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Entanglement purification in cavity QED using local operations
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We study a physical implementation of an entanglement purification protocol using a cavity quantum
electrodynamics based proposal, in both the microwave and the optical domain. The protocol consists of local
quantum operations of each particle of an entangled system with one auxiliary particle~ancilla!. After the
above interaction a measurement on ancillas is carried out. In the microwave region the quantum information
is stored in field states inside two distant cavities. We also give a procedure for quantifying the degree of
entanglement between quantum fields, which allows verifying the efficiency of the purification process. In the
optical domain, we study a setup of cold trapped ions inside cavities, where quantum bits are defined by two
electronic levels of ions. This latter proposal is extended to create multiparticle entangled states among distant
quantum systems. Entanglement is achieved through a set of local measurements on pairs of entangled par-
ticles.
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I. INTRODUCTION

Quantum entanglement plays a fundamental role in
quantum information theory@1–3#. The entanglement con
cept has been central to the quantum theory since the fam
work of Einstein, Podolsky, and Rosen@4#. Most of the quan-
tum information protocols related to transmission, proce
ing, and storing of information make use of the capability
creating and manipulating quantum entanglement among
tant quantum bits. In recent years, there has been an e
sive study of theoretical implications behind quantum e
tanglement and practical schemes to produce it in a var
of physical systems. The entangled particles provide a me
for implementing quantum communication channels amo
nodes of a quantum network.

The degree of entanglement can be fully or partially d
stroyed, for instance, due to the presence of interactions
the environment, or imperfect quantum logic operatio
Thus, the problem of improving the quality of quantum e
tanglement as a means for protecting or preserving quan
information has been studied recently. In quantum inform
tion theory, these processes are usually called quantum
fication protocols@5,6#. These protocols consider the exi
tence of a large number of entangled particles, and that e
one of the components of the entangled system is locate
one node of a quantum network. In a sequential proc
many of these partially entangled systems are disrega
and the degree of entanglement of the remainder system
higher than the initial one. If there exist many partially e
tangled systems at the same time, the purification can
implemented by performing bilateral controlled-NOT opera-
tions @5#. These can be generalized for many particle ope
tions, which requires implementing collective measurem
on the particles belonging to a given node of the netw
@21#. This will be addressed at the end of this paper. Ho
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ever, while establishing entanglement between two node
a quantum network, the most common scenario is to h
access to only one entangled pair at a same time. For
stance, this occurs in the experimental implementation o
quantum cryptography protocol@7# based on Ekert’s pro-
posal@8#. Recently, a proposal for a physical implementati
of an entanglement purification protocol has been analy
for Gaussian continuous variable entangled states. The
posal makes use of high finesse cavities and cavity enha
Kerr nonlinearities@9#. In the case of entangled photons,
alternative method for entanglement purification operat
on two pairs at the same state, without the use of~controlled-
NOT! gates, has been given recently@10#.

Alternatively, enhancement of entanglement in a sin
copy of a mixed state can be implemented by filtering ope
tions, by making use of ancillary systems@11#. In this con-
text, Horodeckiet al. @12# gave an example of a mixed sta
that can be quasidistilled by using local quantum operati
and classical communications~LQCC!. In this case, the ma
trix was composed of a maximally entangled and an ortho
nal product state. The above-mentioned matrices are of r
two, i.e., in which a single copy can be quasidistilled
LQCC as has been recently shown by Verstraeteet al. @13#.
Here we study the implementation of a purification protoc
based on local operations on ancillary systems interac
with a partially entangled pair in the cavity QED contex
This process corresponds to a purification protocol based
filtering operations that can be described by using posi
operator valued measurement~POVM! @14#, which consists
of a unitary evolution between one particle of an entang
pair and an ancillary system, taking place at both nodes
the network. After the evolution, a measurement is appl
on the ancilla. The initial state of the ancilla is chosen so
to optimize the purification protocol. A schematic diagram
the protocol is depicted in Fig. 1. In Sec. II we study
physical implementation of this purification protocol in th
context of cavity quantum electrodynamics, at the mic
wave region@15–17#. In these cavities quantum bits are d
©2002 The American Physical Society19-1
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fined as superpositions of the field number statesu0& andu1&.
We use a cavity leakage of photons as a source of partial
of entanglement. We restrict this to the short-time regi
where partial coherence still survives. Of course, in the lo
run, this mechanism will also be responsible for energy lo
however, we assume that the time elapsed until the purifi
tion process is small enough. We consider as ancillary s
tems two-level atoms, which interact in the large detun
limit with cavity fields. The atoms are also subject to res
nant interactions with classical fields outside the caviti
The atom-field interaction makes a fully entangled syst
that, after a measurement on atoms, allows a modified s
for cavity fields.

