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Cavity QED implementation of the discrete quantum Fourier transform
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We present a scheme for the implementation of the discrete quantum Fourier transform using cavity quantum
electrodynamics. In the proposed scheme a series of atoms whose atomic coherence carries the input state
passes through a series of cavities and classical field, and the resulting state in the cavities is the quantum
Fourier transform of the input state.
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A dramatic example of the potential applications of a A universal quantum computer can be built from only two
guantum computer is the factorization of a composite numgates, namely, a one-bit unitary gate and a two-bit condi-
ber via Shor’s algorithm, and the quantum Fourier transforntional quantum phase gate. The one-bit quantum gate for the
(QFT) lies at the heart of the algorithfid]. In this paper we ith qubit is given by
present a scheme based on cavity quantum electrodynamics

to implement the QFT. The complexity of implementing the : cost —ie™'?sing

discrete Fourier transform on a quantum computer arises due Use=| _ iel?sing cosd ' 2)
to the large number of quantum logic gates interacting be-

tween several qubits. and a convenient representation @f, , in terms of Pauli

Recently a number of approaches have been proposed fgpin matrices is given by
the implementation of quantum logic gates and simple quan-
tum algorithms. One approach is based on nuclear-magnetic- Uy 4=cog #)1—i cog ¢)sin(8) o, —i sin(¢)sin( 6) o .
resonance techniques where logic gates and search algo-
rithms have been experimentally demonstrated at room i )
temperaturd2]. However, questions have been raised con- 1h€ transformation for a two-bit quantum‘kphase gate
cerning the appearance of entanglement in the physical staf@’ the jth and kth qubits is given by Qfa;,Bx)
at any stage of the experimef8]. Another promising ap- = €XP( 79, 195,1|a;.Bx), where|a;) and|By) stand for
proach is based on cavity quantum electrodynami@8D)  the basis statef) or |1) of the qubits. Thus the quantum
[4] where quantum logic gates have been experimentally reghase gate introduces a phagenly when both the qubits in
alized [5,6] and proposals have been made to implementhe input states are 1. A representation of the quantum phase
search algorithm$7] based on these considerations. Suchgate is given by the operator
schemes are relatively insensitive to thermal decoherence ef-

fects. Q=10;,00(0;,0 +[0;,1,)(<0;, 4]
In this paper we propose an implementation of the QFT i
via a cavity QED scheme. The basic building blocks are the +115,09¢1;,0d + €71}, (1,3l )

one-bit unitary gate and two-bit quantum phase gate. Th%
proposed scheme relies on the passage of a series of suitalh
chosen atoms through a sequence of classical fields and hig

nd sincd0)(0|=(1+o,)/2 and|1){(1|=(1-0,)/2, Eq.(4)
¥s the matrix representation

Q cauvities. 1 _
The QFT maps each stafe) into a superposition given ~ Q,=1;1,— Z(l—e' N(111,—110,0— 0,11+ 0,10,).
by
)
q_
N |a>:i 221 e2miaci2 g 0 The discrete Fourier transforfd) is depicted in terms of
QFT J29 o ' the above one-bit unitary gate and two-bit phase gate in Fig.

1(a). Thus, for example, the transformation fp=3 in Eq.
whereq is the number of qubits. Our aim is the implemen- (1) is generated by
tation of this mapping using quantum logic gates. As quan-
tum logic gates operate on qubits, we consider a representa- AoBo1BoA1B1RA,, (6)
tion of state|a) in terms of qubits. Thus, for examplg) , "
=[1,0,0,3. For 2>a>29"1, we therefore requirg qubits ~WhereA;=U" , . andBj,=Q-;. The QFT forq qubits
to representa). requiresq one-bit gates and(q—1)/2 two-bit phase gates.
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FIG. 1. (a) Circuit diagram for the QFT with
three qublts Heré&,=U'_, .,» is the one-bit gate
and B]k—Q ki IS the two-bit quantum phase

gate. (b) The physical implementation of the
@ @ @ ﬂ W ﬂ ﬁ g ﬂ ﬂ § QFT. Here three atoms labeled 0, 1, and 2 interact
with a sequence of classical fields and cavities.
UL unso Usog > Uliaan Uk US /o a0 (c) The atomic level scheme for the three atoms

