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Shell corrections in stopping powers

H. Bichsel*
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~Received 28 June 2001; published 24 April 2002!

One of the theories of the electronic stopping powerS for fast light ions was derived by Bethe. The
algorithm currently used for the calculation ofS includes terms known as the mean excitation energyI, the
shell correction, the Barkas correction, and the Bloch correction. These terms are described here. For the
calculation of the shell corrections an atomic model is used, which is more realistic than the hydrogenic
approximation used so far. A comparison is made with similar calculations in which the local plasma approxi-
mation is utilized. Close agreement with the experimental data for protons with energies from 0.3 to 10 MeV
traversing Al and Si is found without the need for adjustable parameters for the shell corrections.
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I. INTRODUCTION

An important concept in the description of the interactio
of fast charged particles with matter is the stopping pow
S52dT/dx. It gives the average energy loss per unit pa
length of the particles, and is used in applications such
nuclear physics, radiation detectors, cancer therapy, s
exploration, etc. Reviews can be found in Bohr@1#, Fano@2#,
NAS-NRC Publication 1133@3#, Inokuti @4#, ICRU report 49
@5#, Bichsel @6–8#, and Ziegler@9#. The theory considered
here was developed by Bethe@10–12#, Bloch @13#, and oth-
ers@14,15#. The present study describes the functions nee
for the calculation ofS for practical applications, and is re
stricted to protons anda-particles with nonrelativistic
speeds. An important aspect is the comparison with the
perimental measurements. The expression used to calculS
is given in Sec. II with short descriptions of its componen
In Sec. III, the principal parts of the study, the calculations
the stopping numberB and the shell correctionsC, are given.
The emphasis is on the numerical determination ofB andC
rather than a derivation with theoretical-analytical metho
Calculations are made with a model more realistic than
hydrogenic approximation@5#. Since these calculations ar
complex, results for Al and Si only are given. A comparis
with other models is made.

In experimental measurements, the energy loss~strag-
gling! spectraf(x,T,T1) ~whereT is the initial energy of the
particle, andT1 is its energy after traversing an absorber
thicknessx) are measured. A discussion of the measureme
and use ofS is given in Sec. IV. Finally, experimental data o
shell corrections are compared with the present calculat
in Sec. V.

Note that, for thin absorbers, the mean energy loss lo
its usefulness, and a more appropriate quantity is the m
probable energy loss@8,16–18#. A description of the physica
processes in the energy-loss interactions can also be fo
e.g., in Refs.@7,8,19#.

The calculations are presented from an experimental p
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of view, viz., particle speed is represented by the kine
energy of the particles, stopping numbers are given for s
cific elements. The present theory gives calculations oS
with no free parameters for the shell corrections, and is
curate to about60.4% for T.10 MeV, about 1% atT
50.5 MeV.

II. CALCULATION OF STOPPING POWER

Discussions of the Bethe theory ofS can be found in
many papers@2–4,6#. Here, the formulation given in Refs
@5,20,21# is used. The mass stopping powerS ~in
MeV cm2/g) of particles with chargeze, kinetic energyT,
and speedv5bc is calculated with

S52
dT

dx
5

2pe4

mc2

z2

b2
nB5

kz2

b2
nB5

0.15354

b2

z2Z

A
B,

~1!

where mc25510.999 keV is the rest mass of an electro
k52.54955310219 (eV cm2) @8#, n56.022131023Z/A the
number of electrons per gram,Z andA ~g! the atomic num-
ber and weight of the absorber, andB is the dimensionless
‘‘stopping number.’’ Other parameters used are the pro
mass Mc25938.256 MeV, and, for Al Z513, A
526.9815 g/mole, for SiZ514, A528.086 g/mole.

Bethe @10# derived an approximation forB given by Ba
52La ,

La~b!5 ln
2mc2b2g2

I
2b2[ f ~b!2 ln I; ln 2mv2/I ,

~2!

whereg251/(12b2) @22#, I is the mean excitation energ
of the electrons in the atom, and the last expression is
nonrelativistic approximation.

A better approximation is obtained with

L~b!5La~b!2
C~b!

Z
1zL1~b!1L2~z,b!, ~3!

whereC(b) is the sum of shell corrections andL1 and L2
are the Barkas and Bloch correction terms. These functi

11
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TABLE I. Values of functions occurring in Eqs.~2! and~3! for protons with energyT ~MeV! traversing Al,I 5166 eV, lnI55.112. The
Bethe asymptotic stopping number, Eqs.~2! and~15!, is La(b)5 f (b)2 ln I, the Bethe approximation for the stopping number, Eq.~14!, is
Lb5 La2(Ci /Z, with Ci according to Sec. III C; the stopping number including the corrections discussed in Sec. II B and Sec.
L5Lb1zL11L2(z), Eq. ~3!. The last column gives the ratior of (Ci /Z to L, in percent.

