PHYSICAL REVIEW A, VOLUME 65, 052104
Creation of large-photon-number path entanglement conditioned on photodetection
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Large-photon-number path entanglement is an important resource for enhanced precision measurements and
guantum imaging. We present a general constructive protocol to create any large-photon-number path-
entangled state based on the conditional detection of single photons. The influence of imperfect detectors is
considered and an asymptotic scaling law is derived.
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It has been known for some time now that quantum mewhere events are correlated. Quantum lithography, though
trology techniques allow for an improvement in precisiontechnically not an estimation protocol, can also be described
imaging and measurements by exploiting entanglement. Exasing this theory. The main purpose of this section is to
amples of such improvements are in quantum lithographylemonstrate the importance [::0) states.

[1,2], quantum gyroscopy3], entanglement-enhanced fre- We start with the standard shot-noise limit. Consider an
quency metrology4], and clock synchronizatidib]. Experi-  ensemble ofN two-level systems in the statgp)=(|0)
mental progress has been made in the demonstration of li+e'?|1))/./2, where|0) and|1) are arbitrary labels for the

thography[6], but according to our present understanding,yyo levels. IFA=]0)(1|+|1)(0|, then the expectation value
full-scale implementations need sophisticated high-photon

number entangled stat¢&]. In particular, we need maxi-
mally entangled states of the fornjN::0)=(|N,0) N
+|0N))/\2, where|N) are N-photon Fock states an@®) (¢lAl@)=cose. )
the vacuum. In general, we use the following notation:

of A is given by

When we repeat this experimeNttimes, we obtain

1 :
|PZZQ>§’bEE(|P1Q>a,b+el¢|QvP>a,b)v @ e’; A®

n(el - 1ol l@)1 .. .[@)n=Ncose. (3)

wherea andb denote the two subsysterrmodes, and ¢ is ) o . A

a relative phase. There have been several proposals to gefdrthermore, it follows from the definition ok that A%~
erate|N::0) states[7,8], but these typically need materials on the relevant subspace, and the variancéAofiven N
with large x®) nonlinearities of the order of one. Such cur- samples is readily computed to be\&)%=N(1—cos¢)
rently known nonlinearities are very small; typically they are =Nsirfe. According to estimation theoryl1], we have

of the order of 10® cn? s2 V2 [9].

In this paper, we show how to create entangled states of AA 1
large photon number using only linear optics and photode- Ap= W: \/—_ (4)
tectors. In Sec. |, we will give a brief overview of the theory [d(A)/de| VN

of parameter estimation; exploiting quantum entanglementto = . , .

demonstrate the importance of ths::0) states. Then, in | S is the standard variance in the paramegeafter N
Sec. II, we present a protocol to cre#ii:0) for any N. We trials. In other words, the uncertainty in the phase is in-
show that it is generalizable to arbitraly[10]. In Sec. Ill, versely proportional to the square root of the number of tri-

we consider the case of imperfect detectors. als. This is the shot-noise limit. ,
With the help of quantum entanglement we can improve

this parameter estimation by a factor gN. We will now
employ the path-entangled input staié::0)N*, where|N)
is a product collective state of thid qubits. The relative

phasee'N¢ can be obtained by a unitary evolution of one of

In this section, we briefly describe the theory behind thene modes of on)=|N::0)¢. When we measure an observ-
various entanglement-enhanced imaging and measuremer%leA ~|O,N)(N,0|+ N,0)(ON| we have
N— I i I 3

protocols. By using results from parameter estimation theory;,
we may easily derive the quantum-noise limits for uncorre- -
lated measurements, where every sample is independent of (onlAnlen)=cogNep). (5)
every other, and for entanglement-enhanced experiments, R

