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Scaling behavior of the fully differential cross section for ionization of hydrogen atoms
by the impact of fast elementary charged particles
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~Received 21 December 2001; published 13 May 2002!

Ionization of hydrogen atoms by the impact of fast charged particles can be accurately treated theoretically
using simple two-center wave functions to describe the scattering system both initially and finally. For the final
state, we use a continuum distorted wave~CDW! that contains the product of three Coulombic distortion
factors~one for each two-body interaction!, hence it is called the 3C wave function. This CDW~3C! wave
function is ideal for studying fast collisions since it is asymptotically correct in all asymptotic domains of
momentum space for all configurations of the three particles in coordinate space@S. Jones and D. H. Madison,
Phys. Rev. A62, 42 701~2000!#. Coulomb distortion in the entrance channel is provided by an eikonal initial
state ~EIS!, and this CDW-EIS approximation, introduced by Crothers and McCann@J. Phys. B16, 3229
~1983!#, has proven to be the most accurate perturbative method ever devised within a two-state approximation.
The first fully differential cross sections for ion-atom ionization in the CDW-EIS approximation are presented.
In addition, by considering projectiles of different mass and charge, it will be shown that although the charge
of the projectile is important, the mass of the projectile plays virtually no role in the vast majority of fast
ionizing collisions.

DOI: 10.1103/PhysRevA.65.052727 PACS number~s!: 34.50.Fa, 34.80.Dp, 34.85.1x, 34.10.1x
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I. INTRODUCTION

In previous works@1,2#, we studied ionization of atomic
hydrogen by electron impact using asymptotically corr
two-center wave functions to describe the scattering sys
both initially and finally. Here we use the same theoreti
model to study ionization of H(1s) by the impact of elemen
tary particles of different mass and charge. In the entra
channel, the Coulomb distortion is provided by an eiko
initial state ~EIS! @3–5#. For the final state, we use a co
tinuum distorted wave~CDW! that contains the product o
three Coulombic distortion factors@6#, hence it is called the
3C wave function. For the case of electrons of impact sp
v i ionizing hydrogen atoms, it has been shown@2# that the
Schrödinger equation reduces, to leading order in 1/v i in the
full coordinate space, to the eigenequation for the 3C w
function ~here, and throughout this work, atomic units a
used except where stated otherwise!. The above result is also
obtained for other projectiles of chargeZP561. The case of
multiply charged ions as projectiles (ZP.1) demands spe
cial care. We will show below that if the multiply charge
ion is fast relative to both the residual target ion and
ionized electron~the dominant mode of ionization at inte
mediate and higher energies!, then the Schro¨dinger equation
reduces, to leading order in 1/v i , to the 3C eigenequation. I
the initially fast projectile becomes slow relative to either t
residual ion or the ionized electron, the Schro¨dinger equation
still reduces to the 3C eigenequation, but to leading orde
ZP /v i . Thus the 3C wave function is asymptotically corre
in all asymptotic domains ofmomentum spacefor all con-
figurations of the three particles in coordinate space. T
result complements that of an earlier work@7#, which
showed that the 3C wave function is asymptotically corr
in all asymptotic domains ofcoordinate spacefor all con-
figurations of the three particles in momentum space.
1050-2947/2002/65~5!/052727~9!/$20.00 65 0527
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Absolute measurements for the fully differential cro
section~FDCS! for electron-impact ionization of atomic hy
drogen are available at impact energies of 54.4, 150, and
eV @8,9#, and the collision geometries from these expe
ments are used for reference in the present study of pro
tiles of different mass and charge. Although there exists
yet no FDCS measurements for other projectiles in the c
of atomic hydrogen as target, recent advances in experim
tal techniques have rendered such measurements feasibl
deed, FDCS measurements for ion-impact ionization of
lium @10# and positron-impact ionization of molecula
hydrogen@11# have been recently reported in the literatur