T b2 f (b) La Lb L CK /Z CL /Z CM /Z L1 2L2 r

0.3 0.00064 6.482 1.370 1.234 1.374 20.1568 0.2731 0.0201 0.2343 0.0935 9.9
1.0 0.00213 7.685 2.573 2.349 2.461 20.0111 0.2282 0.0070 0.1418 0.0295 9.1
3.0 0.00636 8.780 3.668 3.493 3.544 0.0694 0.1032 0.0023 0.0607 0.0100

10 0.02098 9.973 4.861 4.771 4.786 0.0565 0.0328 0.0007 0.0176 0.0030
30 0.06101 11.043 5.931 5.896 5.900 0.0241 0.0106 0.0002 0.0051 0.0010
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~exceptL2) depend onZ. Values for the functions in Eq.~3!
are given in Table I. Some further corrections are mentio
in Sec. II D. Several terms in Eqs.~2! and~3! are considered
next, while the Bethe derivation ofB and the shell correction
C are discussed in Sec. III.

A. I values

The mean excitation energyI can be calculated from

ln I 5E f ~E,0!ln E dEY E f ~E,0!dE, ~4!

where f (E,0) is the dipole oscillator strength for an ener
transferE and f (E,0) is closely related to the optical absor
tion coefficients@10,2,4#. A derivation of lnI is given in Sec.
III A. For Al, a value I 5165.7 eV has been calculated wi
Eq. ~4! @23#. This value agrees withI 5167 eV, derived from
the measurements for protons with energies from 12 to
MeV @24#. Here, I 5166 eV is used. For Si,I 5173.5 eV
was measured in Ref.@24#, while I 5176 eV was found from
measurements with 70 MeV protons@25#. The value I
5173.5 eV is used here, and energy-loss measurements
290 MeV/u C ions@26# and measurements of straggling
Ref. @17# agree with this value. An uncertainty of62 eV
should be assumed for theI values.

B. Bloch correction

Lindhard and So”rensen@27,28# showed that the correctio
term

L252y2(
l 51

`
1

l ~ l 21y2!
, ~5!

with y5zv0 /v5az/b5z/(137b),1 is caused by a differ-
ence in the perturbation and exact transport cross sect
This function was originally described by Bloch@13#, and a
simple description was given in Ref.@29#. It originates from
close collisions of the ions and the target electrons an
here assumed to depend little on the absorber. The func
L2 is used without the scaling factor introduced in Ref.@30#,

1v05ac is the Bohr velocity.
05270
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see Fig. 7 in Ref.@31#. Note thatL2 is proportional toz2 only
for small y, whereL2;21.202y2, see Table I.

C. Barkas correction

In a classical description of the collisions@32–34# the
Barkas effect arises from the inclusion of the displaceme
of electrons from their equilibrium positions during the co
lision. Since no complete theory ofL1 is available, an em-
pirical approach is used here. A functionL1, derived by Ash-
ley, Ritchie, and Brandt@33#, based on the harmonic
oscillator model, is used to approximate the Bark
correction@31#. It is given by

L15
gF~b/x1/2!

Z1/2x3/2
, ~6!

where x5v2/(Zv0
2)518779b2/Z, and b and g are the pa-

rameters fitted to the experimental data. Note thatL1 does
not depend on particle mass or charge.

In Eq. ~10! of Bichsel@31# it is seen that the experimenta
values ofL1 can be determined from the measurements
protons anda particles with the same speed if it is assum
thatC/Z does not depend on particle mass and charge. S
larly, Eq. ~12! of Ref. @31# gives experimental values ofL1
for particles and antiparticles. From a least-squares fit w
Eq. ~6! to the experimental data for Al of Andersenet al. @30#
the parametersg52.04,b51.78 were found. For the exper
mental data of Andersenet al. @35# for protons and antipro-
tons in Si, the valuesg52.04,b51.88 gave a good fit.

From the uncertainty (60.003) ofDHe given in Ref.@30#,
the uncertainty ofL1 is 60.007 at 0.8 MeV, increasing to
60.0126 at 5.6 MeV/nucleon. This uncertainty will ent
directly into the calculation of experimental shell corre
tions, Sec. V A, but will be the same for all experiment
data. The use of Eq.~6! for energies below 0.8 MeV/u and
above 5.6 MeV is an extrapolation which may give unre
able results.

SinceL1 here is a function derived from the experimen
data for protons anda particles, a number of effects dis
cussed in Ref.@34# ~e.g., angular deflections of the particle
during energy losses to electrons, assumptions about
atomic model used in Refs.@33,36#! are lumped into the
approximation forL1. The dependence on particle char
appears only in the coefficientz of L1 in Eq. ~3!. Thus the
9-2
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SHELL CORRECTIONS IN STOPPING POWERS PHYSICAL REVIEW A65 052709
use in Eq.~6! of different b for protons anda particles by
Porter~e.g., Ref.@37#! is inconsistent with the basic conce
of the Barkas correction. While the parametersb andg are
not derived from first principles, they are not adjustable
the present comparison with the experimental data.

D. Other corrections

A number of corrections have been discussed by Ah
@38# and by Lindhard and So”rensen@27#. They are important
for fast, heavy ions~e.g., C, Fe! and would have to be in
cluded in Eq.~3!. For the particles and speeds conside
here, these corrections are small; the largest one among
is the ‘‘nuclear stopping power’’@5#, and yet it contributes
less than 0.1% above 0.4 MeV/u. The close collision M
correctionG(z,b), Eq. ~4.23! of @38# amounts to 0.03% ofB
for 30 MeV protons, and increases withzb—it might
amount to the order of 2% for 300 MeV/u Fe ions. T
electron capture and loss effects should be very small
protons with energies above 0.3 MeV@39#. For a particles,
see Sec. V C, and for Li ions, see Table II in Ref.@31#. A
correction due to the polarization of the medium is the d
sity effectd @5,8,22,40,41#. It amounts to 631025 of B at 30
MeV. The effect of multiple scattering must be considered
the experimental measurements@3,42–44#, see Sec. IV.

