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Applicability of a nonrelativistic asymptotic description of high-energy photoionization
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We show that while high-energy photoionization cross sections converge to their asymptotic forms only at
relativistic energies, the leading deviation from the asymptotic energy dependence of nonrelativistic photoion-
ization cross sections at high energy is the same for all cross sections. This factor can be obtained explicitly,
and only asymptotic forms are needed for the remainder at high nonrelativistic energies. Since the factor is
common, ratios of photoionization cross sections reach their asymptotic values at much lower energies than the
cross sections themselves. Results are presented both in independent-particle approximation as well as includ-
ing correlation effects, which modify the asymptotic behavior, especially for light elements or outer shells.
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I. INTRODUCTION

In this paper we investigate the high-energy behavior
cross sections for single photoionization of atomic syste
We find that a nonrelativistic asymptotic approach is not
itself adequate for calculation of high-energy photoionizat
cross sections, which converge to their asymptotic for
only at relativistic energiesv. However, in contrast to cros
sections, the ratios of cross sections reach their asymp
forms, except for the lightest elements, such as hydrogen
helium, at much lower energies. This is because a comm
explicit Coulombic-like factor~Stobbe factor! characterizes
the leading deviations from asymptotic nonrelativistic ene
dependence of all photoionization cross sections at high
ergies. This fact allows us to explain recent experimen
measurements@1,2# of photoionization cross-section ratio
utilizing asymptotic nonrelativistic results. Utilizing thes
asymptotic ratios together with the Stobbe factor, the cr
sections may be predicted with good accuracy. In our disc
sion of this behavior, we may go beyond independe
particle approximation~IPA! and also include the conse
quences of electron-electron correlations, which modify
asymptotic behavior of the ratios.

There had been a general belief@3# that for largev photo-
ionization can be described within the framework of IP
However, recent experiments of Diaset al. for theL shell of
neon @1# and theM shell of argon@2# gave results in dis-
agreement with IPA predictions. Examining the results
was found that correlation effects persist for transitions fr
subshells with orbital quantum numbersl 51. These results
were obtained in considering the asymptotic nonrelativis
behavior of the cross sections@4–6#. It may, however, be
objected that the nonrelativistic asymptotic behavior is
fact not reached in the nonrelativistic regime, so that it
irrelevant and only of academic interest~see contrary argu
ments in@6#!. Indeed, comparing results@7# obtained in the
IPA with the corresponding nonrelativistic asymptotic pr
dictions, we confirm that for the energies of the experime
~and well beyond!, these cross sections are far fro
asymptotic. But in this paper we wish to point out that,
fact, the slowly convergent behavior can be identified a
explicitly factored out. The remaining high-energy behav
1050-2947/2002/65~5!/052705~6!/$20.00 65 0527
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indeed reaches an asymptotic form in the nonrelativistic
gime ~which will afterwards change, at relativistic energie!.

We begin in Sec. II by reviewing the results for th
asymptotic behavior of nonrelativistic high-energy photoio
ization cross sections. We also note the slow convergenc
photoionization cross sections to their asymptotic forms.
Sec. III we analyze at the IPA level the approach
asymptotic behavior. The leading correction to t
asymptotic amplitude, which is exponentiated, is of the or
pZ/p @8# ~we use atomic units,Z is the nuclear charge andp
is the momentum of the photoelectron!. The Stobbe factor
@9#, common for all subshells, cancels in the ratio of pho
ionization cross sections, explaining why ratios converge
asymptotic behavior much faster than the cross sect
themselves. In Sec. IV we go beyond independent-part
approximation, confirming that correlations change t
asymptotic behavior of all cross sections with nonzero an
lar momentum quantum numberl. However, we show tha
the leading correction to the asymptotic behavior of the cr
sections is still determined by the Stobbe factor Eq.~7!. Con-
sequently the asymptotic ratio of our subshell photoioni
tion cross sections calculated in the nonrelativistic appro
mation is in good agreement with the experimental res
@1,2#.

