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Entanglement purification in cavity QED using local operations
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We study a physical implementation of an entanglement purification protocol using a cavity quantum
electrodynamics based proposal, in both the microwave and the optical domain. The protocol consists of local
guantum operations of each particle of an entangled system with one auxiliary péaticida). After the
above interaction a measurement on ancillas is carried out. In the microwave region the quantum information
is stored in field states inside two distant cavities. We also give a procedure for quantifying the degree of
entanglement between quantum fields, which allows verifying the efficiency of the purification process. In the
optical domain, we study a setup of cold trapped ions inside cavities, where quantum bits are defined by two
electronic levels of ions. This latter proposal is extended to create multiparticle entangled states among distant
guantum systems. Entanglement is achieved through a set of local measurements on pairs of entangled par-
ticles.
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[. INTRODUCTION ever, while establishing entanglement between two nodes of
a quantum network, the most common scenario is to have
Quantum entanglement plays a fundamental role in theccess to only one entangled pair at a same time. For in-
quantum information theory1-3]. The entanglement con- stance, this occurs in the experimental implementation of a
cept has been central to the quantum theory since the famogsiantum cryptography protoc¢l’] based on Ekert's pro-
work of Einstein, Podolsky, and Rospfl. Most of the quan-  posal[8]. Recently, a proposal for a physical implementation
tum information protocols related to transmission, processef an entanglement purification protocol has been analyzed
ing, and storing of information make use of the capability offor Gaussian continuous variable entangled states. The pro-
creating and manipulating quantum entanglement among digosal makes use of high finesse cavities and cavity enhanced
tant quantum bits. In recent years, there has been an exteRerr nonlinearitied9]. In the case of entangled photons, an
sive study of theoretical implications behind quantum en-alternative method for entanglement purification operating
tanglement and practical schemes to produce it in a varietgn two pairs at the same state, without the useohtrolled-
of physical systems. The entangled particles provide a meamgT) gates, has been given recenth].
for implementing quantum communication channels among Alternatively, enhancement of entanglement in a single
nodes of a quantum network. copy of a mixed state can be implemented by filtering opera-
The degree of entanglement can be fully or partially de-tions, by making use of ancillary systerfil]. In this con-
stroyed, for instance, due to the presence of interactions wittext, Horodeckiet al. [12] gave an example of a mixed state
the environment, or imperfect quantum logic operationsthat can be quasidistilled by using local quantum operations
Thus, the problem of improving the quality of quantum en-and classical communicatiofltQCC). In this case, the ma-
tanglement as a means for protecting or preserving quantuimix was composed of a maximally entangled and an orthogo-
information has been studied recently. In quantum informanal product state. The above-mentioned matrices are of rank
tion theory, these processes are usually called quantum putivo, i.e., in which a single copy can be quasidistilled by
fication protocols[5,6]. These protocols consider the exis- LQCC as has been recently shown by Verstrastal. [13].
tence of a large number of entangled particles, and that eadhere we study the implementation of a purification protocol
one of the components of the entangled system is located ipased on local operations on ancillary systems interacting
one node of a quantum network. In a sequential processyith a partially entangled pair in the cavity QED context.
many of these partially entangled systems are disregardethis process corresponds to a purification protocol based on
and the degree of entanglement of the remainder systems fistering operations that can be described by using positive
higher than the initial one. If there exist many partially en-operator valued measuremeROVM) [14], which consists
tangled systems at the same time, the purification can bef a unitary evolution between one particle of an entangled
implemented by performing bilateral controlledT opera-  pair and an ancillary system, taking place at both nodes of
tions[5]. These can be generalized for many particle operathe network. After the evolution, a measurement is applied
tions, which requires implementing collective measuremenbn the ancilla. The initial state of the ancilla is chosen so as
on the particles belonging to a given node of the networko optimize the purification protocol. A schematic diagram of
[21]. This will be addressed at the end of this paper. How-the protocol is depicted in Fig. 1. In Sec. Il we study a
physical implementation of this purification protocol in the
context of cavity quantum electrodynamics, at the micro-
*Electronic address: carlos.saavedra@udec.cl wave region15—-17. In these cavities quantum bits are de-
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where|g) . is the atomic ground state.
By applying a Stark field, we can modify the atom-field
FIG. 1. Schematic diagram for the purification protocol. The coupling constant at the second cavity such that the new
particles 1 and 2 are the components of the partially entangled paiinteraction time is=3#/2g’ [15], so that we use one single
a andb denote the ancillary system&;andB are the nodes of the atom to entangle the two cavities. After this process, the
quantum network. atom is in its lower level and the cavity fields reach a maxi-
mally entangled state
fined as superpositions of the field number sti@sand|1).
We use a cavity leakage of photons as a source of partial loss | Y ag= (|0A,1B)—|1A,OB>)/\/§, 3
of entanglement. We restrict this to the short-time region,
where partial coherence still survives. Of course, in the longVhich is one of the Bell's states basis. The whole system
run, this mechanism will also be responsible for energy lossstate evolves as
however, we assume that the time elapsed until the purifica- _
tion process is small enough. We consider as ancillary sys- 1€)a®10a,.08) = @) a® ¥ g, (4)