III. STOPPING NUMBER B AND SHELL CORRECTIONS C

In this section methods used to calculateB are described.
In Secs. III A, III B, and III C, Bethe’s quantum-mechanic
calculation with the first Born approximation of the collisio
cross sections, and in Sec. III D, the Lindhard-Winther@45#
method giving the interaction with a free-electron gas
described. The harmonic-oscillator model is not conside
here; it was used in the description of the Barkas effec
Sec. II C and was discussed by Sigmund and Haagerup@46#.
Another method used to obtainB is a scaling procedure, Se
III E.

A. The Bethe calculation

In the first Born approximation, for nonrelativistic speed
Livingston and Bethe@12# gave the stopping numberB as

B~v !5E dEE
Qm

`

f ~E,Q!dQ/Q, ~7!

where f (E,Q) is the generalized oscillator strength~GOS
@4#! for a transition from the ground state of the atom to
excited state of energyE, Q5K2/2m represents the~hypo-
thetical! recoil energy resulting from the momentum trans
K from the incident particle to a free electron, andQm
5E2/2mv2 ~for a more exact expression forQm , see Inokuti
@4#!. The calculation ofB can be made for each atomic she
separately@47#.

In order to avoid explicit calculations off (E,Q), Bethe
@10# used the following approach that is valid only for th
whole atom. He divided the integral overQ into three parts:
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B~v !5E dEH E
Qm

Q1
f ~E,0!dQ/Q1E

Q1

`

f ~E,Q!dQ/Q

1E
Qm

Q1
@ f ~E,Q!2 f ~E,0!#dQ/QJ , ~8!

whereQ1 is a small, fixed value. The integral of the first pa
is

B1~v !5E dE f~E,0!E
Qm

Q1
dQ/Q

5E dE f~E,0!ln
Q1

~E2/2mv2! ~9!

5 ln 2mv2Q12E dE f~E,0!2 lnE5 ln
2mv2Q1

I 2
, ~10!

where the sum rule

E f ~E,0!dE51 ~11!

for the dipole oscillator strengthf (E,0) was used for the firs
term of Eq.~10! and the logarithmic mean excitation energ
ln I already defined in Eq.~4! is obtained from the secon
term.

For the second part,B2, the order of integration is ex
changed and the upper limit̀ in the integral overQ is
replaced byQM52mv2 ~see Figs. 3 in Refs.@2# and @45#!,
resulting in

B2~v !5E
Q1

2mv2dQ

Q E dE f~E,Q!. ~12!

With the sum rule for the generalized oscillator strength

E f ~E,Q!dE51, ~13!

we get

B2~v !5 ln
2mv2

Q1
. ~14!

If we assume for the third partB3 thatv is large,Qm can be
replaced by zero, and the integral is equal to zero becaus
the sum rule, Eq.~13!, then the Bethe asymptotic stoppin
number is2

Ba~v !5B1~v !1B2~v !5 ln
~2mv2!2

I 2
52La . ~15!

The errors in this derivation of Eq.~15! can be corrected by
defining the Bethe approximation@12#

2The factor 2 in Eq.~15! frequently is included with the coeffi-
cient 0.153 54 in Eq.~1!, giving a coefficient of 0.307 08.
9-3
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H. BICHSEL PHYSICAL REVIEW A 65 052709
Lb5La2C/Z. ~16!

Values ofLa and Lb are given in Table I. Equation~53! of
Fano@2# shows thatC/Z consists of two parts, viz.,C5C1
1C2, where

C15
1

2E dEE
0

Qm
@ f ~E,Q!2 f ~E,0!#

dQ

Q
~17!

corrects for settingQm50 in B3, and

C252
1

2E dEE
2mv2

`

f ~E,Q!
dQ

Q
~18!

corrects for the changes made with Eqs.~12! and ~13!, see
Figs. 2 and 3 in Ref.@2#. The correction can be calculate
separately for each atomic shell. Corresponding correct
for the electron-gas model are illustrated in Fig. 3
Lindhard and Winther@45#.

The correctionC is due to the approximations made
deriving Eq.~15! and is only indirectly related to the orbita
speeds of the electrons in the atoms. No formal name
C(v) was used in the Bethe-Walske papers@12,14#. To the
extent thatC is calculated for each atomic shell, the expre
sion ‘‘shell correction’’ makes sense and it was used with t
meaning in Ref.@48#. Note also that the correction needs
be made forall shells@45#, and the expression ‘‘inner she
corrections’’ is an approximation implying that the corre
tions for outer shells can be neglected. The first calculati
of CK(v) for K shell electrons were given in Refs.@12,14#.

B. Calculation of f „E,Q…, B and C with hydrogenic
wave functions

If Coulomb wave functions are used to represent electr
ejected from atoms, analytic expressions can be derived
the generalized oscillator strengthf (E,Q). Such functions
may be found in Refs.@12,14,49#. Calculations of stopping
numberB and shell correctionsC with these functions were
made forK- andL-shell electrons by Walske@14# and forM
shell electrons by Bichsel@50#. Walske suggested that theL
shell results would not be accurate for atoms withZ,30.
This can be seen in Fig. 1, whereCL calculated for Si is
shown. These results were obtained with numerical integ
tions that pose problems for the accuracy of the results
scribed in Ref.@50#. Similar problems occur for the calcula
tions described in the following section.