II. ASYMPTOTIC BEHAVIOR OF THE
PHOTOIONIZATION CROSS SECTION

The nonrelativistic dipole IPA photoionization amplitud
Fnl

I for a state with quantum numbers (nlm) is

Fnl
I 5^Cpug~rW !uCnl& ~1!

with single-particle wave functions~outgoing electron! Cp
and~initial bound electron! Cnl . The indexI denotes the IPA
case. The operatorg(rW) describes the dipole electron-photo
interaction. The amplitudeFnl

I depends on the form~length,
velocity, or acceleration! chosen forg(rW) if the wave func-
tionsCp andCnl are approximate, not exact eigenfunction
In this section we consider the nonrelativistic range of ph
ton energiesc2@v@I nl , where I nl is the photoionization
energy~c5137 in atomic units, which we use in this pape!.
©2002 The American Physical Society05-1
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Within the IPA framework each electron can be cons
ered as moving in a common effective self-consistent fie
Since near the origin this field has a nuclear point Coulom
behavior, the asymptotic behavior~i.e., the lowest-order term
in an expansion in powers ofv21! of the partial photoion-
ization cross section is known to be@9#

snl
I ~v!5anlv

2~,17/2!@11O~v21/2!#, ~2!

where the coefficientanl is independent ofv.
In IPA the photon interacts with and is directly absorb

by an atomic electron, which is ejected in a continuum st
while the other atomic electrons do not change their sta
However, going beyond IPA, one can see another mechan
for photoionization. Instead of interacting with a (nl) state,
the photon can interact with a (n8l 8) state, being absorbe
and creating a hole in that state. Then the knocked-out e
tron can push an (nl) electron into the (n8l 8) hole by elec-
tron impact, again leaving a (nl) hole and a continuum state
@Note that this second step takes place at distances o
order of the size of the Bohr (n8l 8) orbit, rather than at the
small distances at which the high-energy photoabsorp
process occurs.#

Recently it was realized@1,2# that, for l 51, at high ener-
gies the second mechanism changes the behavior of
photoionization cross section from that given by Eq.~2!.
This can be understood by considering the asymptotic be
ior of the amplitudes@5,6#. The full photoionization ampli-
tude Fnl ~beyond IPA! can be described as a sum of t
amplitudes for the two mechanisms. In the first-ord
random-phase approximation with exchange~RPAE! @3# for
the Coulomb interaction between atomic electrons,V(r )
51/urW12rW2u, the full amplitudeFnl is

Fnl5Fnl
I 1(

k, j

~^p, j uVuk,i &2^p, j uVu i ,k&!^kug~ r̄ !u j &
Ek2Ej2v1 id

~3!

with summation over all intermediate single-particle statek
and over bound statesj with quantum numbers (n8l 8m8),
with i the single-particle bound state with quantum numb
(nlm), which is photoionized. Ifk belongs to the continuum
the summation should be replaced by integration~the infini-
tesimal parameterd shifts the singularity into the comple
plane and in this way defines the contour of integration!. The
second term of this equation gives the IPA breaking con
bution to the amplitude. We suppress here all many-elec
indices in the full many-electron wave functions except
those that involve the active electrons.

In the high-energy limit, the denominator in Eq.~3! is
small only for high-energy intermediatek states for which
momentumkW'pW (upW u5A2v2(Z/n)2). This means that the
exchange matrix elements^p, j uVu i ,k& are at least of orde
1/p smaller than the direct matrix element^p, j uVuk,i & @10#.
The denominator associated to the leading electron-elec
Coulombic matrix element̂p, j uVuk,i & contributes a factor
1/p to the asymptotic behavior of the second term of Eq.~3!
for any intermediate state@5,6#. Since the IPA matrix elemen
factor ^ j ug(rW)uk&;p2(7/21 l ) @Eq. ~2!#, which is ;p27/2
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wheneverj is ans state, the second term in Eq.~3! hasp29/2

asymptotic behavior for any atom with at least a partia
filled s subshell in the initial state. Thus, while forl 50 the
IPA asymptotic result~2! is correct, forl .0 Eq. ~2! should
be changed to@5,6#

snl~v!5bnlv
29/2@11O~v21/2!#. ~4!

Note that forl 51 the functional dependence is not change
but the value of the coefficient is modified: the IPA breaki
effects result in the difference (bnl2anl) between the coef-
ficients of Eqs.~2! and ~4!. For l .1 the functional depen-
dence onv is altered. The ratios of cross sections of angu
momental .0 are independent ofv, unlike for the IPA result
Eq. ~3!. The ratioRs15@sns(v)/sn1(v)#;v, as in the IPA
case, but the coefficient ofv is different. This explains the
results presented in@1#, where the slopes of the curves ca
culated in IPA and RPAE are different.

