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Scattering length of the ground-state Mg¿Mg collision

E. Tiesinga, S. Kotochigova, and P. S. Julienne
Atomic Physics Division, NIST, 100 Bureau Drive Stop 8423, Gaithersburg, Maryland 20899-8423

~Received 13 December 2001; published 4 April 2002!

We have constructed theX 1Sg
1 potential for the collision between two ground-state Mg atoms and analyzed

the effect of uncertainties in the shape of the potential on scattering properties at ultracold temperatures. This
potential reproduces the experimental term values to 0.2 cm21 and has a scattering length of11.4(5) nm
where the error is predominantly due to the uncertainty in the dissociation energy and theC6 dispersion
coefficient. A positive sign of the scattering length suggests that a Bose-Einstein condensate of ground-state
Mg atoms is stable.

DOI: 10.1103/PhysRevA.65.042722 PACS number~s!: 34.20.2b, 34.50.2s, 33.20.Vq, 31.15.Rh
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I. INTRODUCTION

It was shown in Ref.@1# that Mg atoms can be magneto
optically trapped. This offers many possible applications
cold Mg atoms for ultra-high-resolution spectroscopy, n
frequency standards, and collective quantum effects. A m
nesium clock has already been developed by Ref.@2#. The
most abundant isotopes of Mg have a single electro
ground state without hyperfine interactions, which open
road to simpler theoretical modeling of ground-state atom
collisions as compared to the modeling of, say, alkali-me
atom collisions@3#.

Magnesium is not the only alkaline earth species that
be magnetically and optically manipulated. Ingenious co
ing schemes exist for Ca@4# and Sr@5–8#. For Sr Ref.@5#
has nearly reached the quantum degeneracy regime. Op
clocks have been constructed for Mg@2# and Ca@9–13#. The
first experimental photoassociation spectra were reported
calcium @14# while photoassociation spectroscopy f
alkaline-earth atoms has been studied theoretically in R
@15#.

The coldest temperatures in dilute atomic gases are
tained by a process called evaporative cooling. Ground-s
collisions are crucial for evaporative cooling. Elastic col
sions during this process lead to a thermalization of ato
and under the right conditions formation of a Bose cond
sate. Elastic collision rates at ultracold temperatures can
described by a single parameter, the scattering lengtha. For-
mation of Bose-Einstein condensates is determined by
nonlinear coupling parameter in the condensate Schro¨dinger
equation, which in turn depends on the sign and value of
scattering length.

Inelastic collisions, which change the internal state of
atoms, can eject trapped atoms. Examples of inelastic
cesses are, for example, spin-exchange, spin-depolariza
and Penning and associative ionization, where the first
have been observed in alkali-metal gases@3# and the latter
have been observed in metastable rare-gas samples@16#. For
alkaline-earth atoms the electronic ground state is so
composed of closed shells and is a1S0 state. Consequently
no inelastic atom-atom collisions can occur. This open
pathway to more efficient evaporative cooling.

In this paper we present our calculation of the groun
state Mg2 scattering length and cross section as a function
1050-2947/2002/65~4!/042722~6!/$20.00 65 0427
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the collision energy, using a potential constructed from hig
resolution spectra of the magnesium dimer and theoret
long-range dispersion coefficients. At temperatures belo
mK ground state Mg collisions are in the s-wave scatter
regime and thel 50 phase shift determines the cross sect
and, at zero collision energy, the scattering length. T
phase shift can be found by matching the numerically eva
ated scattering wave function of the interaction potential
free-scattering wave functions at large internuclear sep
tion R. Slight changes to either the inner-part and out
dispersive part of the potential will generate changes in
phase shift and thus the scattering length. Consequentl
order to calculate an accurate scattering length, it is ne
sary to have an accurate potential for all accessible inte
clear separations.