f_e“?ts t![vr?-lev_etl z?_tolrgs, _I\f‘;]h'Cht Interact mI the I?)r_get(:etunmg\/vhere the atom can be disregarded because it is factorized.
Imit with cavity Tields. -1he atoms are aiso SUDJECL 10 T€S0-yq g the initial condition for the action of field dissipation.
nant interactions with classical fields outside the cavities, .o process we have neglected all other sources of deco-

The atom-field interaction makes a fully entangled Systenherence, thus allowing only a partial entanglement between

that, af_ter a measurement on atoms, allows a modified Stat(.‘%:swity fields. In this mechanism for establishing entangle-
for cavity fields.

. . .ment we have assumed that logic operations are perfect.
The above protocol can also be implemented in the opti- gic op P

cal domain, using ions in linear traps, Sec. lIl. Trapped ions
in a linear trap was the first proposition to achieve a quantum
computer[18]. In this system a set of ions is cooled to the After that we have created a maximally entangled state,
ground state of the collective center of mass mode and pethe state can be destroyed by the action of cavity losses.
mits performing quantum logic gate operations. However, inHere, we determine the action of cavity losses, which are
this case ions inside a cavity must also permit creating endescribed by independent thermal baths zero tempera-
tangled pairs in distant nodes of a network, so we requiréure), on the entangled state. We assume that cavities have
additional interactions of ions with cavity modes. As a fur- different decay constantg , wherei=1,2. Thus, the master
ther application, this proposal is extended to create multiparequation can be written a& €1):

ticle entangled states among distant quantum systems in Sec.
IV. Entanglement is achieved through a set of local measure-
ments on pairs of entangled particles.

A. Cavity losses as a source of entanglement loss

P:|[P7H]+i=§;2?I(zaipaiT_aiTaip_PaiTai)r 5

Il ENTANGLEMENT OF CAVITIES: MICROWAVE WhereHin:LZwiaiTai is the fields’ free Hamiltonian. This
REGION can be readily solved in the case of an initial maximally

entangled state, which we assume top§@)=|¢ )( | as
We consider a system of two microwave cavities interactwas previously derived. Thus, the mixed state of quantum
ing with two-level atoms. The atom-field interaction is de- fields can be written as
scribed by the following Hamiltonianf(=1):

e ntye 72
) pO=Flununl +[ 1- =5 jooodl,
H=wa'a+ wat7Z+g(aTcr_+a0'+), (1)
with

where w and w,; are, respectively, the cavity and atomic )=y Y +c,|yT), (7)
transition frequencies anglis the atom-field coupling con-

stant. Using this interaction in the resonant case w,, the ~ Where |[¢;) is not normalized and c,=(e "
distant cavities can be entangled. This is performed by send=e ™ 72/?)/2\/F. The quantum fidelity, defined as the over-

ing a resonant two-level atom crossing sequentially botHap between the ideal quantum state and the actual state of a
cavities[15—17. The atom is initially prepared in its upper given systeniin this case== (i |p|¢~)), will decay due to
state|e);, and the cavitieé andB are in their vacuum state the interaction between the cavities and their environments.
|0A,05). We choose the atom velocity such that the interacdn this case we see that quantum fidelity evolves according to
tion time satisfie$ = 7/2g. Thus, after crossing the first cav-

ity, the atom will remain in an entangled state with the field. =
The state of the atom-field system evolves as