The first corrections to the asymptotic behaviors of t
matrix elements~1! and ~3! are smaller than the leadin
terms by only factors of orderp/p. This implies a slow
convergence of the cross sections to their asymptotic val
In Fig. 1 we show~dashed-dotted lines! results for the cross
sections for neon obtained in the relativistic IPA approxim
tion @7#, multiplied by the factorv7/2 for photoionization of
the 2s subshell and by the factorv9/2 for photoionization of
the 2p subshell. Note that for lowZ elements relativistic and
retardation effects are small at low energies, so that
might have expected an initially flat behavior of the curve
corresponding to Eqs.~2! and~4!. In both cases, however, w
see that this does not occur. The actual energy dependen
due to the slow convergence of cross sections to their n

FIG. 1. Cross sections for transitions from 2s ~2s curves! and
2p ~2p curves! subshells of Ne obtained in the relativistic IPA@7#
~in barn multiplied by powers of keV!. Dashed-dotted lines are use
for cross sections multiplied by the factorv7/2 for photoionization
of the 2s subshell, and by the factorv9/2 for photoionization of the
2p subshell~v in keV!. Dashed lines are used for the cross sectio
v7/2s2s

I (v) and v9/2s2p
I (v) divided by the Stobbe factorS(j)

(2s/S and 2p/S curves! @Eq. ~7!# ~and divided by a factor of 10 for
convenience in presentation!. The ratios2s

I (v)/vs2p
I (v) ~in keV21

multiplied by 104! is shown with a solid line.
5-2
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APPLICABILITY OF A NONRELATIVISTI C . . . PHYSICAL REVIEW A 65 052705
relativistic asymptotic forms at lower energies and due
relativistic and retardation effects at higher energies; no
gime exhibits nonrelativistic asymptotic behavior.

In the following section we discuss this slow convergen
of the IPA photoionization cross sections to their asympto
behavior at high photon energies, obtaining explicit expr
sions for the slowly convergent factors. We also show t
the ratios of cross sections reach their asymptotic value
much lower energies than the cross sections. In the fi
section we extend this discussion to the non-IPA case, w
correlations are included.

III. THE STOBBE FACTOR

We use the result of the analytic screening theory@11,12#
that in the limit of high energies IPA photoionization is d
termined at small distances, i.e., by the Coulombic beha
of the wave functions near the nucleus. In the asympt
nonrelativistic case, screening enters only in the chang
the normalizationNi

I of the bound-state wave function
snl

I ~v!;~Ni
I !2/~Ni

C!2snl
C ~v!, ~5!

whereNi
C is the normalization of the bound state of the h

drogenlike atom. The screening corrections due to wa
function shapes~and normalization of the continuum wave
function shapes! are, however, important at lowerv.

For the point-Coulomb case the full nonrelativistic dipo
photoionization cross sectionssnl

C (v) were initially obtained
for the K, L shells@9# and then for theM, N shells@13#. In
general they can be written in the form

snl
C ~v!5const3N2~j!Pnl~j2/n2!

3exp@22pj14j arctan~j/n!#v2~7/21 l !, ~6!

wherej5Z/p andN(j) is the normalization of the Coulom
bic continuum wave function, i.e.,N2(j)5uG(12 i j)u2epj.
The polynomial ratioPnl(j

2/n2) depends weakly~through
the coefficients of the powers ofj! on the orbital quantum
numberl of the initial state.

Note that the slow convergence of the cross secti
to the exact asymptotic result Eq.~2! is primarily due to
the product of exp(pj) and exp@22pj14j arctan(j/n)# for
small j5Z/p, where exp(pj) comes from the continuum
state normalization factorN2(j). All other factors in Eq.~6!
have faster convergenceO(j2). This leading term in the de
parture of the Coulombic cross sectionsnl

C (v) from its
asymptotic value

S~j!5exp~2pj! ~7!

we will call the Stobbe factor, recognizing the original Co
lombic calculation of Stobbe@9# in which it was obtained; it
is independent ofn, l. Thus the leading correction to th
asymptotic behavior of the cross sectionssnl

I (v) is deter-
mined by a factor of orderpj, which is common for all
transitions from all atomic subshells.

