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Spin and radiation in intense laser fields

M. W. Walser,* D. J. Urbach,† K. Z. Hatsagortsyan,‡ S. X. Hu,§ and C. H. Keiteli
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The spin dynamics and its reaction on the particle motion are investigated for free and bound electrons in
intense linearly polarized laser fields. Employing both classical and quantum treatments we analytically evalu-
ate the spin oscillation of free electrons in intense laser fields and indicate the effect of spin-orbit coupling on
the motion of the electron. In Mott scattering an estimation for the spin oscillation is derived. In intense laser
ion dynamics spin signatures are studied in detail with emphasis on high-order harmonic generation in the
tunneling regime. First- and second-order calculations in the ratio of electron velocity and the speed of light
show spin signatures in the radiation spectrum and spin-orbit effects in the electron polarization.
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I. INTRODUCTION

The spin degree of freedom is always associated wit
free or bound electron but it may not always be necessar
include it in describing the electron dynamics. In the the
retical description of electrons and atoms the spin does o
play a minor role for the intensity regime up to at abo
1016 W/cm2 for near-optical laser pulses@1#. This results
from the fact that the magnetic-field component of the la
pulse does not induce substantial spin dynamics and s
orbit coupling. Thus, the electron motion is altered only
little as compared to the dynamics via the acceleration
duced by the electric-field components of the laser field
the ionic core. In high-order harmonic generation via inten
laser-atom interaction, coherent light has been generate
atoms up into the soft x-ray regime@2–4# with modestly
intense laser fields. Involving multiply charged ions@5–7# or
free electrons @8–11# in laser field pulses beyon
1016 W/cm2, there is clear hope for achieving more en
getic x rays and with this the need for understanding the
of the spin in this regime of relativistic interaction.

There has been considerable effort for several year
understanding the relativistic dynamics of electrons@8–11#
and atoms@12–20# in such intense laser fields that the velo
ity of the electrons becomes non-negligible compared to
of light. The role of the magnetic-field component a
higher-order relativistic effects was studied with respect
ionization and stabilization@12# and to harmonic generatio
@13#. Quantum relativistic treatments with spin via the Dir
equation were carried out for bound electrons@14#, scattering
scenarios@15,16#, and related situations@17# in high-power
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lasers fields though excluding the tunneling regime of int
est for high-order harmonic generation. A disadvantage
the full Dirac theory is the lack of the precise isolated role
spin-induced dynamics as compared to all the other rela
istic influences such as the mass shift orZitterbewegung.
Thus, there is considerable benefit in studying expansion
the Dirac equation in the ratio of electron velocity with r
spect to that of light where all relativistic effects may b
associated with different terms in the Hamiltonian. Cor
sponding calculations for laser-atom interaction have b
carried out to first order via the Pauli equation@18# and up to
second order including spin-orbit coupling@19# with clear
spin signatures pointed out in the latter case.

In this paper, spin dynamics and spin-induced motions
investigated in the tunneling regime of weakly relativis
laser-ion interaction. Clear spin signatures are both poin
out in the high-order harmonic generation spectrum and
the polarization of the spin itself. The same properties
also evaluated for free electrons in intense laser fields ba
on classical and quantum mechanical treatments, i.e., inc
ing quantitative evaluations of the deviations of the free el
tron dynamics with spin as compared to that without. Fina
for completeness we estimate explicitely the spin dynam
for Mott scattering showing spin flips for strong electron-io
interaction. Our calculations imply that for optical laser i
tensities above 1016 W/cm2 spin-induced forces begin not t
be insignificant anymore for dynamics and radiation wh
they may become rather large above 1020 W/cm2.

The paper is organized as follows: In Sec. II A, the d
namics of the spin degree of freedom is evaluated for f
electrons in an intense laser field, first classically and th
within the conventional quantum description of the sp
This is followed by an investigation of spin-induced dynam
ics of laser-driven electrons in Sec. II B with the main calc
lations relegated to the Appendix. In Sec. III, we evaluate
evolution of the spin of a laser-driven electron on a hyp
bolic trajectory around an ionic core. Finally in the main pa
in Sec. IV, the role of the spin for multiply charged singl
electron ions is studied in intense laser fields with empha
on the tunneling regime. In Sec. IV A, we employ the Pa
equation to investigate the spin dynamics and the spec
components of the high-order harmonic spectra arising fr
both spin-up and spin-down components of the wave fu

an
.
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tion. In Sec. IV B, second-order relativistic corrections a
studied in high-order harmonic generation~HHG! and spin
dynamics, with emphasis on the harmonic linewidths and
position of the cutoff. In Sec. IV C, the direct radiation v
spin oscillations is evaluated and in Sec. IV D, analyti
estimations are presented to evaluate when spin effects
become large. We end with conclusions.

II. FREE SPIN DYNAMICS AND SPIN REACTION

In this section, we consider the role of the spin degree
freedom in the dynamics of a free electron in an intense la
field. The problem may be investigated in two parts: T
evolution of the spin as investigated in the first subsect
and the reaction of the evolving spin on the motion of t
particle itself in the subsection afterwards. Astonishing
spin precession may be modeled remarkably well within
classical picture of representing the spin by an angular
mentum@21#. This is confirmed also by the fact that even t
high-precision experiments of the anomalous moment of
electron or the muon take advantage in their interpretatio
classical equations@22#. As a consequence a large fraction
our considerations will be classical even though in each c
at least an approximate quantum analysis will follow to
sentially confirm the classical results.

A. Spin dynamics

Free electron dynamics in intense laser physics is es
tially classical@8#, so that the first two parts of the subsecti
will treat subsequently the nonrelativistic and the relativis
situations of a laser-driven electron with magnetic mome
The corresponding quantum treatment of the spin associ
to the particle will be shown to lead to spin oscillation d
namics being identical to the classical predictions in the n
relativistic case in the third part of the subsection.

