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Diffusion and synchronization in an ion-trap resonator

H. B. Pedersen, D. Strasser, B. Amarant, O. Heber, M. L. Rappaport, and D. Zajfman*
Department of Particle Physics, Weizmann Institute of Science, Rehovot, 76100, Israel
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The motion of an ion bunch trapped between two electrostatic mirrors in an ion-trap resonator is analyzed
both experimentally and via numerical simulations. It is found that under certain conditions it is possible to
achieve either synchronization of the ion motion, which causes the size of the bunch to remain constant, or
enhanced diffusion, which leads to rapid debunching. These effects are analyzed and criteria for synchroniza-
tion are proposed.
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I. INTRODUCTION

Ion traps are able to trap charged particles for a long tim
and they have been successfully applied in several area
physics @1#. Among the many applications of ion traps
their use for atomic and molecular physics, such as for
study of metastable states@2#, and cluster cooling@3#. The
dynamics of trapped ions has drawn much attention since
early days of ion trapping@4–7#. One item of interest in
these systems stems from collective effects which can
studied both in the laboratory under well defined conditio
and with developed theoretical methods.

Recently, a different class of ion traps has been develo
@8–12#, in which ions oscillate between a pair of electrosta
mirrors, much like photons in an optical resonator. T
trapped ions have kinetic energies of a few keV in the cen
part of the trap while inside the mirrors they have only a f
meV near their turning points, where they are also subjec
radial focusing forces. Thus, the density of ions chan
strongly within the trap, due both to their slowing down i
side the mirrors and to the radial focusing. This density c
increase by two to three orders of magnitude inside the m
rors as compared to its value in the field-free region of
trap.

In a previous publication@13#, we have investigated th
stability criteria and ion loss mechanisms for ion bea
stored in such a trap. Two regions of stability were expe
mentally identified, and these were found by both numer
simulation and optical models to be distinct modes with v
different dynamical properties. Recently, we have also de
onstrated@14# that the trapped ions can synchronize th
motion under certain conditions. This effect was identified
observing that the size of a packet of ions remained cons
for a practically unlimited time, i.e., the debunching that
usually observed did not occur. The synchronization eff
was attributed to the repulsive Coulomb interaction betw
the ions@14#.

In this paper, we provide experimental evidence for
dynamics of both diffusion and synchronization in our ele
trostatic trap by experimentally investigating a particular
of trap configurations. We numerically study two on
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dimensional model systems, which illustrate the dynamics
diffusion and synchronization. Finally, we describe in mo
detail the dynamical basis of diffusion and synchronizat
and compare the results to numerical trajectory calculatio
We find that the repulsive Coulomb interaction between
ions, in combination with the kinematical properties dictat
by the electrostatic fields, can either enhance the diffus
and hence speed up the transition to a steady state bea
induce so strong a correlation between the ions that ion
tion synchronization and self-ordering phenomena emerg

II. EXPERIMENTAL SETUP

A. The ion trap

Experiments were performed with ion beams of Ar1 and
Xe1. The ions were produced in an electron impact i
source, extracted, and accelerated to an energy of 4.2
The ions were then mass analyzed by a 20° magnet p
tioned just after the ion source and by a 45° magnet p
tioned about 5 m from the ion source. Steering and focus
of the ions between the two magnets and between the
magnet and the ion trap were done with the help of t
electrostatic quadrupole triplets. The ion currents measu
with a Faraday cup located after the trap were;300 nA for
Ar1 and ;100 nA for Xe1. Ion bunches of 0.2–100ms
were created with an electrostatic chopper located before
first magnet. Shorter bunches (,0.2 ms) were created by
rapidly sweeping one of the potentials of the quadrupole t
let through the value that allowed transmission of the be
to the trap.

A schematic drawing of the electrostatic ion trap is sho
in Fig. 1. The mechanical design of the ion trap and its o
eration have been described previously@8,9#. Briefly, the ion
trap consists of two coaxial electrostatic mirrors each co
posed of a stack of eight cylindrical electrodes. The confi
ration of the trap is characterized by the potentials on five
these electrodes,V1 ,V2 ,V3 ,V4,Vz ~see Fig. 1!, the other
three being grounded. Provided that the field generated
these potentials fulfills certain criteria, ions can be trapp
oscillating between the two mirrors@8,9,13,15#. The ion trap
is pumped by a cryopump to a pressure of;5
310210 Torr.