C. Calculation of f „E,Q…, B and C with Hartree-Slater
wave functions

Calculations off (E,Q) were made with the method de
scribed by Manson@51#. For the ground-state wave function
and the atomic potentials data from the Herman-Skillm
tables @52# were used. They were calculated with th
Hartree-Slater approximation. Wave functions for electro
in continuum states were calculated by numerical integra
of the Schro¨dinger equation as described by Manson@51#.
Such calculations were made for theK shell and bothL sub-
shells for Al and Si for 320 excitation energiesE between 0
05270
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and 2500 Ry, and for more than 1000 values ofQ. Specifi-
cally, Q was increased untilf (E,Ql) was less than 1025 of
*Ql f (E,Q)d ln Q. Typically, Ql was about 2E or 3E, with
the maximum value off (E,Q) occurring atQ;E ~‘‘Bethe
ridge’’ @4#!. In order to check the accuracy of the numeric
integrations overE, the tables off (E,Q) are extended by
cubic spline interpolation@53# for up to 2000 values. The
stopping numbersB were calculated with Eq.~7! and the
shell corrections with Eqs.~17! and~18!. Results forCK and
CL5C2s1C2p are shown in Fig. 1 for Si. For theM shell
electrons, this approach cannot be used because theM elec-
trons are shared in the solid-state structure of the mater
Therefore, these electrons are considered as an electron
with the stopping numberB52L given by Lindhard and
Winther in Fig. 4 of Ref.@45#. The first correction term in
Eq. ~20! of Ref. @45# is used as an approximation

CM5
0.3mvF

2

mv2/2
Z5aM /T, ~19!

where vF is the Fermi speed,T ~MeV! is the energy of a
proton, andaM is a constant. For Al,aM50.090 MeV, and
for Si, aM50.109 MeV. Fano@2,3# gave an equivalent ex
pression in his Eq.~58!. The contribution ofCM to B is
small, see Table I. The total theoretical shell correction is

CT5CK1C2s1C2p1CM ~20!

and is shown for Al in Fig. 2.
A similar calculation ofC was made by McGuireet al.

@54#, but was found to be inaccurate@55#, see Fig. 2. The
approximation given by Walske@14#

FIG. 1. K- andL-shell corrections for Si (Z514) as a function
of proton energyT. The solid lines showCK and CL5C2s1C2p

calculated with the present theory. The dotted lines areCK andCL

calculated with the hydrogenic approximation of Sec. III B with t
canonical parameters given by Walske@14# ~viz., ZLe f f5Z24.15
andQL50.35). A function to matchCL at the peak, shown by the
dashed line, was calculated with the scaling method, Eq.~22!, with
VL51.17, HL51.2. The dash-dotted line gives the approximati
defined by Eq.~21!.
9-4
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CL5
U

b2
1

V

b4
~21!

and discussed by Fano@2,3# is shown in Fig. 1.

D. Lindhard-Bonderup shell corrections

Major contributions to the theory of stopping power ha
been made by the Danish groups@1,36,45,56#. The study by
Bonderup@36# using the local plasma approximation~LPA!
is described briefly. It is a refinement of the calculatio
made for the electron gas by Lindhard and Winther@45#.
Bonderup calculated the stopping numberL using the radial
electron density and the corresponding local plasma
quency obtained with the Lenz-Jensen potential, and der
the shell correctionCB . The parameterg used in Eq.~6! is
also used here. This function withg51.336 was used by
Shiomi-Tsudaet al. @44# to derive anI value for Al.3 The
functionCB(g51.336) is shown in Fig. 2 by the dashed lin
For comparison,CB calculated withg52.04 used in Eq.~6!
is shown by the dash-dotted line.

It has been suggested@58# that the use of, e.g., Hartree
Fock models of the atom to calculate the electron den

3In principle, as Bonderup has emphasized@57#, the I value and
the shell corrections cannot be determined independently:I /Z
5gKJ , whereKJ57.583 eV is the Bloch constant for the Len
Jensen model of the atom. Thus for Al, with theg51.336 used in
Ref. @44#, I should be about 132 eV.

FIG. 2. The total shell correction for Al,CT5CK1C2s1C2p

1CM , Eq. ~20!, is shown by the solid line as a function of proto
energyT. Functions calculated with the local plasma approximat
LPA @36,60#, Sec. III D, are also given. The dashed lineCB was
calculated with the Lenz-Jensen potential of the atom withg
51.336@44#, the dash-dotted line was calculated withg52.06, the
value used in Sec. II C. The dotted lineCH was calculated with a
Hartree-Fock-Slater potential@59#. The bulge ofCT and CH at
;5 MeV is caused by theK-shell contribution, it does not appea
for LPA functions calculated with a Thomas-Fermi or Lenz-Jen
potential. The function given by McGuire@54# is shown by the solid
line M.
05270
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would provide better agreement with experiments. Suc
calculation, based on a potential derived from the Descl
@59# atomic wave functions was made with a program d
scribed by Bichsel and Laulainen@60# and is shown by the
dotted lineCH in Fig. 2. A shell structure is seen clearly b
is more peaked than that seen inCT .