Again, A§=]l on the relevant subspace, and

I. ENTANGLEMENT-ENHANCED PARAMETER
ESTIMATION

*Email address: pieter.kok@jpl.nasa.gov (AAN)?=1—cogNe=si(Ng). (6)
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Using Eq.(4) again, we obtain the so-called Heisenberg limit
to the minimal detectable phase: \/ / ¥
Apy=—tn 1 (7) (@) (®) © @
= N a ¢
" ld(Awidel N

FIG. 1. Four possibilities exist when sending|51) state

Here, we see that the precisiongnis increased by a factor t.hrough a bear.n splitter. The d'?gfam and(d_) Ie_ad o the same
final state, but interfere destructivelfic) transmission-transmission

JN over the standard noise limit, when we exploit quantum(i)(i): —1; (d) refection-reflection £ 1)(—1)=1
entanglement. As shown in Bollinget al. [4], Eq.(7) is the ' '

optimal accuracy permitted by the Heisenberg uncertainty - o )
principle. In quantum lithography, one exploits the ds) Where_ Con=0 and = E,=1. This will lead to a different
behavior, exhibited by Eq5), to print closely spaced lines ©utgoing state

on a suitable substratel]. Gyroscopy and entanglement-

enhanced frequency measuremd®d] exploit the YN in- Pou=TH(Eo| WX W) =cod ) (| +(1—cop) o, (9)
creased precision. The physical interpretationgfand the
phasee might differ in the different protocols. whereq is the density operator due to the noise. The fidelity
of the outgoing state is then given By=Tr(pou ¥){#|)
Il. LARGE-PHOTON-NUMBER PATH ENTANGLEMENT =Co0-

) ) . . In general, there are many reasons why a detector might
In this section, we discuss the creation of large-photonnot record a photon. Many of these can be tegfed ex-
number path entf_;mgl_ement using only I|nef_;1r_0ptl_CS and phoample, whether the equipment has been switched on ¢r not
todetectors. We first identify the practical difficulties of con- pyt never all of them. The crucial observation now is that all

d|t|on|ng on nondetection, and then, instead, we introduce 3f the untestecpossibilities are going to contribute fn and
generalizable scheme to create photon-number path er-

. 00 May become quite sma(see also Refl15]).
tanglement based on actual detection. This same argument can be applied to the detection of a

single photon(i.e., projecting model onto |1)4(1]). There
A. Nondetection will also be a noise contribution in the form of a density

Previously, we have shown that it is possible to create uPPerator analogous te. The difference is that there are
to |4,00+]0,4) states with linear optics and projective mea- Many more reasons a detector will not record the presence of
surement§10]. Subsequently, it was shown by Figek[12] @ photon than there are for detectl'ng the photon. As a con-
and Zouet al. [13] that, in principle, one can create any S€duence, the fidelity of the outgoing state based on detec-
two-mode, entangled, photon-number eigenstate with linedfon will be much larger than the fidelity of the state based on
optics and good Fock-state sources. nondetection. o

The difficulty with the Fiufdek-Zou protocols, however, ~ When we have a low-fidelity output state, we need to
is that they are based arondetectionThere are two prob- apply postselection. The output state, therefore, needs to be

lems with this approach: first, it means that the protocols ar@ctually detected. As long as we do not have suitable quan-
very sensitive to detector losses; second, there is a whol#m nondemolition measurement devices, the detection of

family of reasons why a detector will not register a photonth€ outgoing state generally precludes its further use in the
(not necessarily connected to detector efficienciEsr ex-  intended application. We, therefore, need a production proto-
ample, the lasers might have been switched off, or the beanf®! that yields a high-fidelity outpugtate (a notable excep-

might be misaligned. In these cases there will be no detectdion is quantum lithography, where states of different photon

counts. In such situations the outgoing state is not the re?umbers will not contribute to the imaging proc¢ss.
quired state but the vacuum. The question now is, what protocol allows us to create

More formally, let| ') be the total state before any detec- 12rge-photon-number path entanglement conditioned upon
tion and|0)4(0| the projection operator associated with a Photodetection? This is the subject of the rest of the paper.