(e— ylt/2+ e yzt/2)2
= 7 . (8)
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This quantity indicates that the entanglement of the fields
is vanishing in the course of the evolution. The state in Eq |\
(6) is a mixture of a partially entangled statg,) and a
product state. As the product state is lying in an orthogona °&
subspace to they,) state,p(t) is a rank two mixed state,
i.e., with only two nonzero eigenvalues. Thus, this matrix
belongs to a family of mixed states in which a single copy=c®r
can be quasipurified by local quantum operations and classi_o_s_
cal communication as has been recently shown by Verstrae,{-
et al. [13]. If the cavity decay constants are equal the prob- o4f
lem reduces to a maximally entangled and an orthogone
product state. The source of the entanglement losses com
from cavity losses, which appear to be the main contributior ozf
in an experimental setup in the microwave regirh&]. We
think that the proposal in the microwave region can be ex:
perimentally implemented by using a setup similar to thal o; v - v . == - ~= .
used in the controlled quantum phase gate by Rauschenbe 7t
tel et al. [19]. In this regime there can also appear some 1
small random contributions from a nonmaximally initially  FiG. 2. Entanglement of formation, E(L0), as a function of an
entangled state, which appear from imperfect interactions bexdimensional timey;t (solid line) and P(t)¥? (dashed ling with
tween atoms and cavity field$or instance, nonexact veloc- y,/y,=1.2.
ity selection of flying atoms These random contributions
would be a relevant restriction on the entanglement purificapere, the \'s are the eigenvalues of the matriR

tion process using local operations, as it has been pointedout /7~~~ . ~ . ~ %
in Refs.[20,21], which need collective manipulations of qu- Vop-p, with p beingp=(ay,®ay,)p*(0y,®0y,). The

bits. However, this still can be done in the context of a mi-quantity defined in Eq(10) is the entanglement per copy
crowave cavity as in the recent experiments by Haroche'§€€ded to prepare a given mixed state. When we apply the
group, where an experiment for creating controlled entangleabove definitions to the density matrix of cavity fields given
ment between two modes in a cavity mode has been recenty Ed- (6), we get

reported 22]. Thus, our proposal can be extended to collec-

tive manipulation of partially entangled pairs by using two R(t)=e 177221yl (| (12
cavites with two modes.

0.7

03

(AN

Here the|})=|y;)/J1+c2 state is a normalized state ly-
B. Entanglement measures ing in a subspace spanned by bds$ig"),|¢')}. Because the
: : R matrix corresponds to a pure state, we readily get the value
If the entangl rticl re in re st th X R
e entangled particles are in a pure stifa.), the for the quantity called concurrence, which allows us to de-

partial von Newmann entropy is a good entanglement mea-"_ . . g
sure, which can be written as atermlne the entanglement evolution. This is,

E(|¥as)) = S(pa) = S(pa). ) C:exp( - M) (13

where pagy=Trga)(p) are the reduced density matrices.

However, this definition is not suitable for an initially mixed \we can use the same scheme both for entangling cavities and
state and it can be nonzero for separable states. It is wefhr measuring the entanglement of the system. In order to
known that in the general case a good entanglement measuignieve this goal, we inject one additional resonant two-level
is the entanglement of formatid@3,24 which is defined by 4t0m into the first cavity and another one into the second
cavity. These atoms are initially prepared in their lower states
E:(p)=E&(C(p)), (10 and then go into the first and second cavity at a ttradter
preparing the staté4). The interaction time between atoms
and field isgt= /2. Here we assume that, during the en-
tanglement transfer, cavity decay is negligible because the
cavity decay time is much longer than the transfer time. Fi-
1+1-C(p)* nally, the probability that the atom crossing the first or the
2 ' atom crossing the second cavity reaches its upper state after
the interaction isP(t)= (e~ "'+e 72"/2. In Fig. 2 we see
that this probability, even for short times, is closely related to

whereC(p) is the concurrence angél which are defined by

&(C(p))=h

h(x)==xlog, x—(1=x)logx(1~x), 1D the entanglement of the system. Indeed, we can write
E(p(t))=P%t). Then, we can quantify the level of en-
C(p)=max0ONi—Ay—Nz— Ay} tanglement by a direct measurement of the probability of the
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Here the indexC denotes different cavitied or B, andc
denotes the corresponding atomic ancibasr b.