Here we report fully differential CDW-EIS cross section
for ionization of H(1s) by the impact of elementary charge
particles. The FDCS provides the most stringent test of t
oretical models since the momentum of the projectile,
ionized electron, and the residual target ion is fully det
mined. Comparison of FDCS for ionization of hydrogen
the impact of electrons and antiprotons, as well as positr
and protons, reveals that the mass of the projectile is
important in fast ionizing collisions~with final projectile
speeds greater than 2–3 a.u.! for the dominant case of sma
momentum transfer to the target. This result extends grou
breaking work by Berakdar, Briggs, and Klar@12#, who pro-
posed a scaling law for the FDCS where different projecti
have the samefinal speed. They considered a referenc
electron-impact energy of 250 eV and exposed a limitation
their scaling law in that projectile mass effects cannot alw
be scaled out if the momentum transfer is large, even
very fast projectiles. The 3C approximation@13,14# em-
ployed by Berakdar, Briggs, and Klar@12#, which uses the
CDW ~3C! wave function for the final state but neglec
distortion of the initial state, is believed to be reasona
accurate for impact energies above about 100 eV for elec
or positron impact@14# ~200 keV/amu for singly charged ion
impact!. Here we test the scaling law of Berakdar, Brigg
©2002 The American Physical Society27-1
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and Klar @12# against the CDW-EIS approximation, whic
allows us to consider lower impact energies with confiden
e.g., a reference-electron-impact energy of 54.4 eV, wh
the validity of CDW-EIS has recently been established@1,2#.

To remain consistent with our previous papers on elect
impact @1,2#, we neglect the mass of an electron relative
the mass of a proton. In this case, the electron-proton
duced mass is unity, the reduced massm of the colliding
partners~projectile and targetatom! is identical to the re-
duced mass of projectile and targetion, and the center of
mass of the targetatomcoincides with the center of mass o
the targetion; thus the Jacobi coordinates (ra ,rb), wherera
(rb) refers the projectile~atomic electron! to the target ion,
are appropriate to describe the collision process.

II. THEORY

In the distorted-wave formalism, the post form of the e
act transition matrix (T matrix! element is given by@15#

Tf i5^x f
2uWf

†uC i
1&1^x f

2uVi2Wf
†ub i&. ~1!

Here C i
1 is the exact scattering wave function develop

from the initial asymptotic state satisfying exact outgoin
wave (1) boundary conditions,x f

2 is a distorted wave de
veloped from the final asymptotic state satisfying ex
incoming-wave (2) boundary conditions, but is otherwis
arbitrary (Wf is the corresponding perturbation!, and b i is
the initial asymptotic state (Vi is the corresponding channe
interaction!.

We now consider the ionization of atomic hydrogen
the impact of a projectileP of massM P and chargeZP . In
the center-of-mass~c.m.! system, the initial asymptotic stat
is given by

b i5~2p!23/2exp~ ik i•ra!c i~rb!, ~2!

and the corresponding channel interaction is

Vi5ZP /r a2ZP /r ab , ~3!

wherek i is the relative momentum of the incident project
with respect to the target atom~assumed initially at rest!, c i
is the wave function for the target atom, andr ab5urabu,
whererab5ra2rb .

A. CDW-EIS approximation

For the final state, we use the CDW~3C! wave function
@6#

x f
25~2p!23 exp~ ika•ra1 ikb•rb!C2~21/vb ,kb ,rb!

3C2~ZP /va ,ka ,ra!C2~2ZP /vab ,kab ,rab!. ~4!

Hereka(kb) is the final relative momentum of the projecti
~ionized electron! with respect to the target ion,kab is the
final relative momentum of the projectile with respect to t
ionized electron, andva , vb , andvab are the final relative
speeds within the projectile–target-ion, electron–target-
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and projectile-electron subsystems, respectively. Distor
effects of the Coulomb potential are contained in the fu
tion

C2~h,k,r !5N~h! 1F1~ ih,1;2 ikr 2 ik•r !. ~5!

Here r (k) is the relative coordinate~momentum! and h is
the Sommerfeld parameter for the two-body subsystem un
consideration,1F1 is the confluent hypergeometric function
and N(h)5G(12 ih)exp(2ph/2), whereG is the gamma
function.

The perturbationWf in Eq. ~1! is defined by the relation

~H2E!x f
25Wfx f

2 , ~6!

where

H52
1

2m
¹ ra

2 2
1

2
¹ rb

2 1
ZP

r a
2

1

r b
2

ZP

r ab
~7!

is the full Hamiltonian~neglecting the total c.m. motion! and

E5ki
2/~2m!1e i5ka

2/~2m!1kb
2/2 ~8!

is the total energy in the c.m. frame, wheree i is the binding
energy of the target atom. Substitutingx f

2 ~4! into Eq. ~6!,
we obtain

Wf5Kab•~Vb2Va!, ~9!

where

Va[K ~ZP /va ,ka ,ra!/m, ~10!