In Fig. 1 we show the scaled cross sectio
v7/2s2s

I (v)/S(j) andv9/2s2p
I (v)/S(j) for Ne, which reach

their asymptotic behavior at high, but still nonrelativist
energies~above 10 keV!. However the remaining energy de
pendenceO(j2) is still important at most nonrelativistic en
ergies. The cancellation of the Stobbe factorS(j) in ratios
05270
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leads to a faster convergence of the ratios of the photo
ization cross sections to their asymptotic form. We see
Fig. 1 that the ratio of these cross sections in fact conver
much more rapidly~divided byv to remove the asymptotic
energy dependence, it is flat already below 10 keV!, indicat-
ing additional cancellation of common factors.

The Stobbe factorS(j) determines the behavior of cros
sections only at very high energiesp@pZ (pj!1). For
lower energies, largern, or for heavier atoms the terms o
orderj2 play an important role in the behavior of the phot
ionization cross sectionsnl

I (v). The preasymptotic energ
dependence of the cross sectionsnl

I (v) is primarily deter-
mined by the generalized Stobbe factor

Sn~j!5uG~12 i j!u2 exp@2pj14j arctan~j/n!# ~8!

of Eq. ~6!, which includes the normalization factorN(j),
i.e., one is still neglecting the energy dependence in the p
nomial Pnl(j

2/n2) and that due to screening. The fact
uG(12 i j)u252pj/(epj2e2pj) differs from 1 by terms of
order p2j2/6; these start being important already forp
<pZ/A6 (p2j2/6>1). The arctangent term 4j arctan(j/n)
in the exponential is of order 4j2/n, and for smalln,3 it
can play an even more important role than the correction
uG(12 i j)u2. Note thatSn(j) is common for all transitions
from the same atomic shell, since it does not depend ol.
Divided by this factor,v7/2s2s

I (v) andv9/2s2p
I (v) converge

to their asymptotic forms much faster than the cross sect
themselves or the cross sections only divided byS(j) of Eq.
~7! @Fig. 2~a!#.

The remaining second-order corrections are smaller
their effect than those that are included in the expression
Sn(j) @Eq. ~8!#. For light atoms~or inner shells of heavier
atoms!, these remaining effects are important only at en
gies lower than a few keV~but note, this is the region o
energies for which experiments are now available!. These
remaining corrections are of two types. First of all, there
the polynomial ratiosPnl(j

2/n2) in the Coulombic cross sec
tion ~5!. Being of orderj2/n2 their influence on the cros
sections is less than the effect of exp@4j arctan(j/n)# and the
corrections inuG(12 i j)u2 in Eq. ~8!. In Fig. 2~b! we show
that the influence of the polynomial ratioP2s(j

2/22)
5113(j/2)2/@11(j/2)2# for 2s and P2p(j2/22)51
18(j/2)2/3@11(j/2)2# for 2p on the cross sections in Ne i
weaker and only affects convergence below a few keV.

When screening in the potential at small distancesr is
characterized by an expansion in powers ofr, the remaining
second-order corrections will be characterized by the coe
cients of this expansion, which depend on the screening.
cordingly @11,12# screening contributes to the photoioniz
tion cross section through the normalization of the init
bound and continuum state wave functions, as well as
corrections to the reduced matrix element, which vanish
ymptotically. One part of these screening corrections, alre
present asymptotically, comes from the screening effects
the bound-state normalization factor (Ni

I)2 in Eq. ~5!. One
can show that the screening effect due to the change in
normalization of the initial bound and continuum state wa
functions can largely be taken into account by shifting t
Coulombic j values in Ni

I to their physical valuesjnl
5-3
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N. B. AVDONINA, E. G. DRUKAREV, AND R. H. PRATT PHYSICAL REVIEW A65 052705
5Z/A2(v2I nl), with I nl the physical ionization energy. Thi
means that for given photon energy we should write the c
tinuum normalization in terms of jnl as Nn

2(jn,)
5uG(12 i jn,)u2epjn,. Division of the cross section
v7/2s2s

I (v) andv9/2s2p
I (v) of Ne by such an adjusted gen

eralized Stobbe factor
Snl~jnl!5Pnl~j!uG~12 i jnl!u2 exp@2p~2j2jnl!