1. Nonrelativistic classical dynamics

The nonrelativistic equation of motion of a classical p
ticle with chargeq, massm, and velocityv5(vx ,vy ,vz) in a
linearly polarized plane laser field with polarizationx,
magnetic-fieldy, and laser propagation axisz reads

m
dv
dt

5qS E1
v
c

3BD , ~1!

with laser electric-field E5„E0 cos(vt2kz),0,0…, laser
magnetic-field B5„0,E0 cos(vt2kz),0…, angular frequency
v, k5v/c, andc is the velocity of light. We introduce the
eigen-time-parametertªt2z/c and transform Eq.~1!,

m
dvx

dt
5qE0 cos~vt!,

m
dvy

dt
50,

m
dvz

dt
5q

1

c

dx

dt
E0 cos~vt!. ~2!
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If the particle is at rest in the origin at the beginning, t
solution of Eq.~2! reads

vx5v0 sin~vt!, vy50,

vz5cS 12A12
v0

2

c2
sin~wt!2D , ~3!

with v05qE0 /mv. In units ofv0 /v the trajectory in thex-z
plane is implicitly given by

S c

v0
lnF 11v0 /c

A12~v0
2/c2!sin~h!21~v0 /c!cos~h!

G ,

c

v0
FFS h,

v0

c D2h G D , hPR, ~4!

whereF(h,v0 /c) is the elliptic integral of the first kind@23#
andh5vt is the free argument of the parametric functio
While the particle is moving according to Eq.~3!, its spin
changes. Starting point of a classical description of spin
namics is the equation of Larmor precession@24# of the mag-
netic momentm5ks, k5q/mc of a particle with spins,

ds

dt
5ks3S B2

v
c

3ED , s25
\2

4
. ~5!

Making the ansatzs5(s cosu,0,s sinu), s5\/2, we then
derive the equationdu/dt5kE0 cos(vt) for u and thus the
change of the angleDu with

Du~t!5u~t!2u05
v0

c
sin~vt!, ~6!

whereu0 denotes the initial orientation of the spin.

2. Relativistic classical dynamics

The fully relativistic classical motion for the same situ
tion as in the previous subsection suffices the equation

m
du

dt
5qS E1

v
c

3BD ,
d«

dt
5qvE, ~7!

with the three-velocityu5gv, the energyE5gmc2 and g
5(12v2/c2)21/2. Subtracting the equation foruz from the
equation forE and integration overt we obtain, in our situ-
ation, the equivalence of the proper timet with t2z/c, i.e.,
t5t2z/c. Using this, we solve Eq.~7!,

ux~t!5v0 sin~vt!, uy~t!50, uz~t!5
1

2

v0
2

c
sin~vt!2,

g~t!511
1

2

v0
2

c2
sin~vt!2. ~8!

Thus, in unitsv0 /v the trajectory in thex-z plane is
0-2



sti
ti

f

.

a
m
e

are
ta-

-

ec.
via
tion

nd
he
the

in-
to
o-

nec-
out
on

of
d

th

e.
k

SPIN AND RADIATION IN INTENSE LASER FIELDS PHYSICAL REVIEW A65 043410
S 12cos~h!,
1

4

v0

c Fh2
1

2
sin~2h!G D , hPR, ~9!

as sketched in Fig. 1 for typical parameters. The relativi
equation describing the spin precession is the generaliza
of Eq. ~5!, Thomas’s equation@24#

ds

dt
5ks3S 1

g
B2

1

11g

v
c

3ED , ~10!

Making again the ansatzs5(s cosu,0,s sinu) we getdu/dt
5k@12uz /c(11g)#E0 cos(vt) with the solution

Du~t!5u~t!2u052 arctanF1

2

v0

c
sin~vt!G . ~11!

In the case of small velocities,v0 /c!1, Eq. ~11! becomes
Eq. ~6!.

3. Quantum dynamics

The nonrelativistic Hamilton operator of the Schro¨dinger
equation which describes the time evolution of the spin o
particle moving classically according to Eq.~3! reads

H52
k\

2 S B2
v
c

3EDs

52
k\

2
E0 cos~vt!S 12

vz

c Dsy , ~12!

where s5(sx ,sy ,sz) is the vector of the Pauli matrices
We denote the eigenvectors ofsy with u1&y and u2&y . We
have described the spin degree within the conventional qu
tum treatment, however we will evaluate the particle dyna
ics itself, and with thist in above equation, classically. Th
ansatzC5au1&y1bu2&y , uau21ubu251, andc!vz lead to
the equations

FIG. 1. A fraction of a classical nonrelativitic~dashed! and rela-
tivistic ~solid! trajectory in units ofd5v0 /v according to Eqs.~4!
and ~9!, respectively, withv0 /c50.5. For the same value ofh the
relativistically moving particle has covered a smaller distance in
z direction than the nonrelativistic one. Quantum features, as
particular the spin, will further alter the motion of the particl
Quantifying and understanding those represent the major tas
this paper.
04341
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da

dt
5 i

kE0

2
cos~vt!a,

db

dt
52 i

kE0

2
cos~vt!b ~13!

with the solutions

a~t!5a0 expF i
1

2

v0

c
sin~vt!G ,

b~t!5b0expF2 i
1

2

v0

c
sin~vt!G ~14!

for any variablea0 and b0 with normalizationua0u21ub0u2
51. When we set the velocity operatorsvy andvz equal to
zero, we mean that the corresponding expectation values
negligible for the parameter regime of interest. The expec
tion value of the spin operator (\/2)s with respect to the
special initial state

C05exp@ i ~u0/22p/4!#/A2u1&y

1exp@2 i ~u0/22p/4!#/A2u2&y ~15!

is (\/2)^C0usuC0&5(\/2)(cosu0,0,sinu0)
5(scosu0,0,s sinu0), where we have used the following gen
eral relations forC5au1&y1bu2&y :

^CusxuC&52 Im~a* b!,

^CusyuC&5uau22ubu2,

^CuszuC&52 Re~a* b!. ~16!