Vb[K ~21/vb ,kb ,rb!, ~11!

Kab[K ~2ZP /vab ,kab ,rab!, ~12!

and where

K ~h,k,r ![
“ rC

2~h,k,r !

C2~h,k,r !
. ~13!

The complex vector functionK (h,k,r ) is given explicitly by

K ~h,k,r !5hkF 1F1~11 ih,2;2 ikr 2 ik•r !

1F1~ ih,1;2 ikr 2 ik•r ! G~ k̂1 r̂ !,

~14!

wherek̂ and r̂ are unit vectors in the directions ofk and r ,
respectively.

For the exact scattering wave functionC i
1 in Eq. ~1! we

make the eikonal approximation@3#,

C i
1'~2p!23/2exp~ ik i•ra!c i~rb!

3expF i
ZP

v i
lnS v i r a2vi•ra

v i r ab2vi•rab
D G . ~15!

Here vi5k i /m is the velocity of the incident particle with
respect to the target. The choice~4!, together with the ap-
proximation ~15!, is the CDW-EIS@CDW ~3C! final state
7-2
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SCALING BEHAVIOR OF THE FULLY DIFFERENTIAL . . . PHYSICAL REVIEW A 65 052727
and eikonal initial state# approximation@5,1#. The 3C ap-
proximation@13,14#, which neglects projectile-target intera
tions in the initial state, may be obtained from the CDW-E
approximation by replacingZP with zero in Eq.~15!. If we
further neglect projectile-target interactions in the final st
by replacingZP with zero inx f

2 ~4!, we obtain the first Born
approximation~FBA!.

B. Fully differential cross section and scaling law

The FDCS for the process

P1H~1s!→P1H11e2 ~16!

is given in the c.m. frame by@16#

d5s

dVadVbdEb
5~2p!4m2

vavb

v i
uTf i u2. ~17!

HereEb5kb
2/2 is the energy of the ionized electron andVb

(Va) is the solid angle for the ionized electron~projectile!.
In this work, we calculate the FDCS in the scattering pla
as a function of the angle betweenkb andq for fixed q and
ukbu, whereq5k i2ka is the momentum transferred from th
projectile to the target atom andq̂5q/uqu is our quantization
axis.

From the analytic properties of the FDCS in the FBA,
can be seen that bothq and kb should be the same whe
comparing the impact of different projectiles. In addition, w
scale the FDCS for the projectileP to that of some referenc
projectileP8 ~reduced massm8, chargeZP8) such that, in the
FBA, the scaled FDCS for the projectileP is the same as the
FDCS for the reference projectileP8:

d5sscaled

dVadVbdEb
5

v iva8

v i 8va
S m8ZP8

mZP
D 2 d5s

dVadVbdEb
. ~18!

Furthermore, following Berakdar, Briggs, and Klar@12#, we
take both projectiles to have the same final speed; thusva
5va8 . Then, assuming the collision geometry for the ref
ence projectileP8 is known, the~c.m.! collision energyEi

5ki
2/(2m) for the projectileP is given by energy conserva

tion,

Ei5~m/m8!Ei 82~m/m821!~Eb2e i !, ~19!

whereEi 85ki 8
2 /(2m8) is the collision energy for the refer

ence projectileP8. The c.m. scattering angle for the proje
tile P, ua5cos21(k̂a• k̂ i), can be found from the law of co
sines,

q25ki
21ka

222kika cosua . ~20!

Then the momentum transfer directionuq5cos21(q̂• k̂ i) is
determined from the law of sines,q sinuq5ka sinua . In the
following, we take the reference projectileP8 to be an elec-
tron. In this case,m851 and Eq.~19! reduces to the corre
sponding equation in Berakdar, Briggs, and Klar@12#. Fi-
nally, we note that it is not always possible to make bothq
05272
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and kb the same for projectiles differing in mass since t
range of allowed values ofq is mass dependent. For th
electron-impact collision geometries considered by Ehrha
and co-workers@8,9# at impact energies of 54.4, 150, an
250 eV, there is one case~impact energy 54.4 eV, ejected
electron energy of 5 eV, and scattering angle of 4°) wh
the momentum transfer for electron impact is smaller th
the minimum momentum transfer in the case of ion impa
Thus, no comparison is made for this case, which is not
important since, as we will see, mass effects can no longe
scaled out for this low value of impact energy.