nondetection in mode (in this notation,|n)4(n| would be
associated with the detection nfphotons. Furthermore, let B. Generating [N::0)
|) be the intended outgoing state associated with no pho-
tons in moded. A perfect measurement of zero photons in
moded corresponds to a projectidf)4(0| that yields a state

| ) (|. However, in practice the measurement will not be

simple projection operator, but a positive operator-value

Let us first briefly recall the case of a twofold coincidence
at a beam splittef10]. As shown in Fig. 1, when two indis-
tinguishable photons enter a 50:50 beam splitter in both input
odes, the phase relations will be such that the output modes
il always be in the staté2::0). This is the operational

measureE, [14] given by mechanism of the Hong-Ou-Mand&HOM) interferometer
o [16]. Labeling the input modes and b, and the output
EOE 2 Conln)(n, 8 modesc andd, the bgam splitter can be characterized by the
n=0 operator transformations
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FIG. 3. Stacking the basic elements of Fig. 1 and setting the

FIG. 2. The basic element of our large-photon-number path enPhase factors exjg) to be the roots of unity, we create the state
tanglement generator. The beam splitters split off two photonslN'_O>+|0'N> out of [N,N) conditioned on ar-fold detection co-
which are subsequently detected in a twofold detector coincidencd?cidence.

There is an extra phase freedamin order to tune between several
of such elements. the fundamental theorem of algeljtE8], that the phase fac-

tors expig,) are theN/2 roots of unity, that is,
al—(—cr+id"/y2,
( ) 47k

bT—(icT—aN/\2, (10) TN (12

and their Hermitian conjugates. It is now easily verified that When N is very large, the probability that only two
a'b’ transforms into ¢)2+(d")? up to an overall phase. photons are reflected from the main beams becomes very
There are no cross terms due to the reciprocal property of themall. This can be compensated by the use of weighted beam
symmetric beam splitter. However, this lack of cross termssplitters: To split off two photons from aN-photon state
will not generalize beyon#ll=2, since there are only a lim- most optimally, one should use a beam splitter with a trans-
ited number of free parameters available to suppress Righ- mission coefficient i—1)/N. The probability of a success-
cross termg$17]. The critical property of the HOM interfer- ful state preparation event then scales asymptotically as
ometer, which we will use in our protocol, is that two pho- v87N(1/4e)N (see the Appendix for propf
tons from different input modes of the beam splitter cannot So far, we have only considered the detection of an even
trigger a twofold detection coincidence at the output modesnumber of photons. However, for the general case, we also
In this section, we first proceed with the general protocolwant to generate oddiN::0) states. The even case was
for the creation of|N::0),,, whereN is even. The basic straightforward, since it involved only two-photon detections
element of our protocol is depicted in Fig. 2. Two beamthat are naturally implemented as the detection of the two
splitters split off photons from the main beamsndb. The  outgoing modes of a beam splitter. The odd case, however,
reflected modes are then recombined in a 50:50 beam splitequires single-photon detectors. If we allow for nondetec-
ter, and the process is postselected on a twofold detectdion, this is also a straightforward task—we just condition on
coincidence in the outgoing modes$ andd’. It is assumed a single detection count in the two outgoing modes of the
initially that our detectors distinguish between one and mordeam splitter. But nondetection is exactly what we want to
photons perfectly, but we consider the case of imperfect deavoid. In the following section, we investigate single-photon

tectors below. conditioning in the presence of polarization.
Since a twofold detector coincidence cannot be due to a
single photon in both input beams, this procedure thus takes C. Odd N and polarization degrees of freedom

two photons from either moda or b: [N,N)—|N—2::N). ) . )