The motivation of the particular choice of the stateC0 was
to match the corresponding classical initial state in S
II A 1. Consequently, we are able to compare the results
classical and quantum treatments sensibly. Its time evolu
C(t) is determined by Eq.~14!. The expectation value of the
spin operator with respect toC(t) is therefore

\

2
^C~t!usuC~t!&5„s cosu~t!,0,s sinu~t!…, ~17!

which coincides with the classical result. Second- a
higher-order relativistic effects involve the reaction of t
spin on the electron dynamics and will be the subject of
following subsection.

B. Spin-induced dynamics

We now turn to the spin reaction of free electrons in
tense laser fields on their own dynamics. The calculation
be shown in detail in the Appendix indicates that those m
tions are small with present-day laser parameters but not
essarily on the scale of the corresponding dynamics with
the spin. Without the presence of the spin there is no force
the electron in the direction of the magnetic field direction
the linearly polarized laser field. However, with spin we fin
a laser and spin-induced velocityvy(h)

e
in

of
0-3
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vy~h!52
q\E0

2m2c2
cos~h!52

cE0

2Ec
cos~h!, ~18!

where Ec5m2c3/(q\) is the critical-field strength. Thus
electric-field strengths much higher than available today
necessary to reach spin-induced velocities comparable to
of light. Obviously though those velocities are still large
compared to zero which would be the velocity of an initia
resting spinless classical electron in the magnetic-field di
tion of a linearly polarized laser field. Finally, Eq.~18! shows
that quantum electrodynamics may alter spin-induced vel
ties.

III. THE SPIN IN ELECTRON-ION SCATTERING

Before the bound dynamics of a spinning electron
consider the scattering process in this section. Spin-indu
forces for Mott scattering with high-laser intensities ha
already been evaluated within elaborate Dirac treatme
@15# and discussed recently via comparing a Dirac and Kle
Gordon approach@16#. We therefore only restrict ourselve
to estimate the dynamics of the spin degree of freed
within an approximate treatment and put forward a qu
simple and intuitive result.

In order to obtain an idea of how the spin of a partic
with chargeq,0 changes when flying by an ion withQ
.0 we investigate the situation of a particle passing the
on an hyperbolic trajectory introducing the paramet
a,e,z0 ~see Fig. 2!. As in the previous section, the startin
point is the equation

ds

dt
5ks3B, s25

\2

4
. ~19!

The magnetic-fieldB in the rest frame of the particle in th
nonrelativistic case is

FIG. 2. Schematic scheme for the scattering process of a s
ning electron at a positive ion along a hyperbolic trajectory. The
with effective chargeQ is situated in the focus of the hyperbo
with semiaxisa and eccentricitye.
04341
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B52
v
c

3E5
v
c

3“

Q

r
52

Q

cr2
v3er . ~20!

B only has ay component,By5(Q/cr3)( ẋz2 żx). The an-
satz s5(s cosu,0,s sinu), where s5\/2, together with Eq.
~19! leads to

u5
kQ

c E
t0

t ẋz2 żx

r 3
ds. ~21!

From classical mechanics we know that the angular mom
tum Ly5m( ẋz2 żx) is a constant of motion. Using the pa
rameter auxiliaryj we can express the distancer from the
origin and the timet as follows@25#:

r 5a~e coshj21!,

t5Ama3

a
~e sinhj2j!, a52qQ. ~22!

We sett050, r (t0)5r min5z0, transform Eq.~21! and get

Du

2
5

kQAma3/aLy

mca3 E
0

j

~e coshs21!22ds

5
kQAma3/aLy

mca3 F2 arctan@~e11!tanh~j/2!/Ae221#

~e221!3/2

1
e sinh~j!

~e221!~e coshj21!
G . ~23!

If j and thusr approaches infinity this expression simplifie
to

Du

2
5

kQAma3/aLy

mca3 F2 arctan@~e11!/Ae221#

~e221!3/2

1
1

e221
G . ~24!

For the energy of the particleE the relation

E5
mv2

2
2

a

r
5

a

2a
~25!

holds @25#. We assumev0 to be the velocity when the par
ticle passes thez axis @x50, z5z05a(e21)#, so that
Ly /m5z0v0. We express all quantities in Eq.~24! by e and
z0

Du

2
5

kQ

c

~e21!Ae221

z0

F2 arctan@~e11!/Ae221#

~e221!3/2
1

1

e221
G . ~26!
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If eapproaches infinity, the hyperbola becomes a straight
and the spin makes the finite jump

Du5
2kQ

cz0
. ~27!

This shows that the change of the spin is proportional to
charge of the ionQ and depends critically on the close
distancez0 of the electron to the ion. A scaling in terms o
the tiny classical electron radiusr 05e2/mc2 leads toDu
5(2qQ/e2)(r 0 /z0) and indicates in addition that a substa
tial turn of the spin occurs only for electrons virtually touc
ing the ion.

IV. SPIN AND RADIATION IN LASER-DRIVEN BOUND
IONIC SYSTEMS

In this section, we consider the role of the spin in boun
electron dynamics. In the so-called multiphoton regim
where the force of the ionic core on the electron is mos
considerably larger than that of the laser field on the elect
spin effects due to spin-orbit coupling have recently be
studied in detail@19#. When the laser field is the dominatin
force, the motion is essentially such that the electron dyn
ics is mostly free in the laser field as discussed Sec. II.
interest in this section is directed to the remaining tunnel
regime where both forces, i.e., from ion and laser field, m
become comparable and where parts of the bound-elec
wave packet may leave the ion via tunneling. To be concr
we investigate the dynamics of a multiply charged hyd
genic ion with effective chargeZ54 in near-optical linearly
polarized laser pulses with intensities of order 1016 to
1017 W/cm2. The weakly relativistic interaction is appropr
ately described by the Hamiltonian arising from the exp
sion of the Dirac equation up to order 1/c2. While spin os-
cillations occur already in first order in 1/c as predicted by
the Pauli equation, correction terms of order 1/c2 are neces-
sary to describe the influence of the spin on dynamics
radiation of the electron. Parts of the electronic wave-pac
tunnel through the potential barrier of the ionic core a
when recombining are shown to give rise to kilo-electro
volt harmonics in the radiation field.