C. Asymptotic domains of momentum space

We now investigate the validity of the CDW~3C! final-
state wave function in different asymptotic domains of m
mentum space. Before the various possibilities are con
ered, we first obtain some necessary limiting values.

The maximum magnitude of the functionK (h,k,r ), given
by Eq. ~14!, is of the order ofuhku, i.e., O(uhku), since the
ratio of confluent hypergeometric functions~the square-
bracketed term! in Eq. ~14! is of order unity for small values
of kr1k•r , where the magnitude ofK (h,k,r ) is maximum.
Thus

uK ~h,k,r !umax5O~ uhku!. ~21!

We note thathk is finite even ifk is infinite. We also need to
know the asymptotic behavior ofK (h,k,r ) for k→` at any
fixed value ofrÞ0. Using

C2~h,k,r !kr1k•r→`̃~kr1k•r !2 ih ~22!

and Eq.~13!, it is easily shown that

K ~h,k,r !kr1k•r→`̃2
ih

r F k̂1 r̂

11 k̂• r̂
G . ~23!

Now if k→`, thenkr1k•r→`, unlessk̂52 r̂ . In this case,
Eq. ~23! is not valid and Eq.~14! has to be used instead
giving K (h,k,r )[0 for k̂52 r̂ . Thus

uK ~h,k,r !u5O~ uhu! for k→` at fixed r . ~24!

For ionization of atomic hydrogen by charged-particle im
pact, the final state consists of three charged particles in
continuum. Consequently, there are four asymptotic doma
of momentum space~regions where at least two of the pa
ticles have large relative speed!. We define these regions a
follows:

R0 : va→`, vb→`, vab→`,

Ra : 0<va,`, vb→`, vab→`,

Rb : 0<vb,`, va→`, vab→`,

Rab : 0<vab,`, va→`, vb→`.
7-3
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In order to investigate the validity of the 3C wave function
all these asymptotic domains, we consider the follow
high-energy ansatz for the exact scattering wave func
developed from the final asymptotic state,

C f
25exp~ ika•ra1 ikb•rb!A~ra!B~rb!C~rab!. ~25!

Substituting the ansatz~25! into the Schro¨dinger equation,
(H2E)C f

250, we obtain the following equation forA, B,
andC,

1

A F2
1

2m
¹ ra

2 2 iva•“ ra
1

ZP

r a
GA

1
1

B F2
1

2
¹ rb

2 2 ivb•“rb
2

1

r b
GB

1
1

C F2
1

2mab
¹ rab

2 2 ivab•“ rab
2

ZP

r ab
GC

5F 1

m

“ ra
A

A
2

“ rb
B

B
G• “ rab

C

C
. ~26!

Heremab is the reduced mass of projectile and atomic el
tron. Since the confluent hypergeometric function satis
the partial-differential equation

S 2
1

2m
¹22 iv•“1

hv
r D 1F1~ ih,1;2 ikr 2 ik•r !50,

~27!

wherek5mv ~only the incoming-wave solution is shown!,
we can make the left-hand side of Eq.~26! vanish identically
by choosing

A51F1~ iZP /va,1;2 ikar a2 ika•ra!, ~28!

B51F1~2 i /vb,1;2 ikbr b2 ikb•rb!, ~29!

C51F1~2 iZP /vab,1;2 ikabr ab2 ikab•rab!. ~30!

The above choice forA, B, andC gives the CDW~3C! wave
function ~4!. The problem now is to estimate the effect
neglecting the right-hand side of Eq.~26!.

Considering first the asymptotic domainsR0 , Ra , and
Rb , where vab→`, we write Eq. ~26! as a partial-
differential equation forC. That is, we takeA to be given by
Eq. ~28! andB to be given by Eq.~29!, but leaveC arbitrary
for the moment. Then we obtain the following equation f
C,

F2
1

2mab
¹ rab

2 2~ ivab1Va2Vb!•“ rab
2

ZP

r ab
GC50,

~31!

whereVa is given by Eq.~10! andVb is given by Eq.~11!.
The 3C eigenequation is obtained by neglectingVa andVb .
Now Va andVb are negligible relative tovab→`, since both
05272
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are bounded in the entire coordinate space, see Eq.~21!.
Thus the Schro¨dinger equation reduces to the eigenequat
for the 3C wave function in the asymptotic domains whe
vab→`(R0 ,Ra ,Rb).

