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Aspects of mutually unbiased bases in odd-prime-power dimensions
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We rephrase the Wootters-Fields construcfidh K. Wootters and B. C. Fields, Ann. Phyk91, 363(1989]
of a full set of mutually unbiased bases in a complex vector space of dimerisieps, wherep is an odd
prime, in terms of the character vectors of the cyclic gr@upf orderp. This form may be useful in explicitly
writing down mutually unbiased bases fdr=p'.
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In a complex vector space of dimensibnby a full set of  the task of explicitly writing down the the full set of MUBs
mutually unbiased basg®1UBs) we mean a set oN+1 in odd-prime-power dimensions can be considerably simpli-
orthonormal bases such that the modulus square of the scalaed.
product of any member of one basis with any member of any We begin by noting that for anil, one of theN+1 or-
other basis is equal to M/ If we take e“¥ to denote thonormal bases, say, the one correspondingtdN may
the kth vector in theath orthonormal basis, then having always be chosen to be the standard basis
a full set of MUBs amounts to having a collection
e@h; 4=01,...N; k=01,...N-1 of N(N+1), eN=5,, 1k=01,...N-1, 2
N-dimensional complex vectors satisfying

and we can, therefore, confine ourselves only to the remain-
N-1 2 ing N orthonormal bases(™¥ with both m and k running
|[(e(@k) gla’ KDy 2=| N (glakyx(gla’ Ky over 0,1... N—1. These, of course, must not only be un-
1=0 biased with respect to each other but must also be unbiased
1 with respect to the standard basis. The latter requirement
=g’ gk (1 — 5*y; implies that|e{™"| should be equal to 3N for all m,k,|.
N S A

As noted above, explicit construction of a full set of
, MUBSs has so far been possible fi=p", p is a prime. For
a,@'=0,1,..., the case whep is odd, one ha§4]

N:k,k'=0,1,... N—1. (1) el(m,k):iwmmlhku;

\/N w=e2mP, 3

Heree{** denotes théth component of théth vector be-

longing to the ath orthonormal basis. Mutually unbiased Here the symbolsn, k, and| which label bases, vectors in a

bases, thus, generalize the properties of the eigenvectors vaen basis, and components of a given vector in a given

the familiar Pauli matrices, oy, 07 . _ basis respectively, stand forr-dimensional arrays
Though the notion of a pair of mutually unbiased bases a%mo m, m,_,) etc. whose components take values in
My, oMy .

corresponding to @ pair of ‘maximally noncommuting” Mmea- e set 0,1,2.. . p—1, i.e., in the fieldZ, . Their boldfaced
surements was introduced by SchwinffEras early as 1960, counterpartsn, k, andl which appear on the right-hand side

explicit construction of a full set of MUBs faX = p was first (rh9 of Eq. (3) belong to the Galois field GR(), i.e., they

givenl b)(/vlvanovic[z(]j g.n(lj éater by dV\éoc;]tter@]. Sut_)se-_ denote polynomials irx of degreer whose components in
guently, Wootters and Fieldg] extended the construction in the basis X,x2, ...x "' are (mg,my,...,m ;) etc.

o . .
[3] to the caseN=p"' by making use of the properties of Thus, mem=mg+myx+mx2+ - - -,m,_x' L. The vari-

Glaloils l;ieldsr[{?]. Itnththis Iwork, Wofotﬁeri/lggd fFieIds, ?!SO @blexis a root of a polynomial of degreewith coefficients
clearly brought out the reievance of the Storan opimaj; , Z, and irreducible inZ,, i.e., with no roots inZ,. The

determination of the density matrix of an ensemble. It is this[race operation on the rhs of E€@) is defined as follows:
aspect of MUBs that underlies their usefulness in quantum ’
estimation theory and in quantum cryptograpBy. A recent
work by Bandyopadhyayet al. [7] contains, among other
interesting results, an explicit construction of the unitary Ma- 4 takes elements of G0 to elements ofZ,. On carry-
trices (analogs of the Pauli matrices M=p" dimension$ ing out the trace operation in EG@) one obtaipn.s
whose eigenvectors provide a full set of MUBSs.