A. Bound spin dynamics and radiation

We now turn to the investigation of the dynamics of
charged ion with charge stateZ54 subjected to the field of a
KrF laser ~248 nm, 0.183 a.u.! with intensities 1016 to
1017 W/cm2. We consider the Dirac equation up to first a
second order in 1/c. Up to first-order this leads to the Pau
equation. One may derive first-order relativistic correcti
terms to the Pauli equation, which corresponds to seco
order terms in 1/c, continuing the method which was used
obtain the Pauli equation@26#. As opposed to most nonrela
tivistic treatments we need to include at least two dimensi
in the calculations as the magnetic-field component of
laser pulse may induce a significant drift in the laser pro
gation direction. There is a spin-induced acceleration in
magnetic-field direction, i.e., in the remaining third dime
sion, but its influence is small for the observables and
04341
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parameters of interest here. The main advantage of using
approximated form of the Dirac Hamiltonian in comparis
to the full one is the possible isolation of the influence
each physical mechanism arising. In addition we are not l
ited numerically to use high-frequency lasers as necessar
far with the full Dirac equation@14,16,17#.

The Hamilton operatorH1 up to order in 1/c for a bound
electron in a electromagnetic field writes

H15H01HP,

H05
1

2m S p2
e

c
AD 2

1V~x,z!,

HP52
e\

2mc
sB. ~28!

Here,p5(px,0,pz) is the two-dimensional momentum oper
tor andA(t,z) is the vector potential of the laser field whic
is linearly polarized along thex axis and propagates inz
direction. We consider the ion in the single active electr
approximation@27#. It is well described by a soft-core poten
tial @28# to model the Coulomb field experienced by the a
tive electron with chargee, i.e.,

V~x,z!52
k

As1x21z2
. ~29!

The parameterk is a function of the effective number o
positive chargesZ as sensed by the electron, whereass com-
pensates for the effect of possible inner electrons and
duced distances of the electronic wave packet to the io
core in two- rather than three-dimensional calculations. T
parametersk ands may be adapted such that we obtain t
correct ionization energy for the system of interest@19#.

Thus, we have to solve the following equation, written
atomic units:

i
]

]t FC↑~x,t !

C↓~x,t !G5H1FC↑~x,t !

C↓~x,t !G . ~30!

The wave function has two components corresponding
spin-up and spin-down polarization of the electron. The s
cial dependence of the vector potential indicates that
magnetic component of the laser fieldB5“3A(t,z)5” 0 is
included and we do not carry out the dipole approximatio
We chooseAx(t,z) such thatE5(Ex,0,0) andB5(0,By,0)
have the following form:

Ex~ t,z!5By~ t,z!

5H 0, t2z/c<0,

E0

t2z/c

ton
cos~vt2kz!, 0<t2z/c<ton,

E0 cos~vt2kz!, ton<t2z/c<toff .

~31!
0-5
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E0 andv are the maximal amplitude of both fields and t
angular frequency of the laser, respectively. Further,ton is
associated with the linear rising time of the laser pulse. A
the turn-on phase the pulse is assumed to have a con
amplitude until timetoff. Obviously a realistic pulse will turn
off afterwards smoothly, however for all observables of
terest here this phase is of no interest and numerical ca
lations terminate attoff .

Since the laser field is linearly polarized, the interacti
term involves a term of the formp•A(t,z)/c5pxAx(t,z)/c,
which means that there is no coupling between momen
and coordinate space. Thus, we can apply the conventi
split-operator algorithm@29,30# to solve the two-dimensiona
time-dependent matrix Eq.~30! via

FC↑~x,t1dt!

C↓~x,t1dt!
G5exp~2 idtp2/4!

3exp@2 idtAx~ t,z!px /c#exp~2 idtHP!

3exp$2 idt@Ax~ t,z!2/2c21V~x,z!#%

3exp~2 idtp2/4!FC↑~x,t !

C↓~x,t !G . ~32!

Here, dt denotes the time step. All exponential operato
except exp(2idtHP) are diagonal. Fourier transforming be
tween the coordinate representation and momentum re
sentation we apply the split evolution operator on the wa
function. Consequently all derivatives can be transform
into multiplications with constants. The operator e
(2idtHP)5exp@2idtsyBy(t,z)/2c# only contains the matrix
sy and can be calculated explicitly

exp~2 idtsyBy~ t,z!/2c!

5Fcos@dtBy~ t,z!/2c# 2sin@dtBy~ t,z!/2c#

sin@dtBy~ t,z!/2c# cos@dtBy~ t,z!/2c#
G .
~33!

We apply it on the wave function in the coordinate repres
tation. Special care is needed regarding the interaction t
Ax(t,z)px . Here we do the Fourier transformation only f
the x coordinate because of thez coordinate dependence o
the vector potentialAx(t,z). Because of the splitting of the
the total Hamiltonian in the exponent we introduce an er
following the Baker-Hausdorff formula because the sp
terms do not commute generally. The error of this algorit
is of order O(dt3) between each time step@31#. Thus, a
small time step ensures to get accurate results. We have
experienced any problems with numerical convergence in
regime of interest here.

From the numerical point of view we start with compu
ing the eigenstates of the bound electron in the ionic c
potential by using the spectral method@32#. Figure 3 shows
the energy-level structure of the model hydrogenlike ion w
Z54. Choosingk510.7 ands51 we obtain the correspond
ing ground-state energy28 a.u. along with the various
eigenfunction~see Fig. 4!. Note that it is not our purpose t
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present an exact quantitative model of the ionic level str
ture of an ionic system. We model single-electron ions wit
soft core rather than a Coulomb potential and can adapt
ground-state energy by choosingk and s. In the intensity
range where level structures are important we can only m
qualitative statements for the dynamics. In the tunneling
gime however where only the correct ground state is sign
cant we can be quantitative as well.