We will discuss several ways to obtain the interacti
potential of ground-state Mg2. First, a Rydberg-Klein-Rees
~RKR! potential curve has been constructed in Ref.@17#
from their measurement of the rovibrational levelsn
50 –12, J510–76) of ground-state Mg2. Second, Vidal and
Scheingraber@18# have reevaluated the molecular consta
of Ref. @17# and improved upon the RKR analyses by app
ing a variational procedure based on the inverted pertu
tion approach~IPA!. Finally, there exist a large number o
theoretical electronic structure calculations@19–30# of the
ground-state Mg2 potential. This paper briefly describes o
ab initio multiconfiguration valence bond~MVB ! calculation
of the ground-state potential. Although, as we will show, t
theoretical uncertainty in the shape of the potential is
large to predict the scattering length we nevertheless c
pare scattering data for ourab initio potential and the mos
recently published theoretical potential by Czuchajet al. @30#
to those for the RKR and IPA potential. This will give us
feeling for the state of the art in molecular electronic stru
ture calculations of interacting two-electron atoms.

This paper is set up as follows. In Sec. II we describe
existing experimental data and the potentials that have b
constructed from the data. Section III presents the theore
calculations in the existing literature as well as a new cal
lation using the multiconfiguration valence bond metho
Section IV describes the long-range behavior of the pot
tials and connects this to the short-range potentials obta
in Secs. II and III. Finally, Sec. V discusses how well bou
states of the four potentials that have been constructed re
©2002 The American Physical Society22-1
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duce the experimental bound-state energies, and determ
the scattering properties and their uncertainties for the po
tial constructed from the short-range potential obtained w
the IPA procedure. As we will show, this potential is by f
the best of the four potentials.

II. EXPERIMENTAL DATA AND THE GROUND-STATE
POTENTIAL

The RKR potential of Ref.@17# and the IPA potential
constructed in this work from data published in Ref.@18# are
shown in Fig. 1. For the RKR potential we use a dissociat
energyDe5424(5) cm21 (1 cm21529.979 245 8 GHz),
defined as the energy difference between the bottom of
potential and the asymptotic energy. Reference@18# did not
provide a tabulated IPA potential but expressed the poten
in terms of Dunham coefficientsYlm . We have constructed
potential from theYlm for l 50 –3, m50 –5 provided in
Table IV of Ref. @18# by applying the RKR procedure. W
will call this potential the IPA potential. We will show late
on by solving the Schro¨dinger equation for the RKR and IPA
potentials that the IPA potential reproduces the term val
significantly better than the RKR potential of Ref.@17#. For
the IPA potential we take the dissociation energyDe to be
431.0(1.0) cm21 in accordance with fit of Ref.@18# to the
last outer turning points of the potential. The 1.0 cm21 un-
certainty is based on the sensitivity of the fit with the ord
of the long-range dispersion expansion. The RKR and

FIG. 1. Ground-state1Sg
1 potential energy curves obtained b

different methods as a function of internuclear separationR. The
internuclear separation is in units ofa050.052 917 7 nm. The solid
line with filled diamonds corresponds to the RKR potential; t
solid line shows the IPA potential; the dotted line is our MV
potential and the dashed line is the potential by Ref.@30#.
04272
es
n-
h

n

he

al

s

r
A

potential are only known over a limited region of intern
clear separation, 6a0 to 14a0. This range is determined b
the inner and outer turning point of the most weakly bou
measured rovibrational level.

For a scattering calculation the potential must be kno
for all internuclear separations. Therefore, we have c
nected the repulsive short range of the RKR potential to
repulsive wall of our MVB potential that will be discussed
Sec. III. The repulsive short-range wall of the IPA potent
is a linear extrapolation from the attractive region as o
MVB potential could not be smoothly connected to the IP
potential. Both RKR and IPA potentials suffer from a we
known ‘‘short-range turnover’’ in the potential inherent to th
RKR inversion procedure. We simply removed those inn
turning points from the data set before extrapolation. T
extrapolation of the RKR and IPA potential to longerR is
discussed in Sec. IV.