We have obtained a conditional evolution of the ancilla
depending on the state of the field. This choice corresponds

85 \ to a physical implementation of the controlledT gate. Af-
| ter the atom leaves the cavity, we apply the second Ramsey
8 field R(¢c), which allows rotating the logical atomic state.
Thus, we can write
o) 0

FIG. 3. Experimental setup in the microwave region. Atoms are U(c)|0)c|+)e= ( sin@|1>c+ COS(E|O>C) [0)c,
produced in ovens@). After that the atoms are excited to their 2 2

lower level. The zones that are indicated®wre the Ramsey fields (17)
for preparing atomic coherent superpositions via a resonant interac- be b

tion. These fields are connected to the same microwave generator  U(¢¢)|1)¢| —)C=<cos7|1)c—sin7|0)c> [1)c,

(M) to avoid additional phase decoherence. Finally, the atoms go to

the detectors@), which permits measuring the atomic state after

the conditional interaction with cavity fields. where o= QO 7+ /2 is an adimensional interaction time,

Q) is the Rabi frequency of the classical field, argis the
upper state of the measurement atom. We shall make use biteraction time between the anciltaand the second Ram-
these features for measuring the quality of the purificatiorsey field. We have connected both Ramsey fields to the same
process. microwave source to avoid the introduction of a random

phase that can act as a phase decoherence source. The modi-

C. Purification protocol fied field density matrix can be obtained by applying the

. . . I corresponding POVM field operators to the initial densit
As we described in Sec. |, we consider a purification pro- P g P y

o . . matrix p. Thus, we get
tocol based on POVNI14]. Specifically, a given POVM is a P 9
set of non-negative Hermitian operators, acting on the Hil- : :
bert space of the system, which sum to the identity operator. . Ri(@a)Ri(#8)pRj ()R (Pa) 19
_Thls can be obta}lned by connecting the system to an auxil- (i) Tr(Ri(¢A)Rj(¢8)pR}(¢B)RiT(¢A)),
iary system, ancilla, followed by a measurement on the an-
cilla. The set of possible results of the measurement on the . .
ancilla gives the POVM set. We consider two two-level at_where the POVM operators are defined as the diagonal ma-

oms (ancillag independently interacting with each cavity trix elfments ofihe .evolution operator in the atomilg §=oace,
field. Here, the logical states of the ancillasand b are ~ Namely, Ri(¢c)= (j|U(#c)U]j)c. We can explicitly

{|+>a(b) | —Yag)}» Which are defined as write these operators as

1 ¢ ¢
|i>a(b)zﬁ(|0>a(b)i|1>a(b))- (14 Ro(¢c)=0057C|0>cc<O|+5'n70|1>cc<1|, (19

A diagram of the experimental setup is shown in Fig. 3. In be be
the first step, an atom goes across the first Ramsey field Rl(qsc):—sin7|0>cc(0|+cos7|1)cc<1|. (20
R(7/2), where the atom resonantly interacts with a classical
field. This field prepares the atomic superpositjen)p, - ) ) ) )
This step corresponds to a physical implementation of a Had- [n this case the resulting density matrix, E(L8),
amard transformation. Now, the atom crosses the cavity ducorresponds to measuring the atomsand b in state i)
ing a time 7. Here, the atom-field interaction is dispersive; @1d |j), ~respectively. The normalization constant

therefore the evolution operator is given by Tr(Ri(6a)Ri(#8) PR} (d8) R (44)) is the probability of the
above measurement. The conditional evolution of ancillas
U,= el ¢aTa| 1)ee(1]+]0)ce(0], (15) needed for purification is obtained by a sequence of one and

two qubit gates, as is shown in Fig. 4. In this case the initial
where ¢=g?7/2A is an adimensional interaction tim@, ~ condition is given as a direct sum of two orthogonal density
=w;— wy is the difference of frequency between field andmatrices (¢~ ){(¢ | and |00){00)) under both the inner
atomic transitions. In order to get a conditional evolution ofproduct A-B=Tr(AB) and the evolution operator, so the
the ancilla depending on the state of the field, we chapse system evolution will be split up into two independent ma-