After the turn on of the laser the system develops from
ground state (C↑5ground state, C↓50) and we use the
split-operator algorithm to solve Eq.~30!. In Fig. 5 we have
displayed the expection value ofC↓ as a function of time for
an electron polarized initially in spin-up orientation. Note t
expected oscillation with twice the laser frequency and si
lar to the relativistic multiphoton regime in@19# the complete
return of the expectation value to the original orientatio
The latter feature will change once spin-orbit coupling
included in the next subsection.

With the knowledge of the time-dependent wave functi
we are in the position to calculate the expectation value
any observableO:

^O~ t !&5E dxE dz@C↑* ~x,z,t !,C↓* ~x,z,t !#O~x,z,t !

3FC↑~x,z,t !

C↓~x,z,t !G . ~34!

Since we intend to calculate the radiation spectrum we ar
particular interested in the acceleration in the polarizat
direction ax(t)5^ẍ& and in the propagation directionaz(t)
5^z̈&.

The radiation spectrum is generally given by a rath
complex function of the accelerations and velocities in
spatial directions@24#. For simplicity we here restrict oursel
to the observation direction perpendicular to the plane

FIG. 3. The energy-level structure of a model multiply charg
ion with charge stateZ54. The potential is described by a soft-co
model, i.e.,V52k/As1x21z2 with k510.7 ands51 and the
ground state energy is28 a.u.
0-6
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FIG. 4. The probability distribution of the electronic wave packets according to the potentialV52k/As1x21z2 with parameters
indicated in Fig. 3: ground state~top!, first ~middle! and second excited state~bottom!.
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motion, i.e., to they direction. The dominating part of th
radiation spectrum in the weakly relativistic regime is pol
ized in the polarization direction of the laser field. In th
far-field spectrum this is proportional to the squared Fou
transform of the accelerationax(t). Furthermore, we study
the less intense spectrum which is polarized in the la
propagation direction and governed byaz(t).

In connection with the Pauli equation@18# it is sufficient
for ax(t) and az(t) to consider the negative gradient of th
potential
04341
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^ẍ&52 K ]V~x,z!

]x L , ^z̈&52 K ]V~x,z!

]z L . ~35!

The acceleration due to the laser field can be neglected s
it contributes mainly to the low harmonics, which are of litt
interest.

We are now in the position to investigate the influence
the spin on HHG, see Fig. 6. During tunneling, essentia
free motion in the laser field and recollision with the cor
0-7
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the spin degree of freedom will change and may alter
dynamics and radiation of the particle more or less sign
cantly. Since the spin of the wave function has two com
nents C↑ and C↓ , both Fourier transforms of the corre
sponding two dipole accelerationsa↑

$x,z%(t) and a↓
$x,z%(t)

contribute to the total spectrum. This means that we hav
calculate the Fourier transform of the following four acc
erations:

a↑
j ~ t !52E ]V~x,z!

] j
uC↑~x,z,t !u2dxdz,

a↓
j ~ t !52E ]V~x,z!

] j
uC↓~x,z,t !u2dxdz, ~36!

FIG. 5. The dynamics of the spin degree of freedom viewed
the population of the wave function with spin-down polarizatio
The initial electron is spin-up polarized. The laser parameters
ployed areI 55.93231016 W/cm2, l5248 nm with a turn-on
phase of five cycles and duration of the phase with constant am
tude of five cycles.

FIG. 6. Schematic diagram describing the dynamics of the t
neled fraction of the electron wave packet without~dashed line! and
with spin degree of freedom~solid line! in an intense laser field
Shown as well is the tilted effective Coulomb potential of the i
and the laser field at maximal strength and inside is the ground-
wave packet with energy2I p .
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where j P$x,z%. Spectra via the Pauli equation in the tunne
ing regime have been studied in@18#; the above expression
are employed later for a comparison with the correspond
relativistic results. In the following sections, we will also
able to evaluate the role of the spin on tunneling-recollis
harmonics.

B. Spin-induced motion in bound-electron dynamics
and radiation

In order to take spin reactions on the dynamics of
electron into account we have to include terms of order 1c2

in the expansion of the Dirac Hamiltonian@26#. These terms
are the leading relativistic mass shift term, the term desc
ing the zitterbewegungand the term of the spin-orbit cou
pling. Our working HamiltonianH2 therefore reads

H25H01HP1Hkin1HD1HSO,

H05
1

2m S p2
e

c
AD 2

1V~x,z!,

HP52
e\

2mc
s•B,

Hkin52
1

8m3c2 S p2
e

c
AD 4

,

HD5
e\2

8m2c2
¹•E8,

HSO52
e\

4m2c2
sFE83S p2

e

c
AD G . ~37!

E8 stands for the sum of the electric field of the laser and
electric field of the core. The corresponding wave equat
reads

i
]

]t FC↑~x,t !

C↓~x,t !G5H2FC↑~x,t !

C↓~x,t !G . ~38!

In order to solve Eq.~38! we have developed a variant of th
split-operator algorithm. The temporal evolution of the wa
function is given by

FC↑~x,t1dt!

C↓~x,t1dt!
G5exp@2 idt~p2/42px

4/16c2!#

3exp@2 idt~Ax~ t,z!px /c2Ax~ t,z!px
3/2c3

23Ax
2~ t,z!px

2/4c42Ax
3~ t,z!px/2c5!#

3exp~2 idtHSO!exp~2 idtHP!

3exp@2 idt~Ax~ t,z!2/2c2

2Ax~ t,z!4/8c61V~x,z!1HD!#

a
.
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3exp@2 idt~p2/42px
4/16c2!#FC↑~x,t !