The above protocol can also be implemented in the o
cal domain, using ions in linear traps, Sec. III. Trapped io
in a linear trap was the first proposition to achieve a quan
computer@18#. In this system a set of ions is cooled to th
ground state of the collective center of mass mode and
mits performing quantum logic gate operations. However
this case ions inside a cavity must also permit creating
tangled pairs in distant nodes of a network, so we requ
additional interactions of ions with cavity modes. As a fu
ther application, this proposal is extended to create multip
ticle entangled states among distant quantum systems in
IV. Entanglement is achieved through a set of local meas
ments on pairs of entangled particles.

II. ENTANGLEMENT OF CAVITIES: MICROWAVE
REGION

We consider a system of two microwave cavities intera
ing with two-level atoms. The atom-field interaction is d
scribed by the following Hamiltonian (\51):

H5v fa
†a1vat

sz

2
1g~a†s21as1!, ~1!

where v f and vat are, respectively, the cavity and atom
transition frequencies andg is the atom-field coupling con
stant. Using this interaction in the resonant casev f5vat, the
distant cavities can be entangled. This is performed by se
ing a resonant two-level atom crossing sequentially b
cavities@15–17#. The atom is initially prepared in its uppe
stateue&at, and the cavitiesA andB are in their vacuum state
u0A,0B&. We choose the atom velocity such that the inter
tion time satisfiest5p/2g. Thus, after crossing the first cav
ity, the atom will remain in an entangled state with the fie
The state of the atom-field system evolves as

FIG. 1. Schematic diagram for the purification protocol. T
particles 1 and 2 are the components of the partially entangled
a andb denote the ancillary systems;A andB are the nodes of the
quantum network.
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ue&at^ u0A,0B&→
1

A2
~ ue&atu0A&2ug&atu1A&) ^ u0B&, ~2!

whereug&at is the atomic ground state.
By applying a Stark field, we can modify the atom-fie

coupling constant at the second cavity such that the n
interaction time ist53p/2g8 @15#, so that we use one singl
atom to entangle the two cavities. After this process,
atom is in its lower level and the cavity fields reach a ma
mally entangled state

uc2&AB5~ u0A,1B&2u1A,0B&)/A2, ~3!

which is one of the Bell’s states basis. The whole syst
state evolves as

ue&at^ u0A,0B&→ug&at^ uc2&AB , ~4!

where the atom can be disregarded because it is factori
This is the initial condition for the action of field dissipation
In this process we have neglected all other sources of d
herence, thus allowing only a partial entanglement betw
cavity fields. In this mechanism for establishing entang
ment we have assumed that logic operations are perfect

A. Cavity losses as a source of entanglement loss

After that we have created a maximally entangled sta
the state can be destroyed by the action of cavity los
Here, we determine the action of cavity losses, which
described by independent thermal baths~at zero tempera-
ture!, on the entangled state. We assume that cavities h
different decay constantsg i , wherei 51,2. Thus, the maste
equation can be written as (\51):

ṙ5 i @r,H#1 (
i 51,2

g i

2
~2airai

†2ai
†air2rai

†ai !, ~5!

whereH5( i 51,2v iai
†ai is the fields’ free Hamiltonian. This

can be readily solved in the case of an initial maxima
entangled state, which we assume to ber(0)5uc2&^c2u as
was previously derived. Thus, the mixed state of quant
fields can be written as

r~ t !5Fuc1&^c1u1S 12
e2g1t1e2g2t

2 D u00&^00u, ~6!

with

uc1&5uc2&1c1uc1&, ~7!

where uc1& is not normalized and c15(e2g1t/2

2e2g2t/2)/2AF. The quantum fidelityF, defined as the over
lap between the ideal quantum state and the actual state
given system~in this caseF5^c2uruc2&), will decay due to
the interaction between the cavities and their environme
In this case we see that quantum fidelity evolves accordin

F5
~e2g1t/21e2g2t/2!2

4
. ~8!