= 1. The result for each node is trices. This allows getting the evolution of matrix elements.
In order to get a purified density matrix, the new fidelity
U0)cl*)c=0)c|*)e, must be greater than the initial one, i®/>F. For instance,
(16)  we consider the case when both atoms are measured in their
ULl E)e=11)c] F)e- lower state. This is,
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F’'>F for interaction times¢ e (7/2,37/2), which corre-
a — | X L ’
. , @ . sponds to an improvement of the entanglement between cav-
ity fields. The most interesting feature of this protocol is that,
B in principle, there is no limit on the value &f for getting
| . ‘ . . | purification. The maximum improvement is obtained tbr
b @ @ @ =1, where the new fidelity is
FIG. 4. Quantum circuit of the purification protocol. This circuit 1
consists of local operations at different nodes of the quantum net- F'=_
work, whereH denotes a Hadamard transformation, which is fol- 2
lowed by a controlledkoT gate, with the cavity field and atom as
source and target, respectively. There is a phase gate, which allowsyys, the new fidelity=' =1 requires the same decay con-
rotating the atomic state in a given angje Finally, we have in-  stant for both cavities. If the decay constants are approxi-

cluded the measurement on the ancillary system. mately equal, with a difference close to 1%, the fidelity
reaches a value of one with an error of the ordef 3 Gor

(24)

(y1— Vz)t}_l)

1+ cos% >

\/Esin( dat dB re sin( ¢A_¢B)r times long enough to observe loss of entanglement. How-
2 * 2 ever, the probability?,, Eq.(22), of measuring both atoms
F'(da.bp)= P ; in the lower level, vanishes.
o (21) In a specific measurement on the ancillas we can improve
or reduce the entanglement in the field density matrix. Thus,
where we must disregard the entangled pairs in which the purifica-
tion does not occur. However, we can also introduce a dis-
[ pat dp [ da— dB 2 tillationlike process as a sequence of individual purification
Poo= \/ES'“( T) +c+sm( T” processes, where the final result will depend on an adequate
, choice of parameters. The choice is related to making more
+lc. sin dat &g N \/Esin( da— ¢>B” probable the case where purification occurs, even when it can
+ 2 2 be small. This sequence permits reaching values of fidelity
et close to unity. Finally, we can verify the effect of the purifi-
val1o e ni4e 2 cosz(ﬁ) cod @) 22) cation process by sending an additional resonant atom
2 2 2 through the second cavity as was discussed in Sec. |l B.
is the probability of measuring both atoms in their lower
level. If we assume that both atoms have the same interaction !l PROTOCOL IN THE OPTICAL DOMAIN
time, ¢a=dg= ¢, we get The above described proposal can also be implemented in
the optical domain of cavity QED, where the setup consists
Er— F(1—cos¢) 293 of a set of two optical cavities, each one containing at least

two trapped ions. The ions allow both for establishing the
entanglement between distant nodes of the network and for

In this case, we get the same kind of state as in the initigP€rforming local operations in the purification process. Thus

condition, with a modified fidelity. In Fig. 5 we show that ionsS permit interactions with both the quantized mode of the
cavity and the vibrational mode of two specific ions in a

X F/F given cavity. This latter kind of interact.ion corresponds_ to
the proposal for a quantum computer with cold trapped ions
1 [18]. The schematic diagram for the relevant electronic tran-
sitions of ions in our case is given in Fig. 6. The relevant
0.8T level structure that we consider includes three-level ions,
{Ic), |ero, |@)}, with a degenerate electric dipole forbidden
0.61 transition|e; o) —|g). The classical driven field®, and(,
allow performing logic operations on ions, afitl. and a
041 allow a Raman transition for creating entanglement between
P distant nodes, whera is the annihilation operator of the
0.21 quantum cavity field mode. The transference of entanglement
is performed via cavity leakage of photons. We shall assume
1 15 5 that in one of the cavities there is a linear trap witlons
(I)/2Tl: that are cooled to the fundamental state of the collective
center of mass motion. The linear trap is located inside an
FIG. 5. Modified fidelity of the state of quantum fields from Eq. optical cavity with a very narrow bandwidth, or very short
(23) as a function of adimensional timg. Here we have assumed decay time, typically of 107 s. In addition, as shown in
v1=1, and y;t=0.1. Fig. 6, there exists a set of distant cavities containing at least

 1+cosg(l—e ni—e 2ty
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the pump fields and the cavity modes, and real coupling con-
stants. Any additional frequency shifts can be included in the
phase of the classical field(t). The time and intensity de-
pendent terms correspond to dynamical shifts arising from
the adiabatic elimination of the upper atomic level.