More precisely, inR0, we can use Eq.~24! to estimate the
magnitudes ofVa andVb , since bothva andvb go to infinity
in R0. Thus, Va5O(uZP /mu/v i) and Vb5O(1/v i). Now
uZPu can be greater than 1 only for aheavy projectile ~a
multiply charged ion! and thenm is at least of the order of a
thousand atomic units~much larger than any physically rea
izable uZPu). For a light projectile~electron or positron!,
uZP /mu51. Thus the parameteruZP /mu is never larger than
unity for any real charged particle colliding with a real ato
~we exclude, for example, a target ‘‘atom’’ of positronium!.
As a result,Va vanishes at least as fast asVb , so the relevant
quantity is the magnitudeVb5O(1/v i) relative to vab
5O(v i). Thus the Schro¨dinger equation reduces, to leadin
order in 1/v i

2 , to the 3C eigenequation inR0.
In Ra , va can be small, so we have to use Eq.~21! to

estimate the magnitude ofVa . We obtain Va5O(uZPu).
SinceVb5O(1/v i) is smaller thanVa , the validity of the 3C
wave function is determined by the magnitudeVa
5O(uZPu) relative to vab5O(v i). Thus the Schro¨dinger
equation reduces, to leading order inuZP /v i u, to the 3C
eigenequation inRa .

Since the vast majority of ionizing collisions involv
small momentum transfer to the target, the most import
asymptotic region of momentum space isRb . Hereva→`,
so we use Eq.~24! to obtainVa5O(uZP /mu/v i). Sincevb
can be small, we use Eq.~21! to estimate the magnitude o
Vb , obtainingVb5O(1). SinceVa is smaller thanVb , the
validity of the 3C wave function is determined by the ma
nitude Vb5O(1) relative tovab5O(v i). Thus the Schro¨-
dinger equation reduces, to leading order in 1/v i , to the 3C
eigenequation inRb .

Finally, in the asymptotic domainRab , wherevab can be
small, we return to the ansatz~25!, takeC to be given by Eq.
~30!, and write Eq.~26! as a partial-differential equation fo
A andB,

1

A F2
1

2m
¹ ra

2 2~ iva1Kab /m!•“ ra
1

ZP

r a
GA

1
1

B F2
1

2
¹ rb

2 2~ ivb2Kab!•“ rb
2

1

r b
GB50,

~32!

where Kab is given by Eq.~12!. The 3C eigenequation is
obtained by neglectingKab . In Rab , Kab is O(uZPu) while
both va andvb areO(v i). The contribution from the larges
neglected term is thusO(uZP /v i u) and, therefore, the Schro¨-
dinger equation reduces, to leading order inuZP /v i u, to the
3C eigenequation inRab .

Summarizing the above results, we investigated the va
ity of the CDW ~3C! final-state wave function~4! for large
total energyE. We found that the Schro¨dinger equation re
7-4
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SCALING BEHAVIOR OF THE FULLY DIFFERENTIAL . . . PHYSICAL REVIEW A 65 052727
duces, to leading order inuZP /v i u in the full coordinate
space, to the eigenequation for the 3C wave function if
projectile of chargeZP with an initial speedv i becomes slow
relative to either the ionized electron or the residual tar
ion. On the other hand, if the projectile remains fast relat
to both target fragments, the neglected contribution is
O(1/v i) and if, in addition, the target fragments are fast re
tive to each other, the neglected contribution is onl
O(1/v i

2). Thus the 3C wave function is asymptotically co
rect in all asymptotic domains of momentum space for
configurations of the three particles in coordinate space.

III. RESULTS

We evaluate the scattering amplitude~1! by direct six-
dimensional numerical~Gauss-Legendre! quadrature@17#.
Spherical coordinates are used forrb and cylindrical coordi-
nates are used forra , with the z axis taken along the direc
tion of the momentum transferq. We estimate that our nu
merical uncertainty is 2% at the peak values in the fu
differential cross sections~FDCS!.