ir;
9-2
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ENTANGLEMENT PURIFICATION IN CAVITY QED . . . PHYSICAL REVIEW A65 052319
This quantity indicates that the entanglement of the fie
is vanishing in the course of the evolution. The state in
~6! is a mixture of a partially entangled stateuc1& and a
product state. As the product state is lying in an orthogo
subspace to theuc1& state,r(t) is a rank two mixed state
i.e., with only two nonzero eigenvalues. Thus, this mat
belongs to a family of mixed states in which a single co
can be quasipurified by local quantum operations and cla
cal communication as has been recently shown by Verstr
et al. @13#. If the cavity decay constants are equal the pro
lem reduces to a maximally entangled and an orthogo
product state. The source of the entanglement losses co
from cavity losses, which appear to be the main contribut
in an experimental setup in the microwave regime@17#. We
think that the proposal in the microwave region can be
perimentally implemented by using a setup similar to t
used in the controlled quantum phase gate by Rauschen
tel et al. @19#. In this regime there can also appear so
small random contributions from a nonmaximally initial
entangled state, which appear from imperfect interactions
tween atoms and cavity fields~for instance, nonexact veloc
ity selection of flying atoms!. These random contribution
would be a relevant restriction on the entanglement purifi
tion process using local operations, as it has been pointed
in Refs.@20,21#, which need collective manipulations of qu
bits. However, this still can be done in the context of a m
crowave cavity as in the recent experiments by Haroch
group, where an experiment for creating controlled entan
ment between two modes in a cavity mode has been rece
reported@22#. Thus, our proposal can be extended to coll
tive manipulation of partially entangled pairs by using tw
cavites with two modes.

B. Entanglement measures

If the entangled particles are in a pure stateucAB&, the
partial von Newmann entropy is a good entanglement m
sure, which can be written as

E~ ucAB&)5S~rA!5S~rB!, ~9!

where rA(B)5TrB(A)(r) are the reduced density matrice
However, this definition is not suitable for an initially mixe
state and it can be nonzero for separable states. It is
known that in the general case a good entanglement mea
is the entanglement of formation@23,24# which is defined by

Ef~r![E„C~r!…, ~10!

whereC(r) is the concurrence andj, which are defined by

E„C~r!…5hS 11A12C~r!2

2 D ,

h~x!52x log2 x2~12x!log2~12x!, ~11!

C~r!5max$0,l12l22l32l4%.
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Here, the l i ’s are the eigenvalues of the matrixR

5AArr̃Ar, with r̃ being r̃5(sy1
^ sy2

)r* (sy1
^ sy2

). The
quantity defined in Eq.~10! is the entanglement per cop
needed to prepare a given mixed state. When we apply
above definitions to the density matrix of cavity fields giv
by Eq. ~6!, we get

R~ t !5e2(g11g2)t/2uc18&^c1u. ~12!

Here theuc18&5uc1&/A11c1
2 state is a normalized state ly

ing in a subspace spanned by basis$uc1&,uc8&%. Because the
R matrix corresponds to a pure state, we readily get the va
for the quantity called concurrence, which allows us to d
termine the entanglement evolution. This is,

C5expS 2
~g11g2!t

2 D . ~13!

We can use the same scheme both for entangling cavities
for measuring the entanglement of the system. In orde
achieve this goal, we inject one additional resonant two-le
atom into the first cavity and another one into the seco
cavity. These atoms are initially prepared in their lower sta
and then go into the first and second cavity at a timet after
preparing the state~4!. The interaction time between atom
and field isgt5p/2. Here we assume that, during the e
tanglement transfer, cavity decay is negligible because
cavity decay time is much longer than the transfer time.
nally, the probability that the atom crossing the first or t
atom crossing the second cavity reaches its upper state
the interaction isP(t)5(e2g1t1e2g2t)/2. In Fig. 2 we see
that this probability, even for short times, is closely related
the entanglement of the system. Indeed, we can w
E„r(t)….P3/2(t). Then, we can quantify the level of en
tanglement by a direct measurement of the probability of

FIG. 2. Entanglement of formation, Eq.~10!, as a function of an
adimensional timeg1t ~solid line! and P(t)3/2 ~dashed line!, with
g2 /g151.2.
9-3
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upper state of the measurement atom. We shall make us
these features for measuring the quality of the purificat
process.