Other aspects of the local plasma approximation w
studied by Johnson and Inokuti@61#. They found that the
oscillator strength spectra calculated with the local plas
approximation differed considerably from those obtain
with the method described in the preceding section.

E. The scaling procedure

The corrections for different shells are similar in sha
~Fig. 9 in Ref. @62#, Fig. 1 in Ref. @21#!. It thus appears
plausible@63# to use a scaling procedure to obtain shell c
rections for shells for which no calculations with Eqs.~17!
and ~18! have been made. For a shelln, the procedure is
defined by

Cn5VnCm~Wm ,Hnhm!, ~22!

with hm5@b/(aZe f f)#2518779b2/Ze f f
2 (Ze f f is the effec-

tive atomic central charge@14#!, Wm is the ionization poten-
tial for shell m @21#, andCm is known from calculations for
a shellm. Adjustable parametersVn andHn are introduced in
order to fit experiments. As an example, the hydrogenic fu
tion @14# ~dotted line in Fig. 1! scaled withHL51.2 andVL
51.17 is shown in Fig. 1 by the dashed line. In previo
studies the hydrogenic shell corrections@14,50# were used
for this approach, andI values and the parametersH andV
were determined by calculating least-squares fits to the
perimental data,@3,20,21,42,48,64#. In Ref. @5#, the Walske
CK and CL were used, andCM was scaled fromCL with
HM512, VM53/8 for Al, VM54/8 for Si. An extensive sys-
tematic study with this method was made by Janni@65#. The
parameter sets thus derived were then used to extend c
lations beyond the range of energies given in the exp
ments, and to interpolate for substances for which no exp
mental data are available, e.g., Refs.@65,5#. We can expect
that good fits to experimental data can be obtained wit
few parameters, but different sets of parameters will res
from different experimental data sets@21#. Only calculations
without free parameters will provide a test of the correctn
of the theory ofB andC. The present approach described
Sec. III C provides such a test.

IV. MEASUREMENT OF STOPPING POWER

Energy-loss spectra have been measured for par
beams in many cases@17,24,66–69#. A convenient way of
characterizingf(x,T,T1) is to consider the moments@70#
defined by

M n5E ~T2T1!nf~x,T,T1!dT1 Y E f~x,T,T1!dT1 .

~23!

n

9-5
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The quantityM1 is the mean energy losŝD&5^T2T1& of
the particles, while

ss
25M22M1

2 ~24!

FIG. 3. Comparison of experimental shell corrections for p
tons with energies below 2 MeV in Al to the theoretical functionCT

of Fig. 2 ~solid line!. A deviation ofr563% of L is shown by the
vertical bars associated withCT , see Sec. V A. The functionCr

derived with Eq.~27! from the ‘‘reference stopping cross section
of Paulet al. @79# ~quoted uncertainty ofs560.7%) is given by
the dashed line. The dash-dotted line gives the data by Luoma¨rvi
@84#, s561.5%. Other experimental data are shown by the follo
ing symbols.3, Semradet al. @85#, 62%; s, Santry and Werner
@86#, 64%; 1, Bednyakovet al. @87#, 62%.

FIG. 4. Similar to Fig. 3 forT up to 11 MeV. The solid line
representsCT of Fig. 2. A deviation ofr560.5% ofL is shown by
the vertical bars associated withCT . The dashed line represen
Ref. @79#. The dotted line represents averaged experimental
from Andersenet al. @30# ~quoted uncertainty ofs560.5% for a
single datum!. The bulge inCT at 5 MeV ~Fig. 2! is seen in this
function. The dash-dotted line gives results of So”rensen and Ander-
sen @88#, s560.3%. Note that the Andersen-Ziegler tables@77#
relied heavily on this reference, while Ref.@24# was not considered
s, Shiomi-Tsudaet al. @44#, s560.35%;3, Tschala¨r and Bichsel
@24#, s;60.3%.
05270
describes the width off(x,T,T1). For very thin absorbers
f(x,T,T1) is strongly skewed@16,17#; for thick absorbers it
begins to approach~but never reaches! a Gaussian shap
@19,71#, for which the full width at half maximumwh would
be given bywh52.355ss .

By defining the location of the maximum value o
f(x,T,T1) as Tp , we call Dp5T2Tp the most probable

-

-

ta

FIG. 5. Similar to Fig. 3 for experimental data for Si. The so
line representsCT , Eq. ~20!. For T,2 MeV, deviations ofr5
63% of L, for T.2 MeV, r560.5%, are shown by the vertica
bars associated withCT . Dotted line, Santry and Werner@86#,
64%; dashed line, Khodyrevet al. @89#, 64.5%; dash-dotted line
Tschalär and Bichsel@24#, s;60.3%; 1, Carneraet al. @90#, 8
points,62%; L, Melvin and Tombrello@91#, 4 points,65%; h,
Mertens and Bauer@92#, 6 points,63%; 3, Izmailow et al. @93#,
23 points,64.5%; o, Sakamoto@94#, 60.35%.