A. Preliminary considerations

In the case of electron-impact ionization of atomic hyd
gen, the projectile is indistinguishable from the atomic el
tron and, therefore, an exchange amplitude should be
cluded when calculating the cross section. However,
calculations revealed that the exchange contribution is
than 2% at the higher energies~150 and 250 eV!. At 54.4 eV,
exchange reduces the FDCS uniformly by about 10%. In
preceding section, we showed that the 3C wave functio
correct to leading order in 1/v i , regardless of how close th
three particles are. For 54.4-eV impact energy,v i52, so the
3C wave function is not accurate if all three particles a
close together. In the case of direct ionization, this should
be a major problem, since most of the contribution to
direct amplitude comes from large separations between
projectile and the target. On the other hand, most of
contribution to the exchange amplitude comes from sm
separations between projectile and target and, therefor
54.4 eV, the 3C and CDW-EIS exchange amplitudes
probably just order-of-magnitude estimates of the exact
change amplitude. Finally, our numerical method is not w
suited to the calculation of the exchange amplitude, since
ejection of a fast electron means a highly oscillatory in
grand, necessitating a huge increase in computation t
Since the exchange amplitude is small, hard to calculate,
may not even improve the theory, we neglect it.

It is also of interest to discuss the relative importance
the two terms in Eq.~1!. Although the sum of these two
terms is the direct amplitude for ionization, neither term
dividually has strong physical meaning, since the sole p
pose of the second term is to remove the double countin
interactions that occurs in the first term. Nevertheless,
find it interesting that the squared modulus of either term
typically an order of magnitude larger than the squa
modulus of their sum.
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B. Fully differential cross sections

FDCS measurements for electron impact@8# characteris-
tically have two maxima with the one near 0°~relative to the
direction of momentum transfer! being referred to as the bi
nary peak since 0° is the angle that a stationary atomic e
tron would emerge after a single collision with the projecti
The peak near 180° is called the recoil peak since it res

FIG. 1. Scattering-plane fully differential cross sections~FDCS!
in the center-of-mass~c.m.! coordinate system for ionization o
H(1s) by the impact of electrons (e2), protons (p1), and their
antiparticles in the CDW-EIS approximation. For the heavy proj
tiles (p6), the FDCS are scaled using Eq.~18!. The~c.m.! collision
energy is 250 eV~212 keV! for e6 (p6) and all projectiles have the
samefinal speed. The energy of the ionized electron is 5 eV andub

is the polar angle of the ionized electron relative to the momentu
transfer direction (ub negative corresponds to both the project
and the ionized electron emerging in the same half plane!. The c.m.
scattering angle of the projectile is:~a! 3° for e6

(3.2931023 deg forp6) and~b! 8° (8.8631023 deg). Also shown
is the first Born approximation~FBA!, which yields the same scale
FDCS for all projectile impacts, and absolute electron-impact m
surements~solid circles! from Ehrhardtet al. @8#, multiplied by a
factor of 0.88.
7-5
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FIG. 2. Same as Fig. 1 for a c.m. collision energy of 150
~121 keV! for e6 (p6) and projectile scattering angles of~a! 4°
(3.0931023 deg), ~b! 10° (11.231023 deg), and ~c! 16°
(17.931023 deg). Here the absolute electron-impact measurem
from Ehrhardtet al. @8# have been multiplied by a factor of 0.86.
05272
ts

FIG. 3. Same as Fig. 1 for a c.m. collision energy of 54.4
~32.9 keV! for e6 (p6) and projectile scattering angles of~a! 10°
(9.6931023 deg), ~b!16° (17.931023 deg), and ~c! 23°
(26.731023 deg). Here the solid circles are absolute electro
impact measurements from Ehrhardt and Ro¨der @9#, multiplied by a
factor of 0.92.
7-6



d

th
on
am
th
n
in

f
he
a

in
-

co
-
e
ga
c
is

io
n
te

f
b

B

o

fe
til
n

es
oi
f

e
ro
ve
ve

ur
e-

io
e

te
a

ll
nd
ote

he
he
uld
-

hat
so-

-
lec-
the

led
e
ve

off

SCALING BEHAVIOR OF THE FULLY DIFFERENTIAL . . . PHYSICAL REVIEW A 65 052727
from the atomic electron colliding with the projectile an
then backscattering off the ion.