C. Purification protocol

As we described in Sec. I, we consider a purification p
tocol based on POVM@14#. Specifically, a given POVM is a
set of non-negative Hermitian operators, acting on the H
bert space of the system, which sum to the identity opera
This can be obtained by connecting the system to an au
iary system, ancilla, followed by a measurement on the
cilla. The set of possible results of the measurement on
ancilla gives the POVM set. We consider two two-level
oms ~ancillas! independently interacting with each cavi
field. Here, the logical states of the ancillasa and b are
$u1&a(b) ,u2&a(b)%, which are defined as

u6&a(b)5
1

A2
~ u0&a(b)6u1&a(b)). ~14!

A diagram of the experimental setup is shown in Fig. 3.
the first step, an atom goes across the first Ramsey
R(p/2), where the atom resonantly interacts with a class
field. This field prepares the atomic superpositionu1&a(b) .
This step corresponds to a physical implementation of a H
amard transformation. Now, the atom crosses the cavity
ing a timet. Here, the atom-field interaction is dispersiv
therefore the evolution operator is given by

Uw5eiwa†au1&cc^1u1u0&cc^0u, ~15!

where w5g2t/2D is an adimensional interaction time,D
5v f2vat is the difference of frequency between field a
atomic transitions. In order to get a conditional evolution
the ancilla depending on the state of the field, we choosw
5p. The result for each node is

Upu0&Cu6&c5u0&Cu6&c ,
~16!

Upu1&Cu6&c5u1&Cu7&c .

FIG. 3. Experimental setup in the microwave region. Atoms
produced in ovens (O). After that the atoms are excited to the
lower level. The zones that are indicated byR are the Ramsey fields
for preparing atomic coherent superpositions via a resonant inte
tion. These fields are connected to the same microwave gene
~M! to avoid additional phase decoherence. Finally, the atoms g
the detectors (D), which permits measuring the atomic state af
the conditional interaction with cavity fields.
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Here the indexC denotes different cavitiesA or B, and c
denotes the corresponding atomic ancillasa or b.

We have obtained a conditional evolution of the anci
depending on the state of the field. This choice correspo
to a physical implementation of the controlled-NOT gate. Af-
ter the atom leaves the cavity, we apply the second Ram
field R(fC), which allows rotating the logical atomic stat
Thus, we can write

U~fC!u0&Cu1&c5S sin
fC

2
u1&c1cos

fC

2
u0&cD u0&C ,

~17!

U~fC!u1&Cu2&c5S cos
fC

2
u1&c2sin

fC

2
u0&cD u1&C ,

wherefC5VtC1p/2 is an adimensional interaction time
V is the Rabi frequency of the classical field, andtC is the
interaction time between the ancillac and the second Ram
sey field. We have connected both Ramsey fields to the s
microwave source to avoid the introduction of a rando
phase that can act as a phase decoherence source. The
fied field density matrix can be obtained by applying t
corresponding POVM field operators to the initial dens
matrix r. Thus, we get

r ( i , j )8 5
Ri~fA!Rj~fB!rRj

†~fB!Ri
†~fA!

Tr„Ri~fA!Rj~fB!rRj
†~fB!Ri

†~fA!…
, ~18!

where the POVM operators are defined as the diagonal
trix elements of the evolution operator in the atomic spa
namely, Rj (fC)[ c^ j uU(fC)Upu j &c . We can explicitly
write these operators as

R0~fC!5cos
fC

2
u0&CC^0u1sin

fC

2
u1&CC^1u, ~19!

R1~fC!52sin
fC

2
u0&CC^0u1cos

fC

2
u1&CC^1u. ~20!

In this case the resulting density matrix, Eq.~18!,
corresponds to measuring the atomsa and b in state u i &
and u j &, respectively. The normalization consta
Tr„Ri(fA)Rj (fB)rRj

†(fB)Ri
†(fA)… is the probability of the

above measurement. The conditional evolution of anci
needed for purification is obtained by a sequence of one
two qubit gates, as is shown in Fig. 4. In this case the ini
condition is given as a direct sum of two orthogonal dens
matrices (uc2&^c2u and u00&^00u) under both the inner
product A•B5Tr(AB) and the evolution operator, so th
system evolution will be split up into two independent m
trices. This allows getting the evolution of matrix elemen
In order to get a purified density matrix, the new fideli
must be greater than the initial one, i.e.,F8.F. For instance,
we consider the case when both atoms are measured in
lower state. This is,

e

c-
tor
to
r
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ENTANGLEMENT PURIFICATION IN CAVITY QED . . . PHYSICAL REVIEW A65 052319
F8~fA ,fB!5

FAF sinS fA1fB

2 D1c1sinS fA2fB

2 D G2

P00
,

~21!

where

P005FAF sinS fA1fB

2 D1c1sinS fA2fB

2 D G2

1Fc1sinS fA1fB

2 D1AF sinS fA2fB

2 D G2

14S 12
e2g1t1e2g2t

2 D cos2S fA

2 D cos2S fB

2 D ~22!

is the probability of measuring both atoms in their low
level. If we assume that both atoms have the same interac
time, fA5fB5f, we get

F85
F~12cosf!

