from

Under these assumptions, the envelgig of the solito- nonlinear optics, such as optical limiting, optical bistability,

nic wave packet has the simple expresdi8| and modulational instability.
P P P In particular, we have investigated a possible way of gen-

- o 7— vt erating narrow bright gap solitons from a wide incident Bose
Psol(Z) = zpmaxsecI{ ) ) (18)  condensate: the modulational instability is seeded from the
€so strongly inhomogeneous density profile of the standing wave
that is formed in front of the finite optical lattice by the
interference of the incident and reflected matter waves. The
22 solitonic nature of the generated pulses has been checked
o= \| ————— (199  from their shape, which is in excellent agreement with a
| Met| Getl ¥mad” simple analytical model, as well as from their dynamical and
. o collisional properties.
as expected, the sizi, of the SOEO” is of the order of the Finally, we have verified that the range of physical param-
healing length&=7/2|Meg|Gerl ¥mad®. The accuracy of eters that is required for the observation of the effects pre-
this approximate description is apparent in Fig. 11 where wejicted in the present paper falls well within the possibilities
compare the numerically obtained wave packet with the anaof actual experimental setups.
lytical prediction(18) for the envelope; the central wave vec-
tor kg, Of the wave packet was determined from the group

velocity by means of Eq(8), the envelope amplitudé .y ACKNOWLEDGMENTS
from the peak density of the pulse.
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