III. THE AB INITIO GROUND-STATE POTENTIALS

The ground-state Mg2 molecule is formed from two
closed-shell atoms, each of which is described by the c
figuration 1s22s22p63s2. This might suggest that theoretica
modeling will be easy. Instead, numerous computational
forts have proven the opposite. The first dramatic compli
tion arises at the Hartree-Fock level, because it predic
purely repulsive ground-state potential. The binding of t
magnesium dimer is created by the correlation energy o
There are intershell and intrashell correlations affecting
potential, that, apparently, have a strong dependence on
ternuclear separation. The question becomes how we
computational approach can incorporate these correlati
There are a large number of methods@19–30# that have been
tested for the computation of the correlation corrections. I
pioneering publication Stevens and Krauss@23# calculated
the ground-state potential of Mg2 using a nonrelativistic mul-
ticonfiguration self-consistent field method. Their pap
shows the importance of the ability to simultaneously inc
porate both the long-range atomic and short-range molec
correlations. Many-body perturbation theory can provide
alternative to the configuration interaction approach to mo
correlation effects in the Mg2 molecule. Double-excitation-
type diagrams were applied by Purvis and Bartlett@24# to
significantly improve the molecular binding energy.

In Ref. @30# a combination of a coupled-cluster metho
with single and double excitations and perturbative triple
citations is used to reach a good agreement with the R
potential of Ref.@17#. The potential curve of Ref.@30# is
shown in Fig. 1.

For this paper we have used the MVB method to calcul
the ground-state Mg2 potential. A detailed description of th
computational approach is given in Ref.@31#. We create a
nonorthogonal basis set from self-consistent Dirac-Fo
atomic orbitals belonging to the@1s2# 2s22p63s2 configu-
ration and additional Sturmian orbitals labele
3p, 3d, 4s, 4p, 5s, and 5p. The closed shells 1s211s2

form the core of the molecule and no excitations from 1s2

11s2 will be allowed. The 2s2, 2p6 and 3s2 orbitals are
valence orbitals and single and double excitations from th
2-2
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orbitals occur. Various covalent and ionic configurations
constructed by distributing electrons from the optimized
lence orbitals in all allowed ways over th
3p, 3d, 4s, 4p, 5s, and 5p orbitals. In total, there are
1041 molecular configurations in our configuration intera
tion. We have performed two kinds of nonrelativistic calc
lations. The first kind is aimed at calculating the best p
sible short-range potential by first perturbatively estimat
the correlation energy of each molecular configuration
cited from the ground state configuration. If the estimate fa
below a threshold this configuration is not included in t
configuration interaction procedure. This truncation of t
configurations is necessary because inclusion of all confi
rations in the configuration interaction procedure is not co
putationally possible. The second kind of calculation giv
the best possible long-range potential by excluding io
configurations and switching off the exchange interaction
the Hamiltonian in order to reduce the size of the matrix a
to accelerate the calculation. The two calculations are c
nected between 13a0 and 14a0, because at these internucle
separations the difference between the total energy of the
kinds of calculations, and thus the exchange energy, is
than 5% of the binding energy. Figure 1 shows our grou
state 1Sg

1 potential of Mg2. The dissociation energy isDe

5410 cm21.

IV. LONG-RANGE POTENTIALS

The long-range dispersion potential of the Mg2 ground
state has attracted considerable attention over the past
decades. Mg2 was the first alkaline-earth van der Waals m
ecule for which a high-accuracy RKR potential was obtain
and thus allowing a comparison with, or extraction of, t
long-range potential. Stwalley@32,33# and Li and Stwalley
@34# constructed a dispersion potential using the formV(R)
5D02C6 /R62C8 /R8 from the frequency-dependen
atomic dipole polarizability and the RKR curve. The dipol
dipole dispersion coefficientC6 was determined from the
atomic polarizability while bothD0, the energy difference
between the n50,J50 rovibrational level and the
asymptotic energy, and dipole-quadrupole dispersion co
cient C8 were then obtained by fitting to the RKR curv
minus the dipole-dipole dispersion contribution. They fi
D05404.1(0.5) cm21, C65683(35) a.u.~1 a.u. 51 har-
tree a0