11cosf~12e2g1t2e2g2t!
. ~23!

In this case, we get the same kind of state as in the in
condition, with a modified fidelity. In Fig. 5 we show tha

FIG. 4. Quantum circuit of the purification protocol. This circu
consists of local operations at different nodes of the quantum
work, whereH denotes a Hadamard transformation, which is f
lowed by a controlled-NOT gate, with the cavity field and atom a
source and target, respectively. There is a phase gate, which a
rotating the atomic state in a given anglef. Finally, we have in-
cluded the measurement on the ancillary system.

FIG. 5. Modified fidelity of the state of quantum fields from E
~23! as a function of adimensional timef. Here we have assume
g15g2 andg1t50.1.
05231
on

al

F8.F for interaction timesfP(p/2,3p/2), which corre-
sponds to an improvement of the entanglement between
ity fields. The most interesting feature of this protocol is th
in principle, there is no limit on the value ofF for getting
purification. The maximum improvement is obtained forf
5p, where the new fidelity is

F85
1

2 S 11coshF ~g12g2!t

2 G21D . ~24!

Thus, the new fidelityF851 requires the same decay co
stant for both cavities. If the decay constants are appro
mately equal, with a difference close to 1%, the fidel
reaches a value of one with an error of the order 1023, for
times long enough to observe loss of entanglement. H
ever, the probabilityP00, Eq. ~22!, of measuring both atoms
in the lower level, vanishes.

In a specific measurement on the ancillas we can impr
or reduce the entanglement in the field density matrix. Th
we must disregard the entangled pairs in which the purifi
tion does not occur. However, we can also introduce a
tillationlike process as a sequence of individual purificati
processes, where the final result will depend on an adeq
choice of parameters. The choice is related to making m
probable the case where purification occurs, even when it
be small. This sequence permits reaching values of fide
close to unity. Finally, we can verify the effect of the purifi
cation process by sending an additional resonant a
through the second cavity as was discussed in Sec. II B.

III. PROTOCOL IN THE OPTICAL DOMAIN

The above described proposal can also be implemente
the optical domain of cavity QED, where the setup cons
of a set of two optical cavities, each one containing at le
two trapped ions. The ions allow both for establishing t
entanglement between distant nodes of the network and
performing local operations in the purification process. Th
ions permit interactions with both the quantized mode of
cavity and the vibrational mode of two specific ions in
given cavity. This latter kind of interaction corresponds
the proposal for a quantum computer with cold trapped io
@18#. The schematic diagram for the relevant electronic tr
sitions of ions in our case is given in Fig. 6. The releva
level structure that we consider includes three-level io
$uc&, ue1,0&, ug&%, with a degenerate electric dipole forbidde
transitionue1,0&→ug&. The classical driven fieldsV1 andV2
allow performing logic operations on ions, andVc and a
allow a Raman transition for creating entanglement betw
distant nodes, wherea is the annihilation operator of the
quantum cavity field mode. The transference of entanglem
is performed via cavity leakage of photons. We shall assu
that in one of the cavities there is a linear trap withn ions
that are cooled to the fundamental state of the collec
center of mass motion. The linear trap is located inside
optical cavity with a very narrow bandwidth, or very sho
decay time, typically of 1027 s. In addition, as shown in
Fig. 6, there exists a set of distant cavities containing at le

t-

ws
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two trapped ions with the same level structure mention
above.

The advantage of this implementation is twofold. First
also allows a purification protocol given in the Ref.@5# pro-
posal, and second we can purify mixed states of more t
two particles. In the Bennett proposal we must consider a
of n ions in each cavity. We establish entanglement betw
two ions by using time-reversal operations@33# or for uncon-
ditional teleportation of atomic states@26#. Thus, to get a
modified density matrix, we perform bilateral operations
particles of partially entangled pairs, which must be follow
by a measurement on one of the ions. Besides, this sch
also allows getting an entangled state fromm11 initial
pairs. This last statement requires performing joint meas
ments onm particles, which can recognize generalized Be
states. This can be performed by a sequence of contro
NOT gates and individual measurements on ions.