FIG. 6. Experimental shell corrections as a function of prot
energyT derived from several stopping power tables for protons
Al. The solid line represents the current theory. A deviation ofr
561% of L is shown by the vertical bars associated withCT . The
reference function from Paulet al. @79# is given by the dotted line.
The ICRU function@5# is shown by the dash-dotted line, and that
Janni@65# by the dashed line. The Andersen-Ziegler function@77# is
given by the dash-double-dotted line.
9-6



o

f

in

u

e

ed

e
ge
,
se

th

oss

-
or-

is-
.

but
for

to
eri-

ated

in

y
e

he
ne

SHELL CORRECTIONS IN STOPPING POWERS PHYSICAL REVIEW A65 052709
energy loss@17#. In some measurementsTp has been used to
characterizef(x,T,T1), and the quantityDp /x was defined
as the stopping power. This is an approximation to^D&/x.
The calculation ofDp is more complex@17# than that of̂ D&,
Eq. ~1!, and there is no simple correlation between the tw

Many issues here must be considered to get accurate
sults for S @24,44,72#. Among them are surface layers o
heterogeneous materials~e.g., Al2O3 for Al !, the escape ofd
rays @73#, the energy spectrum of the incident particles,
creased energy loss due to multiple scattering@6,43#, and
losses due to ‘‘nuclear collisions’’@1,5#. The nonlinearity of
the system used to measureT1 must be known@17,30,74,75#.
All particles, except those that made nuclear reactions, m
be included inf(x,T,T1) for the calculation ofM n .

When a particle beam of initial energyT0 traverses an
absorber, the change ofS(T) with decreasing energy must b
taken into account@19,26#. This is done with the ‘‘range
equation.’’ After a thicknessx, the residual mean energyTr ,
in the continuous-slowing-down approximation, is defin
by

x~T0 ,Tr !5E
Tr

T0 1

S~T!
dT. ~25!

If ^D&5T02Tr is small compared toT0, the stopping power
for the energy (T01Tr)/2 is

FIG. 7. Comparison of theoretical and experimental stopp
numbersL for a particles in Al. The functionL(b) of Eq. ~3!,
calculated with theCT of Eq. ~20! is given by the solid line. The
vertical bars correspond to an uncertaintyr564% of L. An aver-
aged experimental functionLx , Eq. ~28!, calculated with the tabu-
lated values in ICRU@5# is given by the dotted line. The data b
Andersenet al. @30# are not shown, they agree within 0.5% with th
theoretical function. These data were used to deriveL1, Sec. II C.
Some experimental data are given by the following symbols.1,
Comfort et al. @95#, 610%; L, Nakata@96#, 64.5%; h, Santry
and Werner@97#, 64%; *, Desmarais and Duggan@98#, 63%; 3,
Räisänen et al. @99#, 63%. The systematic deviation between t
theory and the experiment below about 3 MeV could be explai
by a reduced effective charge of thea particle.
05270
.
re-

-

st

S5
^D&
x

, ~26!

otherwise, a suitable function must be chosen forS(T) and
measured values ofx are compared tox(T0 ,Tr) @24#. The
same approach is used for total ranges, defined byR(T0)
5x(T0 ,Tl), whereTl;0 @48,66,67,76#. Note that the lower
limit Tl of the integral may not be well defined. In som
measurements it will be given by the sensitivity of the ran
detector, e.g., Refs.@42,48#. In principle, for a proton beam
the H atom formed at the end of the range could diffu
through the absorber for an indefinite path length.

The absorber thicknessx is expressed either as a leng
~cm, mm,mm, nm! or as a surface densityxr (g/cm2) where
r is the density of the absorber. Frequently the energy l
~eV! per 1015 atoms/cm2 is given, with a factor q
5602.2/A (A is the atomic weight of the absorber in g! for
conversion to MeV cm2/g @77#.

V. COMPARISON OF THEORY AND EXPERIMENT

The values of S change by a factor of 10 for 0.3
,T(MeV),10. Thus a graphical representation of theS(T)
data does not show much detail, e.g., Refs.@9,77#. ‘‘Ex-
tracted’’ functions can be used@3# to show differences be
tween data sets more clearly. Here, ‘‘experimental shell c
rections’’ are derived from the experimental data forS. They
are defined next.

A. Calculation of experimental shell corrections and errors

An experimental shell correctionCx can be calculated
from a given experimental stopping powerSx(b) by rewrit-
ing Eq. ~3! as

Cx~b!/Z5 f ~b!2 ln I 1zL1~b!1L2~z!2Lx , ~27!

where

Lx5b2Sx~b!A/~0.307 08z2Z! ~28!

is the experimental value ofLx , derived from Eq.~1!. The
quantityCx is similar to the quantityX5 f (b)2Lx defined in
NAS-NRC Publication 1133@3#, but at that timeI was not
well known, the Barkas correction had not yet been d
cerned andL2 was disregarded~see Figs. 1 and 2 in Ref
@20#!.

Clearly,Cx will depend on the assumptions aboutL1 , L2,
the I value, and the corrections discussed in Sec. II D,
any changes in these functions will have the same effect
all experimental data setsSx(b). In other words, differences
in Cx(b) for data from different sources will not be due
these assumptions, but will be representative of the exp
mental uncertainties.