6 , 1 hartree54.359 743310218 J), and C8538(8)
3103 a.u. (1 a.u.51 hartreea0

8). In Ref.@35# theC6 dis-
persion coefficient has been calculated based on ato
coupled-cluster theory. The result of this calculation isC6
5647.8 a.u. Upper and lower bounds for the dispersion
efficients have been obtained in Ref.@36# using a Pade ap
proximation to bound the atomic multipole polarizabilitie
Their ranges are C65630–638 a.u. and C8
541 100–43 500 a.u. In addition they estimated the dipo
octapole coefficientC10 to be between 2 730 000 a.u. an
3 040 000 a.u. (1 a.u.51 hartreea0

10). Recently, Porsev
and Derevianko@37# have calculated theC6 coefficient using
accurate theoretical and experimental atomic data. Diffe
contributions to theC6 coefficient were obtained with differ
04272
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ent atomic relativistic many-body electronic structure me
ods. The dominant contribution to this coefficient was fou
by combining configuration interaction and many-body p
turbation theory. The reported value ofC65627(12) a.u.
agrees quite well with the bounds of Ref.@36#. Finally, the
dispersion coefficients can be evaluated from molecu
electronic-structure calculations. They are extracted by
ting to the long-range shape of the interaction potential.
example, the induced dipole-dipole dispersion coefficient
Ref. @30# is about a factor of 2 larger, while that of our MVB
calculation is about 15% smaller, than that of Ref.@37#.

The long-range behavior of the RKR and IPA potentia
the dispersion potential obtained from Ref.@37,36#, and our
MVB calculation are shown in Fig. 2. The full line with
filled diamonds and full line are the RKR and IPA potentia
respectively. The dotted line of the MVB calculatio
smoothly connects to the RKR at 13.53a0. Although this
smooth connection is fortuitous, it suggests that the R
potential be extrapolated by the MVB potential. On the oth
hand, the long-range dispersion potential denoted by
dash-dotted line using theC6 coefficient of Ref.@37# and
C8542 300 a.u. andC1052 885 000 a.u. of Ref.@36#
smoothly connects to the IPA potential. TheC6 coefficient of
Ref. @30# leads to a too attractive long-range behavior
shown by the dashed curve in the figure.

For our study of scattering properties the spectrosco
cally derived RKR and IPA potentials are extrapolated

FIG. 2. 1Sg
1 potential energy curves as a function of intern

clear separation. The region where the RKR and IPA potential
connected to the long-range dispersion potential is shown. The
style is the same as that used in Fig. 1 where in addition the d
dotted line is the dispersion potential using the data from R
@37,36#.
2-3
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large internuclear separationsR using the dispersion plus ex
change form Vdis(R)1Vex(R), where Vdis(R)
52(n56,8,10Cn /Rn and Vex(R)5BRa exp(2bR). For R
.13.53a0, the largest turning point of the RKR potentia
this potential is best extrapolated by the dispersion coe
cients extracted from the MVB potential and the exchan
potential of Ref.@38#. The exchange contribution is small b
has been added for the sake of completeness. Other va
for these coefficients do not seem to be consistent with
shape of the RKR potential. The IPA potential ending atR
514.5a0 is smoothly joined toVdis(R)1Vex(R) starting at
R516a0 The C6 coefficient is taken from Ref.@37# and the
C8 and C10 coefficients are taken from Ref.@36#. The ex-
change potential is from Ref.@38# where the exchange pa
rameters area53.63, b51.512 1/a0, and B50.27 a.u.,
respectively.

V. VIBRATIONAL BOUND STATES AND SCATTERING
LENGTH

In order to test the potentials constructed in the previ
sections we numerically calculated the rovibrational bou
states and compared them with the experimentally obta
term values of Ref.@17#. The eigenvalues of the Schro¨dinger
equation for the ground-state Hamiltonian have been
tained for each of the four~splined! adiabatic potentials
shown in Figs. 1 and 2. The ground-state Hamiltonian
cludes the electrostatic interaction in the form of1Sg