14j arctan~j/n!# ~9!

@which includes also the polynomial ratios coming from t
Coulombic cross section of Eq.~6!# makes them flatter eve
at low energies. In Fig. 2~b! we show this for the cross sec
tions for neon obtained in the relativistic IPA@7#. Note also
that the ratios2s

I (v)/vs2p
I (v) is approximately flat already

by an energy of about a few keV.
In Fig. 3~a! the results of division by the generalized St

bbe factorsSn(j) of Eq. ~8! and adjusted generalized Stob

FIG. 2. ~a! Cross sectionsv7/2s2s
I (v) and v9/2s2p

I (v) of Ne
obtained as in Fig. 1, divided byS(j) @dashed 2s/S and 2p/S lines,
Eq. ~7!#, and by generalized factorS2(j) @dashed-triple-dotted
2s/S2 and 2p/S2 lines, Eq.~8!#; ~b! v7/2s2s

I (v) andv9/2s2p
I (v) ~in

barn multiplied by powers of keV! divided by the adjusted gener
alized Stobbe factorS2l(j2l) of Eq. ~9! ~thick dotted 2s/S2s and
2p/S2p lines! as well, as divided byS2(j) @dashed-triple-dotted
2s/S2 and 2p/S2 lines, Eq.~8!#. The cross sections divided by bot
S2(j) and the polynomial ratioP2s(j

2/22) are also shown with thin
dotteds andp lines for comparison. The ratios2s

I (v)/vs2p
I (v) ~in

keV21 and multiplied by 104! is shown with a solid line.
05270
-

factors Snl(jnl) of Eq. ~9! are shown for the 2s and 2p
photoionization cross sections of Ne calculated in the sing
particle nonrelativistic Hartree-Fock approximation for en
gies lower than 1 keV. We can see thatv7/2s2s

I (v) and
v9/2s2p

I (v) divided by the Stobbe factors are only approx
mately flat atv5700 eV, because of further screening e
fects that are not yet taken into account, but are important
outer subshells at low energies.

We see similar behavior in the case of photoionizat
from Ar, where photoionization from 3s and 3p subshells
was measured@2#. With increasingZ the cancellation effect
of the common energy dependent factors in the ratio of
cross sections manifests itself at higher energies. Since A
a much heavier atom than Ne, its asymptotic behavior beg
at much higher energies, where nonrelativistic considerati
are not valid. Our calculations, however, show that the I
ratios s2s

I (v)/vs2p
I and s3s

I (v)/vs3p
I are still approxi-

mately flat at the nonrelativistic energies of the experim
~about 1 keV!, in accord with Eq.~2! ~Fig. 3b!.

Thus we can conclude that due to the common Sto
factor Sn(j) of Eq. ~8! in cross sections for photoionizatio
from subshells of givenn with orbital quantum numbersl 8
and l, the IPA ratio of these cross sections converges rap
to the asymptotic valueRll 8;v l 2 l 8. For different shells the
ratio sn8 l 8

I (v)/snl
I (v) also converges to asymptotic value

faster than the cross sections@due to the common Stobb
factor S(j) from Eq. ~7!#, although in this case it can occu
at energies so high that nonrelativistic considerations are
valid.

In this section we have demonstrated within IPA the a
plicability of asymptotic nonrelativistic ratios of cross se
tions. However, as we saw in Sec. II, the independe
particle approximation is not sufficient. Going beyond IP
we have already considered the case of the Hartree-F
approximation, finding similar behaviors for ratios of cro
sections. In the following section we will extend our demo
stration of the fast convergence of ratios, showing tha
remains valid even when correlation effects are included

IV. BEYOND IPA CORRELATION EFFECTS

We will now discuss how electron correlations change
results. We begin by showing that at high photon energy
leading correlation contributions to the RPAE amplitud
given by the second term of Eq.~3!, can be written as a
linear combination of IPA terms, with coefficients of ord
p21 in the photoelectron momentum.

To obtain these leading terms at high energy, we neg
the exchange matrix element^p, j uVu i ,k& in Eq. ~3! and write

Fnl5Fnl
I 1(

k, j

^p, j uVuk,i &^kug~rW !u j &
Ek2Ej2v1 id

, ~10!

wherej is the single-particle bound state with quantum nu
bers (n8l 8m8), and i is the bound state with quantum num
bers (nlm).