Instead of showing in the figures the uncertaintiess given
by the authors for their experiments, error bars are associ
to the theoretical functionsCT . They are given by a fraction
r of L(b) in Eq. ~3!. The authors’ estimates ofs are given in
the figure captions.

g

d
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TABLE II. Stopping powerS and rangeR calculated with the present theory for protons with energyT
~MeV!. The functionS(Al) differs from Ref. @5# by 0.5% at 0.3 MeV,20.2% at 1 MeV and20.17% at 3
MeV. For Si, the differences are 2.3% at 0.3 MeV,20.4% at 1 MeV, and20.15% at 3 MeV. This is mainly
due to differences in theI values. ForR, an initial range at 0.3 MeV from Ref.@5# is used. The effect of
nuclear collisions is not included, it can be found in Ref.@5#. Multiple scattering corrections will depend o
the method of measurement. Columns 2 and 4 are in MeV cm2/g, column 5 in keV/mm, columns 3 and 6 are
in mg/cm2, and column 7 is inmm.

T S(Al) R(Al) S(Si) Sm(Si) R(Si) Rm(Si)

0.3 318.11 0.800 323.59 75.365 0.74 3.18
0.4 281.10 1.118 284.29 66.212 1.05 4.52
0.5 252.10 1.482 255.28 59.455 1.41 6.06
0.6 229.43 1.888 231.75 53.976 1.81 7.78
0.7 210.86 2.335 213.15 49.643 2.25 9.67
0.8 195.46 2.821 197.69 46.042 2.73 11.73
0.9 182.37 3.344 184.58 42.988 3.25 13.95
1.0 171.09 3.904 173.27 40.355 3.80 16.32
1.2 152.69 5.131 154.84 36.062 5.01 21.51
1.4 138.36 6.497 140.43 32.705 6.36 27.29
1.6 126.84 7.997 128.78 29.992 7.83 33.62
1.8 117.30 9.626 119.18 27.757 9.43 40.51
2.0 109.24 11.383 111.06 25.866 11.16 47.92
2.5 93.67 16.316 95.34 22.205 16.00 68.71
3.0 82.39 21.995 83.93 19.547 21.57 92.61
3.5 73.79 28.393 75.21 17.518 27.84 119.53
4.0 66.99 35.488 68.33 15.914 34.78 149.36
4.5 61.47 43.261 62.72 14.609 42.39 182.02
5.0 56.89 51.699 58.06 13.523 50.65 217.47
6.0 49.68 70.512 50.74 11.817 69.04 296.46
7.0 44.26 91.834 45.22 10.533 89.89 385.96
8.0 40.01 115.591 40.90 9.526 113.11 485.65
9.0 36.58 141.722 37.41 8.713 138.64 595.27

10.0 33.75 170.176 34.53 8.042 166.43 714.60
11.0 31.37 200.908 32.10 7.476 196.44 843.46
12.0 29.33 233.878 30.04 6.996 228.63 981.67
13.0 27.56 269.048 28.24 6.577 262.96 1129.08
14.0 26.02 306.386 26.66 6.210 299.40 1285.55
15.0 24.66 345.861 25.27 5.885 337.92 1450.94
16.0 23.45 387.446 24.03 5.597 378.50 1625.16
18.0 21.38 476.847 21.92 5.105 465.71 1999.60
20.0 19.68 574.401 20.19 4.701 560.85 2408.10
22.0 18.26 679.942 18.73 4.363 663.75 2849.94
24.0 17.05 793.317 17.50 4.075 774.27 3324.49
26.0 16.01 914.385 16.43 3.827 892.28 3831.17
28.0 15.10 1043.022 15.50 3.610 1017.64 4369.44
30.0 14.31 1179.106 14.68 3.420 1150.24 4938.79
ta

th

h

in

e

he
B. Comparison of calculated and experimental shell corrections
for protons

The derivation of parameters for theories ofS has a long
history @12,3#, as have compilations of experimental da
@3,6,5,9,78,77,65,20,79,21,80–82#. Therefore, there is no
need to compare the present theory withall experimental
data: the scatter of the data will be similar to that seen in
compilations. Shell correctionsCx derived from experiments
for protons in Al are shown in Figs. 3 and 4. In general, t
05270
e

e

Cx agree with the theoretical function derived here with
experimental uncertaintiess given by the authors. ‘‘Refer-
ence cross sections’’ based on a statistical analysis ofall
available data were given by Paulet al. @79#. The function
Cr(T) derived from this function is given by the dashed lin
in Figs. 3 and 4.Cr(T) agrees withCT to within 1s for T
.0.6 MeV, but differs by as much as 2.3s at 0.4 MeV.
Other experimental data mostly agree withCT to within 1s.
Most of the data available for Si are shown in Fig. 5. T
9-8
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TABLE III. Stopping powerSand rangeR calculated with the present theory fora particles with energy
T ~MeV!. The functionS(Al) differs from Ref. @5# by 13% at 1 MeV, 1.7% at 3 MeV, and 0.1% at 5 Me
see Fig. 7. For Si, the differences are 9.6% at 1 MeV, 0.7% at 3 MeV, and20.1% at 5 MeV. ForR, an initial
range atT54 MeV from Ref.@5# is used. The effect of nuclear collisions is not included, it can be foun
Ref. @5#. Multiple scattering corrections will depend on the method of measurement. Columns 2 and 4
MeV cm2/g, column 5 in keV/mm, columns 3 and 6 are in mg/cm2, column 7 inmm.