C↓~x,t !G .
In Eq. ~39! we have neglected all terms which include
factorpz

2/c2 since the influence ofpz on the wave function is
one order in 1/c smaller than the influence ofpx . All expo-
nential operators except exp(2idtHSO) and exp(2idtHP) are
diagonal and we handle them as above. Also exp(2idtHP) is
handled as above. For the operator exp(2idtHSO), which in-
cludespx andpz , we carry out the Taylor expansion

exp~2 idtHSO!5I2 iH SOdt2
1

2
HSO

2 dt2

1 iH SO
3 dt31O~dt4! ~40!

and apply it on the wave function in the coordinate repres
tation.

Under the assumption of including relativistic correctio
up to second order in 1/c it is not sufficient to consider the
negative gradient of the potential only as in the previo
case. From the classically relativistic equation of motion
rather find in the weakly relativistic limit~see also@19#!

ẍ52S 11
3

2c2

]2

]x2D ]V~x,z!

]x
,

z̈52S 11
3

2c2

]2

]x2D ]V~x,z!

]z
. ~41!

Figure 7 shows the contributions ofC↑ and C↓ to the
spectrum, which are calculated using Eqs.~38! and~41!. The
high-frequency harmonics associated with the wave pa
in spin-down orientation have a substantial coherence w
respect to those without spin flip. In Fig. 7~c! the harmonic
spectrum emitted in the polarization direction is shown in
region of the cutoff. It compares the spectrum in two situ
tions: turn-on phase 10 cycles~dashed line! and turn-on
phase 15 cycles~solid line!. In the second case the eve
harmonics are suppressed and the small odd ones can t
fore be better distinguished. This effect can be enforced
prolonging the turn-on phase. We note that a spinless non
ativistic calculation essentially delivers the same spectrum
the one shown without spin flip for those weakly relativis
parameters. This comparison could equally be done by c
paring the results via the Dirac and Klein-Gordon equati
however with the identical small discrepancies in the wea
relativistic parameter regime as with our approach. Furth
more, we stress that the spectral features via the spin-d
component are rather weak. This can be improved by
creasing both the ion charges and the laser intensities into
relativistic regime. In this situation, however, the improv
ments of the coherence become less attractive.

In Fig. 8 the modulus of the difference of the spectru
which is polarized in thex direction and calculated via th
Pauli Eq.~30! with the analogous one which is calculated v
Eq. ~38! is depicted. The figure shows that for an ion wi
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charge stateZ54 the spin reaction on radiation is rath
small in the tunneling regime. However, it is clearly notab
already for such a moderately charged ion, especially
higher-laser intensities as shown in Fig. 8~b!. A further sig-
nificant effect of spin reaction is illustrated in Fig. 9, whe
the temporal evolution ofuC↓u2 is viewed. Spin-orbit cou-
pling causes an effective polarization of the spin, while wi
out spin-orbit coupling the electron periodically returns
the initial polarization in complete spin-up configuratio
~compare with Fig. 5!.

C. Pure spin radiation

Due to the linear polarization of the applied laser pulse
no more than weakly relativistic laser parameters, the em
ted HHG radiation is also essentially linearly polarized in t
direction of the electric field. Therefore, radiation with a su
stantial fraction of circular polarization may serve as an
dicator for spin signatures in the HHG process. The m
contribution to this radiation comes from the electron rad
tion due to spin oscillations. The calculation of the magne
momentm of the electron responsible for the radiation yiel

m~ t !5
e\

2mcE C* ~x,t !sC~x,t !d3x, ~42!

where we have to use the electron wave functio
C5(C↑,C↓) via the solution of the second-order Eq.~38!
including spin-orbit interaction, because it involves spin d
namics via the magnetic field of the ionic core sensed by
electron in its rest frame. The interaction with the ionic co
is crucial for HHG in the tunneling regime via the tunnelin
recollision mechanism. We are interested in this subsec
in the oscillation of the magnetic moment in Eq.~42! and in
particular in the radiation arising from it with differentia
intensity dInv per angular frequencydv and spatial angle
dV

dInv5
v4

4p2c3
~mv3n!2dVdv, ~43!

with mv being the Fourier transform ofm in Eq. ~42!. In Fig.
10, we have depicted the spin dynamics of a bound elec
in the tunneling regime and the associated radiation. Os
lations of the magnetic moments are clearly visible of bo
considered components while nonlinear elements, howe
are too small to be visible due to the moderately intense la
field employed. Since this radiation arises purely from s
oscillations it is a characteristic signature of the spin deg
of freedom.

This radiation is rather weak in intensity, so that it m
not be wise to detect it experimentally in the direction of t
laser magnetic field as in Fig. 10 and in the previous subs
tions. The main part of the radiation via electron accelerat
is polarized in the laser polarization direction and the fra
tion in the laser propagation direction is no more than o
order of magnitude smaller for the weakly relativistic para
eter regime employed in this article. The polarization of t
spin radiation differs from that via the electron radiation
the laser magnetic-field direction but due to the large diff
0-9
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FIG. 7. The figure shows the contributions ofC↑ ~upper curves!
andC↓ ~lower curves! to the spectrum, which are calculated usi
Eqs. ~38! and ~41! with a polarization in thex direction ~a! and a
polarization in thez direction ~b!. The laser parameters employe
are I 55.93231016 W/cm2 andl5248 nm. The turn-on phase i
ten cycles with a duration of the phase with constant amplitude
ten cycles.~c! Segment of thex-polarized spectrum in~a! in the
cutoff regime via the spin-down component with respect to t
situations: a turn-on phase of 10 cycles~dashed line! as in~a! and a
turn-on phase of 15 cycles~solid line!.
04341
ence in intensities it is still likely to be challenging to isola
the pure spin radiation. The situation changes clearly w
we observe in the direction of polarization of the laser fieldx.
Then there will be none of the intense light polarized in t
x direction and we may avoid radiation polarized inz direc-
tion entering the detector with a polarizer. There is no dir
acceleration of the electron along they axis via the laser
pulse while the spin radiation in thex direction is purely
polarized in they direction. Thus, radiation polarized alon
this direction should be spin induced to a large extent.