To complete the element we apply a phase shift to myde The protocol presented in the preceding section generates
the value of which will be determined later. The protocol for ©Nly evenN path-entangled statgbl::0). Furthermore, the
making [N::0), with evenN now requires us to create the photons are assumed to have the same polarization. In this

input statelN,N) and stackN/2 of our basic elements. The Section, we extend this scheme to dddy using the extra
output state, conditioned on an overilifold detector coin- degree of freedom of polarization. ,
cidence with suitable phase shifts, is tH8h:0) (see Fig. 3 The basic element for subtracting a photon from the main

To prove this statement, consider the two-photon detecmOdeS is shown in Fig. 4. Just as with the even case above,

. . A Lol two beam splitters split off a portion of the main beaarend
o2

tion of th? basic element' aai+g b. )IN.N). We have to b. However, now they are recombined in a polarization beam

repeat this procedurid/2 times, yielding

splitter (PBS. The setup is chosen such that a photon origi-

N/2 nating from mode will be transmitted in the PBS. Since the
IT (a%+e'*b?)|N,N). (11)  Polarization of modes andb are the same, a photon from
k=1 modeb incident on the PBS would also be transmitted. How-

) ever, we really want this photon to be reflected, so that it too
In order to obtain theN-photon path-entangled state, the ends up in the detector. In this way we erase the which-path
polynomial in Eq.(11) should beaN+bN. This means, from information.
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d detected photons increases linearly with the number of ele-
ments, and the efficiencjhich is a product of the success

) rate of the different componenigherefore, scales exponen-

: tially poorly.

c : For practical purposes it is important to find a scheme that
% : scales logarithmically in the number of detectors, so that we
]
1
1
|
]
]
1

only have polynomial efficiency deterioration. One protocol

that looked promising exploited the unused input ports. We
b found that feeding both modes,b and modesc,d in the
ettt basic element from Fig. 2 with stat@l::0) yields the state

[Radindl ittt it

¢ |wout>:|2N_2::O>7 (14

FIG. 4. This element is used to subtract a single photon from théygsed on a twofold detection coincidence. However, due to
two-mode entangled state. One photon, originating from eithehe fact thatwo |N::0) input states are required, the overall
modea or b, will either be transmitted in the polarization beam scaling was still exponentially poor.
splitter to the detectafmodea), or it will undergo a/2 polariza- These scaling considerations are important for practical
tion rotation and will be reflected to the detectonodeb). The implementations of entanglement-enhanced precision mea-
second outgoing mode is empty. Rather than conditioning on a nor§urements, because an increase in the required resources

detection of the empty mode, we couple it to the environment. (photons might outweigh the benefit of gaining@ preci-

sion improvement. Since the scaling of the resources de-
pends critically on the details of the protocol employed, it is
ot clear from these general considerations what the overall
ehavior of a given network will be.

One way to achieve this goal is to applyrd2 polariza-
tion rotation to this mode. This will force the photon towards
the detector. The secondary outgoing mode will now bi
empty, and as a consequence we will ignore it completely:

Thgt is, we do not need to condition thi§ scheme on nonde- Il IMPERFECT DETECTORS

tection. When we stack these elemeNtsimes and use the

input state|N,N), we create a generdN::0) state. The There are several sources of errors for a detector. It might
phase factors exjpf,) are theN/2 roots of unity fail to signal that a photon was present, a case in which we

speak of a deteriorated efficiency. Alternatively, it might sig-
nal the detection of a photon, even though no photon was
actually present. This is called a dark count. Since we only
consider schemes that operate in short time windows, these
Note that, as in Eq(12), the phases span th&/2 roots of  dark counts can be neglected. Finally, the detector might not
unity. be able to distinguish between one or more photons. Such a
Let us elaborate a bit more on this distinction betweendetector does not have single-photon resolufité.
nondetection and losing modes to the environment. In any We can see immediately that imperfect detection effi-
experiment we trace out th@nwanted coupling to the en-  ciency is going to affect the scaling law. In particular, the
vironment for the simple reason that we do not have controhsymptotic scaling will behave as
over all the interactions between our experimental setup and N
the rest of the universe. When this coupling is made small gyl
(i.e., the setup is isolatgckhis is a very gogd agpproximation. TNT 8WN<E> ' (15
In the case of the secondary output madeof the PBS, the
coupling to the environment consists of the loss of any pho
tons in that mode. However, ideally there should not be an
photons in that mode—this, therefore, constitutes a weal
coupling.