T S(Al) R(Al) S(Si) Sm(Si) R(Si) Rm(Si)

1.0 1347.23 1330.41 309.852
1.2 1282.70 1270.90 295.992
1.4 1215.36 1205.11 280.670
1.6 1151.94 1141.39 265.830
1.8 1086.85 1085.55 252.823
2.0 1035.18 1036.02 241.289
2.2 987.03 984.23 229.227
2.4 942.70 942.04 219.402
2.6 902.27 903.28 210.374
2.8 865.40 867.68 202.083
3.0 831.68 834.92 194.454
3.5 758.59 763.55 177.832
4.0 698.08 4.283 704.14 163.995 4.14 17.78
4.5 647.42 5.020 654.17 152.357 4.87 20.91
5.0 604.05 5.813 611.63 142.450 5.65 24.27
5.5 567.82 6.659 574.97 133.909 6.49 27.86
6.0 536.13 7.559 542.67 126.388 7.38 31.67
6.5 508.15 8.510 514.86 119.911 8.31 35.70
7.0 483.26 9.512 490.03 114.128 9.30 39.94
8.0 440.86 11.667 447.61 104.248 11.42 49.05
9.0 406.05 14.019 412.67 96.111 13.73 58.97

10.0 376.92 16.563 383.38 89.288 16.23 69.70
11.0 352.17 19.296 358.42 83.476 18.92 81.22
12.0 330.83 22.214 336.88 78.459 21.78 93.50
13.0 312.22 25.313 318.07 74.078 24.82 106.55
14.0 295.84 28.592 301.49 70.218 28.03 120.34
15.0 281.30 32.046 286.78 66.790 31.41 134.87
16.0 268.29 35.674 273.60 63.721 34.96 150.12
18.0 245.95 43.443 250.95 58.445 42.57 182.77
20.0 227.44 51.881 232.15 54.067 50.82 218.22
22.0 211.81 60.976 216.26 50.367 59.72 256.41
24.0 198.41 70.715 202.65 47.196 69.24 297.30
26.0 186.79 81.086 190.85 44.448 79.38 340.84
28.0 176.61 92.080 180.49 42.036 90.13 386.98
30.0 167.62 103.687 171.32 39.901 101.47 435.68
no
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only conclusion drawn from the figure is that there is
disagreement withCT .

The diversity of the various algorithms used for the p
duction of tables can be seen in Fig. 6 for Al. The functio
Cx were calculated with Eq.~27! from the data tables given
in the references. The variations seen are due in part to
use of different sets of experimental data for the param
searches, and in part due to different assumptions abou
algorithms. The values ofCx for T.1 MeV agree to 1% of
L or better withCT . The change in algorithms used below
MeV produces the irregularities seen in the figure. For Si,
functions are similar. Measurements made with Si detec
to determine straggling functions@83# also provided stopping
05270
-
s

he
er
he

e
rs

powers. Most of the experimental values agreed wit
61% with calculatedS, but no complete evaluation wa
made except forT;40 MeV @17#.

C. Experimental data for a particles

ExperimentalS for a particles atT51 MeV differ by
about 10% for Al, 3% for Si fromS calculated with Eqs.
~1!–~3!. Instead of comparing shell corrections, the functio
L of Eqs.~3! and~28! are compared in Fig. 7. The solid lin
shows the present theory and the dashed line the functio
Ref. @5#. In addition, all experimental data forT
.2.5 MeV and a few values below 2.5 MeV are shown. T
9-9
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H. BICHSEL PHYSICAL REVIEW A 65 052709
increasing difference betweenLx and L with decreasingT
could be caused by an error due to the extrapolation ofL1,
Eq. ~6!, to lower energies, a reduction of the effective cha
of the a particle or effects not yet discerned. An uncertain
of Lx at 1 MeV of about64% would encompass most ex
perimental data. Note that the data in Ref.@30# have been
used in the derivation ofL1 @31# and therefore thesea data
will agree with current theory as well as the proton data
Fig. 4.

VI. CONCLUSIONS

An extension of the calculations with Eqs.~17! and ~18!
to T.10 MeV or E.2500 Ry is unwieldy. Since the she
corrections amount to 2% atT510 MeV, an extension to
largerT with the scaled hydrogenic approximation will intro
duce negligible errors into calculations ofS, Fig. 1. This has
been done for the calculation of Tables II and III.

The theory forC presented here contains no free para
eters and agrees with the experimental data within exp
mental uncertainties. ForT,0.8 MeV, the uncertainty inL1
due to the extrapolation permits no conclusion about the
lidity of CT .

In order to further test the present theory, much m
accurate experiments would be needed. A similar situa
has been found for straggling in Si@17#. From the experi-
mental data seen in Fig. 3 for protons, it appears hopeles
33

49
D

r

ett
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extract experimental values for the electron capture and
effect, but from the Nara data in Fig. 4, the effect wou
appear to be quite small even at 0.3 MeV if the extrapolat
of L1 is appropriate. Fora particles, the systematic deviatio
between the experimental data and the current theory see
Fig. 7 must be explored further.

I dare suggest that at this time theoretical calculatio
based on the GOS discussed here will be more accurate
small to intermediateZ than most of the existing measure
ments for proton energies below about 4 MeV. TheI values
could be obtained from measurements at higher energ
e.g., Refs.@19,26#.

If it is assumed thatI is correct, the accuracy of the func
tions is about63% at 0.3 MeV/u, 0.5% at 1 MeV/u, an
0.3% above 10 MeV/u. Forz>2, charge state correction
may be needed@31#.
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