D. Analytical estimations of spin-induced effects

In this subsection we aim to give rough estimations co
paring spin induced effects with the other leading dynami
features. While spin effects become comparable to the o
features in general only for rather high-laser intensities,
emphasize that this may be quite different for particular o
servables which tend to be very small already without
inclusion of the spin~such as dynamics and radiation pola
ized in the laser magnetic-field direction!. Thus, the aim here
is not to state when a spin correction becomes significant,
when it is even comparable in size to associated effects.

1. Direct spin radiation

We begin by estimating the order of magnitude of inte
sity of the radiation due to spin oscillations in Eq.~43! in
relation to the dipole radiation without any differentiation o
polarizations and directions of observation. The second-o
derivative in time of the magnetic moment ism̈5
21/\2

†H,@H,m#‡, where H is the corresponding Hamil
tonian, which may be reduced to

m̈5
e3\

8m3c3
@~sF!F2F2s#, ~44!

whereF5B1E83(p2eA/c)/2mc. With the aid of Eq.~44!

we can estimate the absolute value ofum̈u to be um̈Pu
'(e3\/m3c3)B2 in the case without spin-orbit interaction
i.e., based on the Pauli equation withH5H1. Here,B is the
amplitude of the applied magnetic field of the laser pu
where we have neglected the sinusoidal spatial and temp
dependance for our order of magnitude estimation. Includ
the leading terms of spin-orbit coupling via the nucle
within the second-order differential dynamical Eqs.~38! and
Eq. ~37!, i.e., H5H2, we obtain instead:um̈Su'(e3\/m3c3)
3(B/mcr)udF/druuLsu'(e2\v/m2c2)z(v/c)udF/dru,
where F is the Coulomb potential. Introducingz
5eE/mcv and comparing with the second derivative of t
dipole momentud̈u5(e2/m)udF/dru gives

um̈Pu

ud̈u
'z

\v

mc2
and

um̈Su

ud̈u
'z2

\v

mc2
. ~45!

f
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FIG. 8. ~a! The modulus of the difference of the spectrum, which is polarized in thex direction and calculated via the Pauli equation~30!,
with the analogous one, which is calculated via Eq.~38!, is depicted. The laser parameters areI 55.93231016 W/cm2, l5248 nm with
a turn-on phase of five cycles and a duration of the phase with constant amplitude of five cycles.~b! Segment of the spectrum near the cuto
regime of thex-polarized harmonic spectra via the Pauli equation~30! ~dashed line! and via Eq.~38!, i.e., including spin-orbit coupling~solid
line!. The laser parameters areI 52.3631017 W/cm2, l5248 nm with a turn-on phase of one cycle, and a duration of the phase
constant amplitude of two cycles.
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We thus note that the relative direct radiation via sp
dynamics is quite small in total and likely to be difficult t
detect via current laser intensities. The promising w
around this would be at present the detection ofy polarized
light as described in the previous subsection.

2. Spin-induced radiation

As noted in Sec. IV B, the spin dynamics modifies t
electron dynamics and with this also the probability of t
electron recombination during the HHG process, i.e., the
tensity of the HHG. The following estimations shall give a

FIG. 9. The spin-down population of the wave function as
function of time. The spin-orbit coupling causes an effective po
ization of the spin, while without spin-orbit coupling the electro
returns periodically to the initial polarization in complete spin-
configuration~see, e.g., Fig. 5!. The parameters are the same as
Fig. 8~a!.
04341
y
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idea of necessary laser intensities when these effects bec
large. We may say that spin effects disturb the dynamics
the electron substantially when additional spin terms in
HamiltonianDHs are of the order of the characteristic ener
of the process itself. In the considered case of HHG
tunneling ionization the characteristic energy isuep2e i u
'ep , where ep522AZe3E is the maximal value of the
total potential surface of the ion and the laser field a

-

FIG. 10. The insets~a! and ~b! show the expectation values o
sx andsz as a function of time in laser cycles, respectively. He
m5(e\/2mc)^s& with m given in Eq.~42!. In the main part of the
figure, the dotted curveF(^sx&) is the Fourier transform of̂sx&
and is thus associated with inset~a!, whereas the solid curve
F(^sz&) with association~b! is the Fourier transform of̂sz&. The
laser parameters involve an intensityI 55.932031016 W/cm2, a
wavelengthl5248 nm, and a pulse shape with five cycles turn-
phase and five cycles maximal amplitude.
0-11
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2e i is the ionization energy.DHs involves the characteristic
energies (e\/2mc)s•B and (\/4m2c2r )(dF/dr)L•s which
are of orderz\v and z2\v, respectively~L and s are the
angular momentum and spin vectors!. In estimating the spin-
orbit term we have assumed that the characteristic distan
AZe2/eE which equals the distance from the nucleus to
point in space at which the total potential of the laser fi
and the ion is peaked. As a consequence, the condition
spin effects to play a large role isDHs'z2\v'uepu, i.e.,

z'~Zamc2/\v!1/3, ~46!

where a5e2/\c. Thus, for laser intensities starting
1021 W/cm2, spin-induced dynamics stops being a corre
tion to become a crucial element of tunneling recollisi
dynamics.

We finally estimate the role of spin induced dynamics
laser electron interaction, as considered in Sec. II B, for
situation of bound electrons in intense laser fields. From
~A7! we note that the kind of spin reaction discussed in S
II results in an electron oscillation along the magnetic-fie
direction with order of magnitudedy'E0M /mcv with M
5e\/2mc. We may say this oscillation is large on the sca
of an atomic system whendy'aB , whereaB is the Bohr
radius. In this case the electron drift shall affect the elect
recombination probability in the situation of tunneling r
combination dynamics of interest here substantially. T
condition leads to the following criteron:

z'1/aZ. ~47!

Thus, for highly charged ions, the effect of spin reacti
studied for free electrons in Sec. II B shall be rather large
bound electrons.