_2’7Tk 13
P=N (13

where ) is the (asymptoti¢ probability of creating the state
ased orN detected photons anglis the detector efficiency.
hat is, the protocol scales exponentially poorly with the

detector efficiency, as expected. Here we have taken identical

The case of nondetection presupposes a sizeable portidlgtectors throughout the scheme.

of scattered photons in the outgoing beam, and aims to con- When we use detectors with a single-photon resolution
dition on the absence of these. We cannot trace over thidut limited efficiency, two photons can easily be mistaken for

mode, because the coupling to the environment is nof single photon. That is, one of them might not be detected.

weak—there are actually photons in that mode. This mean%/hen the occurrence of a two-photon state is very unlikely,
tyis is not so much of a problem, but when it is likely, the

that instead of tracing over the secondary mode, one needs X - )
project it onto the vacuurf0)(0|, which is the source of the output state will be S|gn|f|c_antly d_egraded. Unfortunately, in
nondetection difficulties. our protocol the beam splitter strips off two photons on av-
erage, which means that it is quite likely that more than two
photons end up in the detector. This way, our scheme has
become a protocol conditioned on the nondetection of two-
The protocols presented so far are linear in the sense th@ghoton states, which is exactly what we wanted to avoid.
we constructed a basic element as a two-mode gate that was However, there is a way to mend this drawback: when we
repeated a number of times. This means that the number dficrease the transmittivity of the beam splitter, the probabil-

D. Nested protocols
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ity of having more than two photons in the detectors will D.J. Wineland, and U.H. Yurtsever for useful discussions.

decrease. Therefore, at the cost of a lower production rat8upport was received from the Office of Naval Research,

(i.e., low efficiency, we can maintain high-qualityN::0)  Advanced Research and Development Activity, National Se-

states(high fidelity). This adjustment is not possible in non- curity Agency, and the Defense Advanced Research Projects
detection schemes. Agency.

IV. CONCLUSIONS APPENDIX: ASYMPTOTIC SCALING LAW

In this paper we have demonstrated a general, detection- We will now prove the asymptotic scaling law for even
based protocol to creatgN::0) states for use in |N,0)+|ON) states. Let the transmission and reflection co-
entanglement-enhanced parameter estimation. Existing prefficients of the beam splitter be given byand r, with t
tocols are less practical because they either reqdifenon-  +r=1. The probability of reflecting out of N photons is
linearities near unity7,8], or they condition on nondetection then given byp,(N) = ({)tN " r¥, from which it immediately
[12,13. Currently,x®) nonlinearities are very smd9], and  follows that=,p,(N)=1. The event where two photons are
we argued that nondetection schemes are problematic in theigflected from one beam splitter and none from the other
experimental implementation. then occurs with probability By(N)p,(N), where the factor

We have shown that one can indeed create arbitrarg takes into account the fact that we do not know from which
IN,0)+|0,N) states using only linear optics and conditionedmode the two photons originate. Furthermore, we are post-
on single-photon detections. For the case of dddwve  selecting on twofold coincidences, which means that we
needed to invoke the extra freedom of polarization. The prohave an extra factor of that incorporates the reduced prob-
tocol presented here is the generalization of our previougpility that the two photons branch off at the beam splitter.
work [10], which was succesful in creating path-entangledBy maximizing the expressiottN~"2(1—t)2 we found that

states up t44,00+0,4). the optimal transmission coefficient is given ky=(N
—1)/N. The total probability of finding a twofold detector
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