Our FDCS results are shown in Figs. 1–3. In the FBA,
FDCS is symmetric about the momentum transfer directi
is maximum at 0°, and the scaled cross section is the s
for all projectile charges and masses. For better theories
include the interaction of the projectile with the nucleus a
the interaction of the projectile with the atomic electron
the system wave function~such as CDW-EIS!, one would
expect to see a projectile charge dependence~that is, beyond
the simpleZP

2 dependence predicted by FBA!. From the fig-
ures, it is seen that the CDW-EIS scaled cross sections
opposite projectile charges are very different. On the ot
hand, scaled cross sections for the same projectile charge
different masses are very similar—in fact, almost indist
guishable for the higher energies~the larger binary cross sec
tion indistinguishable curves correspond toe1 andp1 while
the smaller binary cross section indistinguishable curves
respond toe2 andp2). We note that in the CDW-EIS, rela
tive to the FBA, both binary and recoil peaks shift to larg
~smaller! angles between the two outgoing particles for ne
tively ~positively! charged projectiles as one would expe
intuitively. Interestingly, in the case of the binary peak, th
shift is reproduced by a distorted-wave Born approximat
~DWBA—not shown! that includes the projectile–target-io
interaction exactly, but neglects the projectile-electron in
action in the formation of the final-state wave function~see
Whelanet al. @18#, and references therein!. It has been sug-
gested~contrary to intuition! that the shift in the position o
the binary peak is caused by the final-state interaction
tween projectile and target ion alone@12#, a supposition that
is supported by calculations more sophisticated than DW
including those in Ref.@12# and the present work~see Fig.
4!. Relative to the FBA, the magnitude at the maximum
the binary~recoil! peak decreases~increases! for negatively
charged projectiles and increases~decreases! for positively
charged projectiles. Test calculations revealed that inter
ence between final-state projectile–target-ion and projec
electron interactions is important in determining the mag
tude of both peaks.

For a c.m. impact energy of 250 eV~212 keV! and a c.m.
scattering angle of 3° (3.2931023 deg) in the case ofe6

(p6), the scaled FDCS forp1 coincides with the FDCS for
e1 @Fig. 1~a!#. The curves for negatively charged projectil
nearly coincide except for a slight difference in the rec
peak region. When the scattering angle is increased to 8°
e6 (8.8631023 deg forp6), small differences appear at th
maximum in the binary peak between light and heavy p
jectiles with the same charge and, in the case of negati
charged projectiles, very small differences also occur o
nearly the entire range of the recoil peak@Fig. 1~b!#. In the
case of electron-impact ionization, where absolute meas
ments are available@8#, there is quantitative agreement b
tween the CDW-EIS theory and experiment.~The measure-
ments at 250 and 150 eV have an overall normalizat
uncertainty of 15% and an internormalization, or relativ
uncertainty of 10%.! Here we have multiplied the absolu
measurements for 250-eV electron-impact ionization by
05272
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factor of 0.88~which is clearly permissible since the overa
uncertainty is 15%! so that the shapes of the theoretical a
experimental cross sections can be easily compared. N
that this scaling factor of 0.88 only takes into account t
overall uncertainty in the measurements. There is still t
10% relative uncertainty. This means that experiment sho
now be within610% of the theoretical curve for quantita
tive agreement to be claimed. It is seen from Fig. 1 t
CDW-EIS is indeed in quantitative agreement with the ab
lute measurements for 250-eV electron impact.

For a c.m. impact energy of 150 eV~121 keV! and c.m.
scattering angles of 4°, 10°, and 16° (3.0931023,

FIG. 4. Scattering-plane fully differential cross section~FDCS!
for positron-impact ionization of H(1s) in the center-of-mass coor
dinate system. The collision energy is 54.4 eV and the ionized e
tron has an energy of 5 eV as in Fig. 3. The curve labeled 3C is
full 3C result including all final-state interactions. The curve labe
3C ~no P-T) is the result of a 3C calculation but with th
projectile–target-ion interaction switched off in the final-state wa
function and the curve labeled 3C~no P-e) is the result of a 3C
calculation but with the projectile-electron interaction switched
in the final-state wave function. The positron scattering angle is~a!
10° and~b! 23°.
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11.231023, and 17.931023 deg) in the case ofe6 (p6),
differences remain small for projectiles differing only
mass ~Fig. 2!. Interestingly, as the scattering angle is i
creased, the magnitude of the CDW-EIS binary peak
positively charged projectiles approaches that of the FB
while for negatively charged projectiles the CDW-EIS a
experimental~available for electron impact! binary peaks
move farther away~in magnitude! from the FBA. The abso-
lute measurements for 150-eV electron-impact ionization@8#
have been multiplied by a factor of 0.86. It is seen from F
2 that CDW-EIS is in quantitative agreement with the ab
lute measurements for 150-eV electron impact except fo
slight underestimation of the recoil peak for a scatter
angle of 4°. For 150-eV electron impact, measurements
exist forEb53 and 10 eV; however, these cases revealed
new physics and are therefore not shown.