A. Entanglement between distant pairs

In order to generate entangled states between distant
ticles, we assume that each ion in the linear trap in cavityC1
can be addressed individually as is proposed in the orig
scheme of Ref.@18#. Let us consider a classical fieldVc
detuned inD1 respect to the allowed transitionuc& i→ug& i of
the i th ion in the central cavity. Theuc& i→ue1,0& i dipole al-
lowed transition is quantum mechanically described by c
ation and annihilation operatorsa,a† and is assumed to b
initially in the vacuum state. In the high detuning limit th
upper level can be adiabatically eliminated such that a
man configuration leads to an effective interaction term@27#:

VI~ t !5
r 2~ t !

Ds
ug& i i ^gu1Dsa

†aueq& i i ^equ1 ir ~ t !

3~e2 if(t)a†ueq& i i ^gu2eif(t)ug& i i ^equa!, ~25!

whereq51,0 denotes orthogonal polarizations of the crea
photon;r (t)5gVc(t)/2d ~Rabi frequency of Raman trans
tion! andDs5g2/d ~cavity induced Stark shift!. For simplic-
ity, we have assumed a common detuning parameter betw

FIG. 6. Electronic structure of trapped ions in a linear trap
side the cavity.
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the pump fields and the cavity modes, and real coupling c
stants. Any additional frequency shifts can be included in
phase of the classical fieldf(t). The time and intensity de
pendent terms correspond to dynamical shifts arising fr
the adiabatic elimination of the upper atomic level.

Thus, we obtain an effective anti-Jaynes-Cummin
model. An important element in this process is the prod
tion of polarized photons, provided we drive the transiti
uc& i→ug& i with classical fields of a given polarization. As
sume that the quantum field is initially in the vacuum sta
and the ion in the ground state, such that

uc&05ug& i u0&C1
u0&E , ~26!

whereu0&E represents the state of the environment initially
the vacuum. Driving the transitionu0& i→ug& i during an ap-
propriate timeDt, we have

uc&15~ceueq& i u1q&C1
1cgug& i u0&C1

)u0&E , ~27!

wherece5cosw andcg5sinw. The photon is emitted by the
cavity in a short time compared to relaxation scales of
ion because of the high cavity decay rate. The emission p
cess leads to an emitted one photon wave packet such t

uc&25~ceueq& i u1&E1cgug& i u0&E)u0&C1
, ~28!

where u1&E denotes a one photon wave packet emitted
cavity C1.

Let us suppose that we have previously prepared ano
cavity Cj . In this cavity one ion is initially in the stateueq& j ,
so that the state of the whole system is given by

uc&25~ceueq& i u1q&E1cgug& i u0&E)ueq& j u0&Cj
, ~29!

where we have omitted the vacuum state of theC1 cavity
because it is factorized. The same is done in the next
with factorized states. If the photon is absorbed by theCj
cavity, the state of the system changes to

uc&35~ceueq& i u1q&Cj
1cgug& i u0& j )ueq& j . ~30!

Now, a classical field to drive the ion Raman transition
turned on. Thus, after a timeDt, we get

uc&45~ceueq& i ug& j1cgug& i ueq& j ). ~31!

For w5p/4, we obtain an entangled state of two distant io

uc1&5
1

A2
~ ueq& i ug& j1ug& i ueq& j ). ~32!

We obtain in this way a perfectly correlated pair of tw
ions associated with two distant systems. We have assu
here a perfect generation of the correlated pair. Concern
the discussion of Sec. II A, a decoherence mechanism
produce loss of entanglement. In this case a possible me
nism can be a partial absorption of the one photon w
packet while traveling from one cavity to another. In th
situation the state that we obtain can be more properly r

-
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ENTANGLEMENT PURIFICATION IN CAVITY QED . . . PHYSICAL REVIEW A65 052319
resented by a density operatorr in a Werner state after a
randomization process with local operations, namely,

r5Fuc1&^c1u1
12F

3
~12uc1&^c1u!, ~33!