Thus, we obtain an effective anti-Jaynes-Cummings
model. An important element in this process is the produc-
tion of polarized photons, provided we drive the transition
|c);—|g); with classical fields of a given polarization. As-
sume that the quantum field is initially in the vacuum state
and the ion in the ground state, such that

[#)0=19)il0)c,|0)e, (26)

| g > where|0)g represents the state of the environment initially in

the vacuum. Driving the transitioj®);— |g); during an ap-
FIG. 6. Electronic structure of trapped ions in a linear trap in-propriate timeAt, we have

side the cavity.
[)1=(Celeg)ilLg)c, +C49)il0)c,)[0)e, (27)

two trapped ions with the same level structure mentioned
above. wherec,= cose andcy=sin¢. The photon is emitted by the

The advantage of this implementation is twofold. First it cavity in a short time compared to relaxation scales of the
also allows a purification protocol given in the RES] pro-  ion because of the high cavity decay rate. The emission pro-
posal, and second we can purify mixed states of more thaoess leads to an emitted one photon wave packet such that
two particles. In the Bennett proposal we must consider a set
of nions in each cavity. We establish entanglement between |#)2=(Celeg)il1)e+Cgl9)i0)e) [0)c,, (28)
two ions by using time-reversal operatidi38] or for uncon-
ditional teleportation of atomic staté€6]. Thus, to get a Where|1)s denotes a one photon wave packet emitted by
modified density matrix, we perform bilateral operations oncavity C;.
particles of partially entangled pairs, which must be followed Let us suppose that we have previously prepared another
by a measurement on one of the ions. Besides, this schensavity C; . In this cavity one ion is initially in the staie,); ,
also allows getting an entangled state fram+1 initial  so that the state of the whole system is given by
pairs. This last statement requires performing joint measure-

ments orm particles, which can recognize generalized Bell's |#)2= (Celeg)il1g)e+Col9)i[0)E)eg)ilO)c,, (29
states. This can be performed by a sequence of controlled- _ )
NOT gates and individual measurements on ions. where we have omitted the vacuum state of @yecavity

because it is factorized. The same is done in the next step
with factorized states. If the photon is absorbed by @e
cavity, the state of the system changes to

In order to generate entangled states between distant par-
ticles, we assume that each ion in the linear trap in caVity |l/f>3:(0e|eq>i|1q>cj+Cg|9>i|0>1)|eq>1 : (30
can be addressed individually as is proposed in the original
scheme of Ref[18]. Let us consider a classical field, Now, a classical field to drive the ion Raman transition is
detuned inA; respect to the allowed transitign);—|g); of ~ turned on. Thus, after a tim&t, we get
theith ion in the central cavity. Thec);—|e; o); dipole al-
lowed transition is quantum mechfn?cal”y de>scribed by cre- | 1)a= (Cel€q)i|9)j +CqlQ)il€g)s)-
ation and annihilation operatoesa’ and is assumed to be
initially in the vacuum state. In the high detuning limit the
upper level can be adiabatically eliminated such that a Ra-

A. Entanglement between distant pairs

(31)

For o= m/4, we obtain an entangled state of two distant ions

man configuration leads to an effective interaction tg2: lyt)y= %(|eq>i|g>j +g)ileg))- (32
2
ri(t) .
Vi) = A, |9)ii(gl +AsaTaleq)ii(eq| +ir (1) We obtain in this way a perfectly correlated pair of two

) ) ions associated with two distant systems. We have assumed
x(e "*Malle,)i(gl—e'?M]g)i(egla), (25  here a perfect generation of the correlated pair. Concerning
the discussion of Sec. Il A, a decoherence mechanism can
wheregq=1,0 denotes orthogonal polarizations of the creategproduce loss of entanglement. In this case a possible mecha-
photon;r (t) =g .(t)/26 (Rabi frequency of Raman transi- nism can be a partial absorption of the one photon wave
tion) andA¢=g?/ & (cavity induced Stark shift For simplic-  packet while traveling from one cavity to another. In this
ity, we have assumed a common detuning parameter betwesituation the state that we obtain can be more properly rep-
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resented by a density operatorin a Werner state after a
randomization process with local operations, namely,

1-F
P=F|¢+><l/f+|+T(1—|¢+><¢+|), (33

where we assumed that the final state corresponds to a de-
viation from a maximally entangled state. The subsequent
procedure continues in the same way as we have outlined in FIG. 7. Setun f ificati tocol using t 4 ions insid
Sec. Il C, where we considered the implementation of a - (. S€etUp for puriiication profocol using trapped 1ons inside
. . o . an optical cavity. The entanglement between ibaadj is purified

controllednoT gate by introducing the auxiliary ancillary by local operations on pairs.(,) and (.j.)