as obtained under the influence of magnetic
fields. For the atom labeled 0, the level spacings

m=il are chosen different in the two cavities resonant
o |a1) 5 with frequenciesy; and v,.
|a0 m=0 F=1
v 8y = 26 ’
T I
This indicates the complexity involved in the implementation 7g® ; ;
of discrete Fourier transform. We also note that the initial Hett=— T(aa |c)(c|—a'alb)(h]), 9

state|a) may in general be entangled. Before describing an
Imp|ementatlon of the QFT we first describe our quantUrT\Nhereg is a Coup“ng CoefﬂC'enta and aT are destruction
optical implementation of one-bit unitary gate and a two- bI'fand creation operators for the field state inside the cavity, and

phase gate. A= w¢,— v is the detuning. For an initial state in which the
The unitary one-bit gate can be simply implemented byziom-field state is

passing a two-level atom through a classical field. The

Hamiltonian, in the rotating-wave approximation and the in- 1
teraction picture, is given by 5(02)+[{0b)+[1.8)+|1b)), (10
hQ 4 the resulting entangled state after the passage of the atom
— T (ai¢ @
V=—-(e""’|a)(b| +e'’[b)(al), () through the cavity is

where() is the Rabi frequency and we assufag to be the £(|O a)+|0b)+|1.a)+€'7|1b)) (11)
excited state anfb) to be the ground state. The correspond- 207 ' ’ o
ing time-evolution unitary operator is given by ) _
where 7=g?7/A. The net result is that there is a phase
change only when there is one photon inside the cavity and
the atom is in the statfh). The interaction timer and the
detuningA can be appropriately chosen for a given choice of
=cog Qt/2)(|a)(a|+|b)(b]|) ». For atomic states such thé) and |b) correspond to
) , qubits|0) and|1), respectively, this represents the quantum
—isin(Qt/2)(e”'?|a)(b|+€'?|b)(al). (8)  phase gate discussed above and experimentally implemented

i
U|(t)=ex;{ —th

in Ref.[5].
This corresponds to the one-bit unitary gd@® with 6 Next we consider the implementation of the QFT using
=QOt/2. these basic building blocks. We shall consider only the case

The quantum phase gate can be implemented via dispeof q=3. A generalization to higher values gtan be carried
sive coupling of a three-level atom with a cavity fi¢E]. We  out along similar lines.
assume a three-level atom Vhconfiguration with|b) to be The initial state is characterized by the internal states of
the ground state arnjd) and|c) to be the excited states. The the atoms labeled 0,1, and Rig. 1(b)]. The atoms consist of
atomic transitionja)— |b) is completely off resonant with a ground statéb) and three excited stai®,, a,, anda,.
the cavity field whereas the transitipc) —|b) is somewhat The excited states could be the magnetic sublevels whose
off resonant with the cavity field.e., is dispersively coupled spacings can be changed by applying appropriate magnetic
to the cavity. The effective Hamiltonian for the atom and the fields. For all the atoms, the ground st#é corresponds to
cavity field is given by[8] the qubit|1) and|a;) to be the qubit0) for theith atom with
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i=0,1,2. Thus, for example, an initial stgte01) would im-  Finally, atom 2 passes through the cavify that is also

ply an initial state|b,a;,b) for the atoms. The initial state resonant with thea,)—|b) transition and the interaction

can in general be an entangled state as would be required, féme is chosen such that the atom transfers its coherence to

example, in the implementation of Shor’s algorithm. Here wethe cavity, exits the cavity in the ground stdt®), and is

do not address the important question concerning how suctiscarded.

an entangled state can be prepared. We focus instead on theFor the second atom, labeled as “1,” the applied magnetic

implementation of the QFT of a given initial state. field leads to the level spacings such tfef)—[b) is tuned
Having set the stage, we proceed to describe the presefft 1 and|az)—|b) transition is detuned with respect tg