1 Born-
Oppenheimer potential, the mechanical rotation opera
l̂ 2/2mR2, and the kinetic energy operator.

The experimental term values are relative to then50,J
5 l 50 bound state. Consequently, theoretical term value
a potential are defined relative to the energy of then50,J
50 level of this potential. Our difference measureD is given
by the square root of the averaged squared difference
tween the theoretical and experimental term values. The
ference averaged over 254 (n50 –12, J5 l 510–68) rovi-
brational levels lying below the dissociation energy for fo
potentials is given in Table I. The table shows that the I
potential is one order of magnitude better than the RKR
tential in representing the experimental term values, confi
ing the predicted improvement by Ref.@18#. The MVB po-
tential is about as accurate as the RKR potential while
potential of Ref.@30# is clearly the least accurate.

We have set up a quantum scattering calculation for
ground-state Mg atoms. For ultra-cold-atom physics the

TABLE I. The square root of the averaged squared differe
between eigenenergies of four calculated Born-Oppenheimer po
tials of the X1Sg

1 state and measured rovibrational energies of R
@17#.

Potential DifferenceD (cm21)

RKR 2.1
IPA 0.2
Ab initio, Ref. @30# 11.9
Ab initio, this work 2.3
04272
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evant properties of an interaction potential are the numbe
s-wave-bound states and the scattering lengtha at zero col-
lision energy. The number of bound states of a potentia
equal to the number of nodes of the zero-energy scatte
wave function. We find that the number of bound states
different for each of our four potentials. In fact, we have 1
19, 18, and 20 bound states for the RKR, IPA, and MV
potential, and the potential of Ref.@30#, respectively. Quali-
tatively, this variation can be understood from the long-ran
shape of these four potentials. The dispersion potentia
Ref. @30# is the most attractive of all four potentials consi
tent with the observation that it has the largest number
bound states. The difference in dissociation energy does
lead to a change in the number of bound states. Notice
v512 is the most weakly bound experimentally observ
s-wave vibrational level, that is, the last seven vibration
levels have not been observed.

For the remainder of the paper we restrict scattering c
culations to the IPA potential, since the discrepancy with
experimental term values for the IPA potential is one order
magnitude better than that of the others. The short-range
of the IPA potential smoothly connects to the state-of-the
long-range dispersion and exchange potential of R
@37,36,38# and thus gives added confidence in the potent

The IPA potential is tabulated in Table II and whe
splined has a scattering length of 26a0. The scattering length
of a potential is defined by the phase of the wave function
zero collision energy. It depends on the binding energy of
most weakly bounds-wave vibrational level. In order to ob
tain the accuracy of the scattering length for the IPA poten
we must determine the effect of small changes to the po
tial. The uncertainty in the dissociation energy, the lon
range dispersion coefficients, and the shape of the sh
range potential limit the accuracy of our determination. T
allowed variations are chosen within the published uncerta
ties. The 1-cm21 uncertainty of the dissociation energy o
Ref. @18# leads to a 7a0 uncertainty ina. The effects of the
uncertainty in the dissociation energy was studied by u
formly shifting the IPA potential forR,14.5a0, fitting
smoothly to the dispersion potential.

The 12-a.u. uncertainty in theC6 coefficient of Ref.@37#
adds an additional 7a0 uncertainty toa, while uncertainties
in the C8 and C10 coefficients add to 1.4a0 and 0.5a0, re-
spectively. These corrections to the potential do not cha
the agreement between the calculated and experime
bound-state term values. Nevertheless, aD of 0.22 cm21

does imply that the shape of potential is not fully charact
ized, which introduces additional uncertainties to the scat
ing length. Local changes to the potential of the order ofD
are needed. SinceD is about six times smaller than the un
certainty in the dissociation energy we can estimate the
ditional uncertainty ina to be 1a0. The largest contributions
to the uncertainty in the scattering length are, therefore,
to the uncertainty inDe andC6. None of the discussed un
certainties in the potential changes the number of bo
states. The final value for the scattering length of the I
potential is 26(10)a0 or 1.4~5! nm by adding the uncertain
ties in quadrature. The potential has 19s-wave bound states

Figure 3 shows partial cross sections of two collidi

e
n-

f.
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ground-state Mg atoms as a function of collision energy. T
contributions ofs-, d-, andg-wave collisions are shown. Th
partial-wave cross section is defined as

s l5~2l 11!
8p

k2
sin2 d l~k!, ~1!

whered l(k) is the 1Sg
1 phase shift forl-wave collisions and

k is the relative wave number of the collision. The cro

TABLE II. Constructed IPA potential for the X1Sg
1 ground po-

tential of Mg2.