V. CONCLUSION

The role of the spin degree of freedom of a free-electr
a scattered-electron and a single-electron ion in an inte
low-frequency laser pulse has been investiagted with res
to dynamics and radiation. The free electron as expecte
generally well described without the spin. However, for t
particular motion in the laser magnetic-field direction, whi
would be absent without the spin, a characteristic sp
induced oscillation was identified within an efficient a
proach. In the scattering scenario of a laser-dressed elec
at a nucleus we calculated the amount of spin dynamics
function of the setup and the laser and ion parameters.
spin may be turned substantially only for very small impa
parameters. Most attention was paid to the single-elec
ion Be31 in such an intense laser field where tunn
recollision dynamics occurs and high-order harmonic g
eration is appreciable. The dynamics was described with
equation of motion arising from an expansion of the Dir
equation to the second order in the ratio of the velocity of
electron and the speed of light, i.e., including the coupling
the spin to the laser magnetic field in first order and
angular momentum of the electron in second order. In te
of spin signatures, pure spin radiation and narrow hi
frequency harmonics were identified due to spin-induced
04341
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cillations and a small shift of the cutoff and an effective sp
polarization due to second-order relativistic effects with sp
As compared to the relativistic multiphoton regime@19#, the
size of the effects is generally smaller in the tunneling
gime for comparable laser parameters and thus smaller
charges. Analytical estimations of the order of magnitude
spin effects showed that they become generally large onl
rather high-laser intensities.

ACKNOWLEDGMENTS

We are funded by the German Science Foundation~Nach-
wuchsgruppe within SFB 276!. M.W.W. was partly sup-
ported by the Austrian Academy of Sciences. C.H.K. a
knowledges discussions with C. Szymanowski at the onse
the project.

APPENDIX: SPIN-INDUCED DYNAMICS OF FREE
ELECTRONS IN LASER FIELDS

We now turn to calculation of spin reaction and develop
classical theory in four-notation which is equivalent to th
provided in@10#, whereas however an implicit analytical so
lution of the equation of motion is possible and thus can
compared with earlier quantum-mechanical results@11#. To
this end we introduce the four-vectorM which is dual to the
tensorm describing the spin@10#, i.e.,

mab5
1

c
eabgdugM d, Ma5

1

2c
eabgdubmgd . ~A1!

The quantitiesM and m are explicitely determined by eac
other. From the equation form @21#,

1

k
ṁab5magFb

g2mbgFa
g , ~A2!

we derive an equation forMa by means of Eq.~A1! using
the here approximate relation for spinless particlesu̇a,
5kFabub,

Ṁa5kFabMb . ~A3!

This is the Bargmann-Michel-Telegdi~BMT! equation@24#.
The relationu̇a5kFabub is also used in deriving the BMT
equation itself@24#. Conversely, it is demanding but possib
to show that equation~A2! follows from Eq.~A3!. Thus Eqs.
~A3! and ~A2! are equivalent.

Using Eq.~A1! the Lagrange function@10# reads

L5
mc2

g
2

1

2cg
eabgdugM dFab1

q

c
Aava. ~A4!

In the case of a linearly polarized plane laser fieldE5„E
5E0 cos(kx),0,0…, B5(0,E,0) the BMT equation writes

dM0

dt
52

eE

mc
M1 ,

dM1

dt
5

eE

mc
~M01M3!,
0-12
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dM2

dt
50,

dM3

dt
52

eE

mc
M1 . ~A5!

M2 andM5M02M3 are constants of motion and for con
venience we employed the four vector productkx, wherek

stands for (v,kW ) with wave-vectorkW and x stands for (t,rW)
with spatial vectorrW in this appendix. From Eq.~A4! we
derive the equations of motion for the particle,

du0

dt
52

qE

mc
u11

E0

mc
M2

d

dt
cos~kx!

1
vE0

mc2
@u2M1~u01u3!M2#sin~kx!,

du1

dt
5

qE

mc
~u01u3!,

du2

dt
5

E0

mc
M

d

dt
cos~kx!,

du3

dt
52

qE

mc
u11

E0

mc
M2

d

dt
cos~kx!

1
vE0

mc2
@u2M1~u01u3!M2#sin~kx!. ~A6!

With regard to initial conditions we assume now that t
particle has zero velocity when the complete radiation pu
is still far away from the particle~vanishing vector potentia
at the particle!. In this way we can be certain that whatev
velocity the particle has at later times will be solely due
the interaction with the pulse. We also impose that in
beginning the particle is located at the origin, thereforeh
5vt. Then subtracting the first equation in Eqs.~A6! from
the last one, it follows thatuªu02u3 is constant. Integra-
tion over the proper timet leads to h5vt2kz5kut
2kz(0). We can require now for all i P$0,1,2,3% that
.

d

04341
e

e

ui(h)→0 for thoseh for which A(h)→0. For the vector
potentialA we assume thatA(h)5„A52E0 /k sin(h),0,0… if
hmin<h<hmax and A(h)5(A50,0,0) otherwise. We
chooseh052` to be the initial instant. Independent of th
special initial conditions the equation foru2(h) writes

du2

dh
5

E0

mc
M

d

dh
cos~h!. ~A7!

M and the spinS are connected viaM5kS, k5q/mc
@24#. The relation between the spins in the rest frame of the
particle andS is

S05
u

c
•s, S5s1

1

g11 S u

c
•sD u

c
.

In the rest frame we supposes25\2/4. We chooses1(0)
5s2(0)50 ands3(0)5\/2. Thus, we get for the velocityu2

and the accelerationa2 in y direction

u2~h!52
q\E0

2m2c2
cos~h!,

a2~h!5
q\E0v

2m2c2
sin~h!, ~A8!

which is the result shown in Eq.~18!. This means that up to
a factor 1/2 which can be associated with the Thomas p
cession classical and quantum-mechanical results coincid
far as the additional acceleration iny direction is concerned
@11#. We note that there are certainly also influences of
spin on the dynamics in the other two directions. Howev
those deviations are likely to be more challenging to imp
ment experimentally at least in the weakly relativistic regim
because there is already significant dynamics in those di
tions without a spin degree of freedom.
ys.
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