For the much lower impact energy of 54.4 eV~32.9 keV!
in the case ofe6 (p6), projectile-mass differences rema
small for the binary peak in the case of negatively charg
projectiles and for the recoil peak in the case of positiv
charged projectiles~Fig. 3!. However, the scaling law clearl
breaks down for the recoil~binary! peak for projectiles with
a negative~positive! charge. The c.m. scattering angles a
10°, 16°, and 23° fore6 and 9.6931023, 17.931023, and
26.731023 deg, respectively, forp6. In the case of electron
impact ionization, the absolute measurements@9# have been
multiplied by a factor of 0.92~the experimental uncertaint
is 35% for the overall normalization and 10% for interno
malization! and it is seen that CDW-EIS is in near quantit
tive agreement with experiment. As observed at the hig
energies, the magnitude of the binary peak for positiv
charged projectiles approaches that of the FBA as the s
tering angle is increased; in fact, for a scattering angle of
for e1, the magnitude of the binary-peak maximum for po
itron impact actually becomessmallerthan that predicted by
FBA.

To explore this further we repeated the positron-imp
calculations at 54.4 eV, but this time omitting initial-sta
correlation ~3C approximation!. The magnitude of the 3C
binary-peak maximum approaches that of the FBA with
creasing scattering angle just as rapidly as CDW-EIS~Fig.
4!. Thus, the above-observed effect is due tofinal-statein-
teractions. Further investigations revealed that neither
projectile–target-ion nor the projectile-electron interacti
alone is responsible for this effect, since neglectingeither
interaction causes the above-observed behavior to disap
~Neglecting the projectile–target-ion interaction leads to
binary peak larger than that predicted by the FBA for
scattering angles, while neglecting the projectile-electron
teraction leads to a smaller binary peak than FBA; in neit
case does the binary peak approach that of the FBA w
increasing scattering angle.! For a scattering angle of 10°
the binary peak that results from including all final-state
teractions is larger than both the binary peak neglecting
projectile–target-ion interaction and the binary peak negle
05272
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ing the projectile-electron interaction. As the scattering an
is increased, however, the binary peak that includes all fin
state interactions becomes smaller than the binary peak
glecting the projectile–target-ion interaction. This is a sign
ture of destructive interference between final-state projec
electron and projectile–target-ion interactions. Thus
apparent success of the FBA for positively charged proj
tiles at larger scattering angles is fortuitous and can be tra
to destructive interference betweenindividually strong
projectile–target-ion and projectile-electron final-state int
actions neglected in the FBA.

IV. SUMMARY AND CONCLUSION

In this paper, we studied the fully differential cross se
tion ~FDCS! for ionization of atomic hydrogen by the impac
of electrons, protons, and their antiparticles in the CDW-E
approximation. Although CDW-EIS has been used succe
fully for many years for less differential cross sections, the
results, to our knowledge, represent the first reportedfully
differential CDW-EIS cross sections for ion impact.

We investigated the validity of the CDW~3C! final-state
wave function for large total energyE. We found that the
Schrödinger equation reduces, to leading order inuZP /v i u in
the full coordinate space, to the eigenequation for the
wave function if the projectile of chargeZP and initial speed
v i becomes slow relative to either the ionized electron or
residual target ion. If the projectile remains fast relative
both target fragments, the neglected contribution is j
O(1/v i) and if, in addition, the target fragments are fast re
tive to each other, the neglected contribution is onl
O(1/v i

2). Thus the 3C wave function is asymptotically co
rect in all asymptotic domains of momentum space for
configurations of the three particles in coordinate space.

We have presented CDW-EIS scaled FDCS. In the FB
the scaled cross sections would be the same for all proje
charges and masses. The scaled CDW-EIS cross section
hibited a strong charge dependence but almost no mass
pendence for final projectile speeds greater than 2–3 a.u
the dominant case of small momentum transfer to the a
(q,1). With decreasing projectile energy, positive proje
tiles exhibit a stronger mass dependence than negative
jectiles ~an attractive projectile-electron interaction brin
the two outgoing particles closer together in the final sta
hence their mutual interaction is stronger!. Interestingly, the
magnitude of the binary peak for positive projectiles a
proaches that of the FBA with increasing scattering ang
This apparent ‘‘success’’ of the FBA for positive projectile
was traced to a fortuitous destructive interference betw
two very strong final-state interactions neglected in the FB
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