R (a0) V (cm21) R (a0) V (cm21)

5.00 3684.419 8.50 2339.579
5.10 2989.552 8.70 2316.957
5.20 2409.684 8.90 2294.292
5.30 1925.473 9.10 2272.121
5.40 1520.991 9.30 2250.742
5.50 1183.093 9.50 2230.345
5.60 900.903 9.70 2211.057
5.70 665.394 9.90 2192.949
5.80 469.063 10.10 2176.055
5.90 305.652 10.30 2160.376
6.00 169.935 10.50 2145.892
6.10 57.539 10.70 2132.563
6.20 239.100 10.90 2120.340
6.30 2130.963 11.10 2109.165
6.40 2204.311 11.30 298.974
6.50 2262.877 11.50 289.703
6.60 2309.439 11.70 281.285
6.70 2346.071 11.90 273.654
6.80 2374.322 12.10 266.749
6.90 2395.542 12.30 260.505
7.00 2411.247 12.50 254.867
7.06 2418.550 12.70 249.782
7.14 2425.235 12.90 245.205
7.22 2428.791 13.10 241.098
7.30 2430.650 13.30 237.398
7.36 2430.956 13.50 234.043
7.44 2429.909 13.70 230.982
7.50 2428.008 13.90 228.190
7.56 2425.243 14.10 225.649
7.62 2421.888 14.30 223.341
7.68 2418.145 14.50 221.248
7.74 2414.151 15.00 216.855
7.80 2410.024 15.50 213.472
7.86 2405.861 16.00 210.896
7.92 2401.352 16.50 28.910
7.98 2396.181 17.00 27.334
8.10 2384.374 17.50 26.075
8.30 2362.286 18.00 25.062
04272
e
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section is calculated for the potential that hasa526a0 and is
tabulated in Table II. Thes-wave cross section has a max
mum atE/kB53 mK and then decreases monotonically
to E/kB550 mK. At zero collision energy thes-wave cross
section equals 8pa2. The d- and g-wave partial cross sec
tions are zero at zero collision energy and then rise rap
and have a maximum at much higher collision energy th
that given by the height of thed- and g-wave centrifugal
barrier. In fact, the centrifugal barriers are atE/kB

57.8 mK and 47 mK for thed- andg-wave, respectively.
In summary, we have constructed four1Sg

1 potentials for
the collision between two ground-state Mg atoms. Two
these potentials are based on the experimentally determ
term values of the dimer, while the other two were of
theoretical origin. The MVB theoretical potential is calc
lated in this paper. By comparing the experimental term v
ues with those calculated for the four Born-Oppenheimer
tentials we conclude that the theoretical MVB potential is
similar accuracy as the ‘‘experimentally determined’’ RK
potential. Given the difficulty of introducing electron corre
lations into the molecule the agreement is remarkable. Ex
ing long-range dispersion and exchange coefficients h
been discussed as well.

The best1Sg
1 potential is obtained from an IPA potentia

for R,14.5a0 connected to a dispersion potential based
Refs.@37# and@36#. This potential reproduces the experime
tal term values to 0.2 cm21, an order of magnitude bette
than the comparison for the other three potentials, and g
a scattering length of11.4(5) nm where the error is pre
dominantly due to the uncertainty inDe and theC6 disper-
sion coefficient. A positive sign of the scattering length su
gests that a Bose-Einstein condensate of ground-state
atoms is stable.

FIG. 3. Thes-, d-, andg-wave cross-section of the ground-sta
Mg1Mg collision as a function of collision energy.
2-5
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