The purpose of this paper is to show that, by exploiting

Trml=m+m2+... .mP 1, 4

certain freedom inherent to the Wootters-Fields construction, e(m,k):i CTOPNY 5
I w . 6)
N
*Email address: scsp@uohyd.ernet.in The components ofi(1) are given by

1050-2947/2002/68)/0443013)/$20.00 65044301-1 ©2002 The American Physical Society



BRIEF REPORTS

ai(H=1"3l modp, i=012...r—-1, (6)
where ther Xr matricesg;, i=0,1,...r—1 are obtained
from the multiplication table of (%,x2, ... x" 1),

1
X

(1x: XY= Bot Brxt B+ B

@)

[As shown by Wootters and Fields, H§) works forp=2 as
well if we replacew by i in the first factor on the rhs and
suspend mog operation while calculatingy;(1) using Eg.
(6).]

We may rewrite Eq(5) in terms of extended arraysi(k)
and(q(l),l) as

8

qmmzjiwmewmg

from which it is immediately obvious that if we taleto
label the rows andr, k) to label the columnsgarranged in a
lexicographical ordérof anNx N? matrix e then thel th row
of this matrix is given by

j;annEj%me»®Xmm»“.®thﬂm®xa@®xm>

IN

®...®X(|r—1), 9)
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As another example, consider for instarce 3r=2. In
this casef(x)=x2+x+2 is a polynomial of degree 2 irre-
ducible overZ; and such thax is a primitive element of the
multiplicative abelian group GFE3\{0} [8]. Computing the
powers ofx modulo f(x) we obtain

x=0+1x, x?=1+2x, x3=2+2x, x*=2+40x,

xX°=0+2x, x8=2+x, x'=1+x, xB=1+0x,

(12

which immediately gives thel—q(l) correspondences.
Thus, x=(0,1)—x?=(1,2)x>=(1,2)—x*=(2,0) etc. and
we have

YO YO y(Og y©
Y@ @D yOg 1)
Y@ D yOg 42
Y P2 O yDg y(©
YD y D yBg @
Y2 Oz yDe )
Y@ xOg g y(©
Y22 O g 1)
Y@@y D y@g y2)

13

@l

wherey": 1=0,1, ... p—1 denote the character vectors of Some interesting features that become explicit by examining

the cyclic groupG of orderp. The matrixe contains the full

the two factors on the rhs of E¢p) are listed below.

. i ices™ with di
set of MUBs—the constituent orthonormal bases are ob- 1h€ diagonal matrices)™ with diagonal elements

tained by chopping this matrix into strips of width. Of

™90 (| taken as a row labglprovide anN=p’ dimen-

course, to write this matrix down explicitly one needs tosional unitary reducible representation of the direct product

work out q(l) for eachl using Eq.(6). We now suggest a

groupG"'=GXGX - .- XG. This representation contains the

simpler way of achieving the same results with much lesdrivial representation once together with half of the nontrivial

work. First, we notice that the rows efcan be stacked on

top of each other in any order. We will take the first row to

correspond td=0, i.e., asy(®?. To determine the remaining

irreducible representations that occur with multiplicity two.

The diagonal matrice® ¥ with diagonal elements*"
(I taken as a row labgbrovide anN=p" dimensional uni-

rows we proceed as follows. Choose the irreducible polynotary reducible representation of the direct product gr@ip

mial f(x) in such a way thak is a primitive element of
GF* (p")=GF(p")\{0}. Its powers x,x?, ... xP ~1 then
give all the information we need to write the matex

As as an illustration, consider the cage5r=1. Here
GF*(5)=2;={1,2,3,4. It is easy to see that 3 is a primi-
tive element and that its powers modulo 5 are

(10

which gives1=3—q(l)=4, |=4—q(l)=1, I=2—q(l)
=4,1=1—q(l)=1, and hence,

=GXGX---XG that contains all the irreducible represen-
tations oncdthe regular representatipn

The diagonal matrice$)(MR ¥ provide anN=p" di-
mensional unitary reducible representation of the direct prod-
uct groupG"XG" in which certain prescribed irreducible
representations occur only once. This representation essen-
tially yields the MUBs in odd-prime-power dimensions.

To conclude, we have shown that the freedom in the
choice of the irreducible polynomid{x) in carrying out the
computations in Eq96) and(7) can be profitably exploited
to simplify the task by choosing to work with difx) whose
roots are primitive elements of GEp").
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