QFT implementation. The atoms pass through a sequence 8Y @ amoun®,. Atom 1 first passes through the caviy,

three classical fields that implement the one-bit unitary gate?or;l‘l vr\?eadkii/ 2 g‘;ig;ugl‘ 5‘1}:333f?gtilggs?cisa(l:l#ise?g?eaé%%\;%twli IS

A=U, . (12  lap)—|b) transition and implement the one-bit gafe
' EU}TM,ﬁ/z- The atom 1 then passes through a classical field

and a sequence of three cavities labe®d C,;, andC, to flip the statega,) and|b). Finally, it passes through the
resonant with frequencies,, v;, and vy, respectively, cavity C, that is resonant with tha,)— |b) transition and
which serve to implement quantum phase g&gs We also  transfers its coherence to the cavity and leaves in the ground
need another sequence of classical fidlds, , in order to  state|b).
flip the stateda;) and|b) beforeith atom enters the cavity For the third atom, labeled as “0,” the applied magnetic
C,. This transformation is required because we label thdields are different in the two cavitie§, and C; and are
ground statéb) as|1) and the excited statds;) as|0) and  such that, during the passage of the atom 0 through these
a switching of atomic states before entering the cavity woulctavities, phase gates with appropriate phase shifts are imple-
ensure that the qubifd) and|0) lead to photon statedd)  mented[Fig. 1(c)]. Thus the atom O, after implementing
and|0), respectively, inside the cavity. The magnetic fieldsphase gates via interaction with the fields in cavitsand
are applied in such a way that, for thth atom, the|a;) C,, forms a one-hit gate with a classical field, flips the states
— |b) transition is resonant with the corresponding classicalag) and|b), and leaves the resulting atomic coherence in
field u'M) and is resonant with the cavity field i6;. In the cavityCy. The quantum state of the fields in the three
addition, for the zeroth atom, the magnetic field in cavities 1cavities is the resulting quantum Fourier transform of the
and 2 are such that the detuning with respect to the cavitjnitial states of the three atoms.
fields ares, for |a;)— |b) transition inC, and §,=26, for The_readout unld_require three more atoms tha’g are reso-
|a,)—|b) transition inC,, respectivelysee Fig. 1c)]. nant ywth thg_ca\{lty fields. These atoms are sent in the re-

Thus when thgth atom is passing through tikeh cavity ~ SPective cavities in th.e ground state such that, after the pas-
with j#k, a quantum phase gate is implemented with Sage through the cavity, a ground state would correspond to
:nglakfj whereg is the coupling constant and is the the output zero and the excited state would correspond to the
interaction time. We have takemand r to be equal for all Output 1. _
atoms and for all levels for the sake of simplicity. The inter-  The proposed scheme can be extended to an arbitrary
action times, the coupling constants and the detunihgse ~ numbern of qubits. However, that would require cavities
chosen such thagzrlék,jzwlzk’j. The interaction times and a conflguratloq of atoms in which a sm.gle level is
and coupling constants are also chosen in such a way that §oUpled to atoms witim levels whose level spacings can be
the jth atom is passing through thieh cavity, it transfers its @PPropriately manipulated with external fields. A simpler
coherence to the cavity and leaves in the ground $I:q}e §cheme Wlth a s_mgle cavity can be de_S|gned in which a’goms

With these conditions it is easy to see how the QFT |Ogicmteract with various m_ode_s o_f the caV|ty: The level spacings
can be implemented. Initially all the cavities are prepared ir"® modulated by the field inside the cavity and are such that,
the vacuum state, i.€|0,0,0). The first atom(denoted as 2 atagiven tlme,.the atpm interacts Wlth pnly one'mode, either
because it serves to encode the coefficient df passes resonantly or dispersively as the situation requires.

through a classical field that is resonant with thg)—|b) The authors gratefully acknowledge the support from the
transition. The Rabi frequency and the interaction time arenjr Force Research LaboratofiRome, New York, DARPA-
chosen such that the one-bit gatg=UZ2, , is imple-  QuIST, TAMU Telecommunication and Informatics Task
mented. Atom 2 then passes through the classical field coForce (TITF) Initiative, the Office of Naval Research, and
responding tdJ?, , in order to flip the statefa,) and|b).  the Welch Foundation.
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