The main contribution to the sum overk comes from con-
tinuum states with high momentakW . Since the final electron
momentumpW is also large, the wave functionsCk andCp in
5-4
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APPLICABILITY OF A NONRELATIVISTI C . . . PHYSICAL REVIEW A 65 052705
the electron-electron interaction matrix element~though usu-
ally not in the radiation interaction matrix element! can be
approximated as plane waves, giving

^p, j uVuk,i &5
1

~2p!3f 2 E Cn8 l 8
* ~rW !ei fW•rWCnl~rW !drW. ~11!

Note that for a small momentum transferfW5pW 2kW the only
large matrix element in Eq.~10! is ^p, j uVuk,i &. Equation
~10! can be then rewritten as a linear combination of the I
amplitudesFn8 l

I

Fnl5Fnl
I 1(

n8 l 8
Lnl,n8 l 8Fn8 l

I , ~12!

wheren8l 8 are the quantum numbers of thej state. The co-
efficients Lnl,n8 l 8 can be expressed in terms of the mat
elements of simple operators

FIG. 3. ~a! The cross sections for Ne in the Hartree-Fock a
proximation, divided by generalized factorS2(j) of Eq. ~8!
~dashed-triple-dotted 2s/S2 and 2p/S2 lines! and the adjusted gen
eralized Stobbe factorS2l(j2l) of Eq. ~9! ~thick dotted 2s/S2s and
2p/S2p lines!. The cross sections for Ne obtained in the same w
but in RPAE are shown with long-dasheds and p lines ~in barn
multiplied by powers of keV!. The ratiosRsp(v)/v ~in keV21! are
obtained in the Hartree-Fock approximation~solid lines! and in
RPAE ~dashed lines!. ~b! The ratiosR2sp(v)/v andR3sp(v)/v ~in
keV21! for Ar in the Hartree-Fock approximation~solid lines! and
in RPAE ~dashed lines!.
05270
Lnl,n8 l 85
1

~2p!3 E ^nluei fW•rWun8I 8&
d3f

f 2@Ef2~pW • fW !1 id#
.

~13!

For largep the coefficients are of order 1/p. An explicit
expression forLnl,n8 l 8 was obtained in@14#. Since for the
transitions froms states the first IPA matrix element in Eq
~12!, Fnl

I ;p27/2, and the second term has at leastp29/2

asymptotic behavior, forl 50 the asymptotic result for the
photoionization amplitude is the same as the IPA result
Eq. ~2!. For any atom with at least a partially filleds subshell
in the initial state, for transitions from states withl .0, the
asymptotic behavior of the cross sectionssnl(v) are deter-
mined by the part of the second term of the amplitude~12! in
which l 850. If only correlations with thes-statel 850 are
significantsnl(v);sns

I (v)/p and we get the asymptotic be
havior of Eq.~4!.

For our purpose, however, what is important is that,
cording to Eq.~12!, the asymptotic behavior of the photoion
ization amplitude is determined by the common Stobbe f
tor S(j) of Eq. ~7!. Thus, as in the IPA case, these cro
sections, which have the same common factor as
sn8s

I (v), are only slowly convergent to asymptotic values.
the case ofl 51 both terms in the amplitude~12! are of the
same order, and both involve the same common Stobbe
tor in their amplitudes. Forl 50 the IPA term is dominant,
again with the same Stobbe factor.

Since correlations are bigger for electrons of the sa
shell we can assume that the interaction between the ato
electron and the ionized electron is not altered by the bo
electrons of another shell, and in Eq.~12! can include only
terms withn85n. In Fig. 3~a! we present results for RPAE
photoionization cross sections from 2s and 2p subshells of
Ne divided by the generalized Stobbe factorSn(j) of Eq. ~8!.
This Stobbe factor, which includes terms of orderj2, and
which plays an important role at lowerp, will be the same
for snl(v) andsnl

I (v). In Fig. 3~a! we can see that RPAE
results are quite different from the IPA cross sections. Ho
ever, for photoionization from the 2s state the difference
becomes smaller with increasing energy. This reflects the
that the asymptotic leading term ofs2s(v) @Eq. ~2!# is the
same in both the RPAE and IPA cases. However, in the c
of photoionization from the 2p state, the IPA breaking effec
results in the difference (b2p2a2p) between the coefficients
of Eqs.~2! and~4!, and therefore we do not see a decreas
difference between IPA and RPAE results.