where we assumed that the final state corresponds to a
viation from a maximally entangled state. The subsequ
procedure continues in the same way as we have outline
Sec. II C, where we considered the implementation o
controlled-NOT gate by introducing the auxiliary ancillar
system for each separated node. In this case we consid
second ion in each cavity and realize the quantum gate
following the procedure we describe in the following sectio

B. Local measurements

Local measurements on pairs of ions in the linear trap
be implemented by considering the individual addressing
ions in the central cavity by a pair of Raman fieldsV1i
detuned inD11D2, and V2i detuned inD11D21d i with
respect to the lower ionic transitionsuc& i→ug& i and uc& i
→ue1,0& i . Eliminating adiabatically the excited leveluc& i and
adjusting properly the detuningd i , it is possible to generate
general dynamic evolution. It can be shown that by adjust
d i52nx , the center of mass collective motion and the
ternal ionic levels evolve under the effective Hamiltonian

Hq5\
Vh

2AN
~beifueq& i i ^gu1ug& i i ^equb†e2 if!, ~34!

with h being the Lamb-Dicke parameter;b and b† are the
center of mass motion operators andV5V1V2 /(D11D2)2.
For d i50 ~carrier transition! we obtain a single Hamiltonian

HR5\
V

2
~e2 ifueq& i i ^gu1ug& i i ^eque2 if!. ~35!

Choosing an interaction time between the laser pulses
the ion such thatt5kpAN/Vh, the Hamiltonian structure
Hq leads to the general evolution

Ui
kq~f!5expS 2 ik

p

2
~beifueq& i i ^gu1ug& i i ^equb†e2 if! D .

~36!

The HamiltonianHR leads to the following rotation op
erator:

Ri
k~f!5expF2 ik

p

2
~ ueo& i i ^gueif1e2 ifug& i i ^eou!G .

~37!

In the case off5p/2 the above gate corresponds to t
Hadamard gate. According to Ref.@18#, this physical picture
allows implementing a controlled-NOT gate as

UXOR5Rl a
1/2S 2

p

2 DUl
1,0Ul a

2,1Ul
1,0Rl a

1/2S p

2 D , ~38!
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where l 5 i , j and l a5 i a , j a are the control and the targe
qubits, respectively. Using the above gates, we can im
ment the purification circuit depicted in Fig. 4 and the co
responding setup using trapped ions as shown in Fig
where the entanglement between ionsi , j is purified by local
operations on pairs (i ,i a) and (j , j a).

IV. GENERATION OF n-PARTICLE MAXIMALLY
ENTANGLED STATES

A system to generate and detect maximally entang
states~MES! of n particles is an important requirement in th
experimental basis of multiparty communication by quant
networks. Of particular interest are several recent propo
@28–31# that have been suggested for making use of ma
qubit entangled states in order to share quantum informa
among several parties. An example is the quasisimultane
transfer of information ton clients using ann-qubit MES. As
has been shown by Molotkov and Nazin@32#, such a proce-
dure not only implements key distribution but also allow
one to check efficiently for the presence of an eavesdrop
Another interesting application is a controlled quantum co
munication network, which consists of a singleprovider ~P!
who is connected to theclients~C! via independent photonic
channels. The provider creates a quantum communica
channel with each one of the clients. In this case, the ph
nic channel is used to create entanglement between ion
provider and client.

In order to establish a quantum channel among clie
there exists a requirement on the provider: the capability
performing a joint measurement on particles at his pla
This measurement permits swapping the initial entanglem
among the provider and the clients to an entanglem
among parties. Actually, the provider needs to perform
measurement for recognizing the maximally entangled st
of an n-particle system, which are defined

uCmes
6 &5

1

A2
~ u0,s2 , . . . ,sn&6u1,12s2 , . . . ,12sn&),

~39!

with sj50,1. The state of the first particle can be arbitrar
chosen as 0 without loss of generality. These states for
basis for a Hilbert space ofn two-level particles. Here, we
consider a modified version of the purification protocol in t
optical domain for creating multiparticle entangleme
among distant particles. The provider consists of a cav

FIG. 7. Setup for purification protocol using trapped ions ins
an optical cavity. The entanglement between ionsi and j is purified
by local operations on pairs (i ,i a) and (j , j a).
9-7
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with at least 2n trapped ions, the half of them are for esta
lishing the set ofn entangled pairs among ions in the ma
cavity and the distant cavities. The remainder ions at
provider are used for purification purposes. In the same w
as the provider, each one of the clients has at least two i
The joint measurement for recognizing MES is implemen
using an adequate sequence of controlled-NOT gates,~XOR!
gates@given by Eq.~38!#, followed by measurement on in
dividual ions at the provider. We assume that there arn
pairs of maximally entangled states. Initial pairs are ma
mally entangled in the state~see Fig. 8!