system for each separated node. In this case we consider ¥ e rJa)-

second ion in each cavity and realize the quantum gate b%

: N ) . herel=i,j andl,=i,,j, are the control and the target
following the procedure we describe in the following section. J a=laJa 9

qubits, respectively. Using the above gates, we can imple-
ment the purification circuit depicted in Fig. 4 and the cor-
B. Local measurements responding setup using trapped ions as shown in Fig. 7,

Local measurements on pairs of ions in the linear trap cativhere the entanglement between iorjsis purified by local
be implemented by considering the individual addressing oPperations on pairsi(i,) and (,ja)-
ions in the central cavity by a pair of Raman fiel€s;
detuned inA;+A,, and Q,; detuned inA;+A,+ §; with IV. GENERATION OF n-PARTICLE MAXIMALLY
respect to the lower ionic transitions);—|g); and |c); ENTANGLED STATES

— ey ;. Eliminating adiabatically the excited leviel); and A system to generate and detect maximally entangled

ggjr:j:rtgl]%yr:gir)neig}é\tlg?ugg;uw?ah Ifz)less%cgsvilnb'l[ﬁ;?b%/egzzastgn states(MES) ofn particles i; an important (eql_Jirement in the
S—_1  the center of méss collective motion and the in_Qexperlmental ba5|§ of mpltlparty communication by quantum
telrnal iér'ﬂc levels evolve under the effective Hamiltonian networks. Of particular interest are several recent proposals
[28—-31 that have been suggested for making use of many-
Qy qubit entangled stat.es in order to shgre quantur_n_information
Hq=ﬁ—(be‘¢|eq>ii(g|+|g>”<eq|bTe“"5), (34)  among several parties. An example is the quasisimultaneous
N transfer of information tam clients using am-qubit MES. As
has been shown by Molotkov and NaZB2], such a proce-
with # being the Lamb-Dicke parametds;and b’ are the  dure not only implements key distribution but also allows
center of mass motion operators aie=Q;Q,/(A;+A5)%.  one to check efficiently for the presence of an eavesdropper.
For 5,=0 (carrier transitioj we obtain a single Hamiltonian Another interesting application is a controlled quantum com-
munication network, which consists of a singlevider (P)
who is connected to thelients(C) via independent photonic
channels. The provider creates a quantum communication
channel with each one of the clients. In this case, the photo-
Choosing an interaction time between the laser pulses angic channel is used to create entanglement between ions at
the ion such that=k#/N/Q 7, the Hamiltonian structure provider and client.
H, leads to the general evolution In order to establish a quantum channel among clients,
there exists a requirement on the provider: the capability of
LT . erforming a joint measurement on particles at his place.
U:(q(‘ﬁ):eXp( - |k§(be'4’|eq>”<g| +19)ii(eglb’e Id)))' 'Fl)'his meagurerjnent permits swapping trr)1e initial entanglzment
(36) among the provider and the clients to an entanglement
among parties. Actually, the provider needs to perform a
The HamiltonianHR leads to the following rotation op- measurement for recognizing the maximally entangled states

o) ) )
HR:ﬁE(e7I¢|eq>ii<g|+|g>ii<eq|e7|¢)- (35

erator: of ann-particle system, which are defined
RY() = ik 64 o id 1
i(p)=exp —ik = ([eo)i(gle'”+e"’|g)ii(e]) |- I\I’meé=ﬁ(|0,52,...,sn>i|1,1—sz,...,1—sn>),

(37) (39

In the case of¢p= /2 the above gate corresponds to thewith s;=0,1. The state of the first particle can be arbitrarily
Hadamard gate. According to R¢18], this physical picture chosen as 0 without loss of generality. These states form a
allows implementing a controllesloT gate as basis for a Hilbert space of two-level particles. Here, we
consider a modified version of the purification protocol in the
f) (39) optical domain for creating multiparticle entanglement

_p2 _ T\ 10 2.1 1.01/2
Uxor R'a( Z)U' OU'a UrRi1 2 among distant particles. The provider consists of a cavity
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of an-qubit system. We shall perform this generalized Bell’s
states measurement using a disentanglement operation fol-
lowed by one-particle measurements. The disentanglement
process is given as