Despite the slow convergence of the photoionization cr
sections themselves, we can expect a fast convergenc
their ratios, so that nonrelativistic values of the ratios will
achieved within the nonrelativistic range of photon energi
We demonstrate this in Fig. 3~a! for photoionization of neon.
Since Rsp(v)5@s2s(v)/s2p(v)#;v, as in the IPA case
~but with a different coefficient ofv!, theRsp(v)/v curve in
Fig. 3~a! calculated in RPAE is approximately flat. The rat
follows the asymptotic law with an accuracy of better th
10% for photon energies exceeding 700 eV.

In Fig. 3~b! we present results for the ratiosRsp for n
52 @R2sp(v)/v# and n53 @R3sp(v)/v# subshells of Ar
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calculated in the Hartree-Fock and RPAE approximatio
The ratios, which are divided byv, are already close to con
stant~not the same constant! at energies of about 1 keV bu
the cross sections themselves are far from asymptotic, as
been noted in@5,6#. Our RPAE calculations involve cou
plings betweenM andL shell electrons. It is known@3# that
near the ionization threshold the correlations are much m
important for the outer shells. We can see the same effec
high energies as well—our Hartree-Fock and RPA
R2sp(v)/v curves forn52 in Fig. 3~b! are only slightly
different, while correlations enhance the Hartree-Fo
R3sp(v)/v in the transitions from 3p subshell by about
25%.

Correlations in outer shells at high energies are also
portant for positive ions. We show their effect forK1 ions in
Fig. 4. The difference between Hartree-Fock and RP
R2sp(v)/v values is as big as for neutral Ar, i.e., about 25%

V. CONCLUSIONS

In summary, we have shown that despite the fact t
high-energy photoionization cross sections do not conve
to their nonrelativistic asymptotic behavior~except maybe in

FIG. 4. The cross sectionsv7/2s3s
I (v) andv9/2s3p

I (v) in RPAE
~in barn multiplied by powers of keV are shown with dashed-dott
lines!, and the ratiosR3sp(v)/v ~in keV21 and multiplied by 104!
for K1 in the Hartree-Fock approximation~solid lines! and in
RPAE ~dashed lines!.
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the lightest elements, such as hydrogen and helium! in the
nonrelativistic photon energy region, a nonrelativ
asymptotic approach is still applicable for calculation of
ratios. The reason is the cancellation of explicitly kn
common Coulombic-like Stobbe factors Eq.~7!, which char
acterize the primary deviations from the asymptotic no
ativistic energy dependence. Utilizing the asymptotic r
together with the Stobbe factor, the cross sections m
predicted with good accuracy. This supports our nonre
istic consideration of the asymptotic behavior of the ratio
the photoionization cross sections in paper@6#.

At lower energies we still can find a common fac
which now depends on the principal quantum numbern, bu
is independent of the orbital quantum numbers@Eq. ~8!#.
Cancellation still occurs for photoionization cross sec
from the same atomic shell. This explains the behavior o
ratios of the photoionization cross sections froms and p
subshells in Ne and Ar@1,2#. Even at very low energies~be
low 1000 eV for the atoms we consider in this paper! can
cellation of the generalized Stobbe factors@Eq. ~9!# make
the ratios of the cross sections close to asymptotic.

Going beyond independent-particle approximation
confirm that correlations change the asymptotic behav
all cross sections with nonzero angular momentum qua
numberl. However, we show that the leading correctio
the asymptotic behavior of the cross sections is still d
mined by the Stobbe factor. Consequently the asym
ratio of our subshell photoionization cross sections, c
lated in the nonrelativistic approximation with correlati
is in good agreement with the experimental results@1,2#.

Here we have considered nonrelativistic photoioniza
The Stobbe factor can be also identified within a relativ
approach, but in this case it is independent of the total e
E, since now at high energyj5EZ/p does not depend
E;p. However, it is known that in the relativistic case th
is also slow convergence with the energy of the photoio
tion cross sections in the parameter 1/p.
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