uck,k8
2 &5

1

A2
~ u0k,1k8&2u1k,0k8&), ~40!

where k and k8 refer to thekth qubit at themultiparticle
communication providerand the qubit at thek8 party, respec-
tively. The initial condition for the whole set of particles
given by

uC&5
1

2n/2
^ k51

n ~ u0k,1k8&6u1k,0k8&),

5
1

2n/2 (
j 50

2n2121

~ ucCj

2 &ucPj

1 &6ucCj

1 &ucPj

2 &), ~41!

where

ucC(P) j

6 &5
1

A2
~ u0,j 2 , . . . ,j n&6u1,11 j 2 , . . . ,11 j n&)

~42!

with j 520 j n121 j n211•••12n21 j 2.
Thus, if we perform a joint measurement on the partic

at theprovider that can detect statesucCj

6 &, we prepare the

statesuc7Pj
& at the clients. Then the relevant question he

is how can we detect the MES at the provider. This ques
can be regarded as a maximally entangled state recogn

FIG. 8. Diagram for establishing multiparticles entangleme
Initially ions in the central cavityP are entangled with ions in
cavitiesCj . The initial entanglement is described with solid line
After a collective measurement in cavityP on ions 1, 2, and 3 a
maximally entangled state among cavitiesC1 , C2, and C3 is
achieved.
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of a n-qubit system. We shall perform this generalized Be
states measurement using a disentanglement operation
lowed by one-particle measurements. The disentanglem
process is given as

Udisent5H1UXOR1,2
UXOR2,3

•••UXORn21,n
, ~43!

whereUXORk21,k
denotes a controlled-NOT gate between par

ticlesk21 andk as source and target, respectively, andH is
a Hadamard transformation. Now, we apply this operation
the global state in Eq.~41!. In particular, the action ofUdisent

on one of the components of the provider state letsujPj

6 &
5UdisentucPj

6 &, where

ujPj

6 &5u l 1& ^ k50
n21u j n2k211 j n2k&. ~44!

Now, in all the ions we measuresz . The first measuremen
defines the sign of a client’s state, i.e.,l 50 (l 51) corre-
sponds to a1 (2) sign, and the other will define the inde
j. The disentanglement and measurement processes con
tively are summarized as follows:

uC&→UdisentuC&→
M

ujPj

7 &ucCj

6 &.

This scheme can also be used for preparing maxim
entangled states. Of course, in the simplest case of initi
factorized systems, maximally entangled states are obta
by applying an inverse sequence of unitary operations
state recognition. The most relevant feature of this proced
for generating multipartite maximally entangled states is t
the quality of entanglement only depends on the degree
entanglement of initial pairs, so it does not require any pu
fication protocol for many particles@25#, which can be much
more difficult than for two particles even when it is pe
formed locally. In a recent work by Cinchetti and Twamle
@34# the entanglement distribution betweenN users and a
center was studied. They studied the case of using qubit
here, and also extend their analysis to the case of u
qutrits instead of qubits. However, the problem related to
establishment of the maximally entangled qutrit states
mains open, because it requires transmitting informat
stored in qutrits.

V. SUMMARY

We have studied the possibility of an experimental se
for a purification protocol based on POVM in cavities,
both the microwave and the optical domain. The conditio
evolution of ancillas is obtained by a sequence of one
two qubit gates, which permits a conditional evolutio
needed for implementing the purification protocol. We fi
that the fidelity can increase for a broad range of paramet
It is also possible to introduce a distillationlike process a
sequence of individual purifications, where the final res
will depend on adequate choice of numerical values of
rameters. This sequence permits reaching values of fide
close to unity. We think that the proposal in the microwa

.
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region can be experimentally implemented by using a se
similar to that used in the controlled quantum phase gate
Rauschenbeutelet al. @19# and more general noise condition
belong to the experimental setup for controlled entanglem
of two-modes field inside a microwave cavity@22#. Thus, our
proposal can also be extended to collective manipulation
partially entangled pairs by using two cavites with tw
modes.
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Note added. Recently we learned about a general proof
the quasidistillation of mixed rank two matrices given in Re
@13#.
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