(43

U gisen= H1U XORLZU XOR, 5™~ U XOR,_ 1’

whereU XOR,_ 14 denotes a controlledoT gate between par-

ticlesk—1 andk as source and target, respectively, &hts
a Hadamard transformation. Now, we apply this operation to
the global state in Eq41). In particular, the action of) isent

FIG. 8. Diagram for establishing multiparticles entanglement.On one of the components of the provider state '6‘53,)

Initially ions in the central cavityP are entangled with ions in =Udisen{¢§_), where
cavitiesC; . The initial entanglement is described with solid lines. !
After a collective measurement in caviB/on ions 1, 2, and 3 a
maximally entangled state among caviti€s, C,, and Cj is
achieved.

|§|§j>:||l>®rk:é|jnfkfl+jnfk>- (44)

Now, in all the ions we measure,. The first measurement

with at least 2 trapped ions, the half of them are for estab-defines the sign of a client's state, i.es0 (I=1) corre-
lishing the set ofh entangled pairs among ions in the main SPONds to &~ (—) sign, and the other will define the index
cavity and the distant cavities. The remainder ions at thé- The disentanglement and measurement processes consecu-
provider are used for purification purposes. In the same waVely are summarized as follows:
as the provider, each one of the clients has at least two ions.
The joint measurement for recognizing MES is implemented Mo
using an adequate sequence of controlled-gates,(XOR) |‘P>—>Udisen1‘1’>—>|§$j>|¢’6j>-
gates[given by Eq.(38)], followed by measurement on in-
dividual ions at the provider. We assume that thererare  This scheme can also be used for preparing maximally
pairs of maximally entangled states. Initial pairs are maxi-entangled states. Of course, in the simplest case of initially
mally entangled in the staisee Fig. 8 factorized systems, maximally entangled states are obtained
by applying an inverse sequence of unitary operations for
1 state recognition. The most relevant feature of this procedure
| i) = 7(|0k,1kr>_|1k,0k/>), (400  for generating multipartite maximally entangled states is that
2 the quality of entanglement only depends on the degree of
entanglement of initial pairs, so it does not require any puri-
fication protocol for many particld®5], which can be much
more difficult than for two particles even when it is per-
formed locally. In a recent work by Cinchetti and Twamley
[34] the entanglement distribution betwedhusers and a
1 center was studied. They studied the case of using qubits as
_ = on here, and also extend their analysis to the case of using
¥)= n/2®k:1(|o"’1k'>illk’ok'»’ qutrits instead of qubits. However, the problem related to the
establishment of the maximally entangled qutrit states re-

wherek and k’ refer to thekth qubit at themultiparticle
communication provideand the qubit at thk’ party, respec-
tively. The initial condition for the whole set of particles is
given by

. on-1_4 mains open, because it requires transmitting information
- - stored in quitrits.
=— 2> ()b =lwdlvs)), @D a
2 i=o i i j j
h V. SUMMARY
where
We have studied the possibility of an experimental setup
1 for a purification protocol based on POVM in cavities, at
|¢/é(P)j): T(|O,j2, BN S o b 5 o PR oy Y both the microwave and the optical domain. The conditional
2 evolution of ancillas is obtained by a sequence of one and

(42 two qubit gates, which permits a conditional evolution
needed for implementing the purification protocol. We find
Thus. | - ., that the fidelity can increase for a broad range of parameters.
us, if we perform a joint measurement on the part|cleﬁt is also possible to introduce a distillationlike process as a
at the provider that can detect statdg/ ), we prepare the possibie 1 e Pro
j sequence of individual purifications, where the final result
statesjyy+p,) at the clients. Then the relevant question hereyill depend on adequate choice of numerical values of pa-
is how can we detect the MES at the provider. This questiomameters. This sequence permits reaching values of fidelity
can be regarded as a maximally entangled state recognitiaiose to unity. We think that the proposal in the microwave

with j=20),+2% 1+ +2"1j,.
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region can be experimentally implemented by using a setup Note addedRecently we learned about a general proof of
similar to that used in the controlled quantum phase gate bthe quasidistillation of mixed rank two matrices given in Ref.
Rauschenbeuteit al.[19] and more general noise conditions [13].
belong to the experimental setup for controlled entanglement

of two-modes field inside a microwave cavjB2]. Thus, our
proposal can also be extended to collective manipulation of \We thank A. Delgado for many useful discussions. This
partially entangled pairs by using two cavites with two-work was partially supported by Grant Nos. FONDECYT
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