Injection of an ion bunch into the trap is performed b
grounding all the entrance electrodes. The electrodes on
:
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FIG. 1. Schematic view of the
ion beam trap. The bunch is in
jected through the left side of the
trap. The central ring represent
the pick-up electrode. The micro
channel plate ~MCP! is
;500 mm to the right of the exit
mirror.
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other side are kept at high potential so that the bunch
reflected toward the entrance. Before the ion bunch return
the entrance mirror, the potentials of its electrode are rap
(;100–200 ns) raised and the ion bunch is thus confi
between the mirrors. The typical lifetime of the beam
;2 –5 s. In this paper, a particular set of trap configuratio
is investigated, namely, $V1 ,V2 ,V3 ,V4 ,Vz%
5$V1 ,4.875 kV,3.25 kV,1.625 kV,4.06 kV%, where 4.0
,V1,6.5 kV. This configuration is characterized by a hi
value of Vz , which causes the ions to be strongly focus
inside the mirror region for all values ofV1 @13#.

B. Detection of trapped ions

The evolution of ion bunches during storage was mo
tored with a cylindrical pickup electrode made with a leng
l p57 mm and inner diameter of 18 mm located at the cen
of the trap~see Fig. 1!. The total capacitance of the picku
electrode plus leads was measured to beCp;10 pF. The
pickup electrode was connected to the gate of a junction fi
effect transistor~JFET! whose drain was fed to a charg
sensitive amplifier with feedback capacitanceCf . The am-
plified signal was recorded with a digital oscilloscope a
sampling rate of 12 MHz.

The charge induced on the pickup~in SI units! due to a
single ionj is given by

qj~ t !5«0E Ej~r j ,t !•dS, ~1!

where«0 is the vacuum permittivity,Ej (r j ,t) is the electric
field induced by the ion at positionr j at time t, and the
integral is performed over the surface of the pickup. T
corresponding potential present on the gate of the JFE
Vj (t)5qj (t)/Cp . The signalVA measured by the oscillo
scope is given by

VA~ t !5
1

Cf
(

j
qj~ t !5

Qp~ t !

Cf
, ~2!

where the summation is over all the ions stored in the tr
andQp(t) is the total induced charge at timet. The detection
system was calibrated by injection of a known char
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through a test capacitor of 1 pF using a potential step g
erator with a fast rise time (,20 ns). The calibration agree
with Eq. ~2! usingCf51.3 pF.

The areaA under the pulse measured on the oscillosco
is proportional to the number of ions in a bunchN and is
given by

A5
qN

Cf

l p

v
, ~3!

wherev andq are the ion velocity and charge, respective
For a 4.2 keV bunch of Ar1, A(ms mV)5731026N. Fig-
ure 2~a! shows a typical signal measured for Ar1, 200 ms
after injection. The peaks correspond to the passage of a
106 ions through the pickup, and this signal is negative d
to the polarity of the amplifier. As the actual bunch width
always larger than the length of the pickup electrodel p , the
measured width of the signalWn @see Fig. 2~a!# is a direct
measurement of the bunch length itself. For a 4.2 keV A1

beam, the electrode length is equal to a bunch length
2W550 ns.

C. Detection of ion loss

The loss of ions from the trap is due to three process
ion-ion scattering, ion-neutral scattering, and charge
change~with the residual gas!. Among these three, only th
last leads to the production of neutral particles which exit
trap. These neutrals are detected using a microchannel p
located;500 mm after the trap, as shown in Fig. 1. Th
MCP signal is proportional to the number of ions stored
the trap, as described in Ref.@13#. Figure 3 shows typical
decay curves measured with the MCP for two trap confi
rations.

III. BUNCH DYNAMICS

The dynamics of a trapped ion bunch can be observe
the evolution of its size. The longitudinal diffusive motion o
the ions in a bunch derives from four mechanisms. First,
ions will dephase due to the intrinsic spread of oscillati
times DTi which exists because the trapped ions move
trajectories with slightly different oscillation times.DTi is
characteristic of the trap configuration and the injection c
4-2
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DIFFUSION AND SYNCHRONIZATION IN AN ION- . . . PHYSICAL REVIEW A 65 042704
ditions. Second, the ions have an initial energy spreadDE0
as they emerge from the ion source, giving rise to an ad
tional width of oscillation timesDTv . The exact dependenc
of oscillation time on ion energy is a function of the partic
lar ion trajectory, and hence this time spread depends on
the applied trap configuration and the injection conditio
Third, the trapped ions are subject toexternalperturbations
due to scattering on the residual gas and noise on the ap
electrode potentials. Finally, the Coulomb repulsion betw
the ions leads to aninternal perturbation of their motion and
hence affects the diffusion pattern.

To evaluate the diffusion dynamics explicitly, we consid
an ion bunch of temporal widthW0 initially positioned at the
center of the trap. The time of arrival of ioni at the center of
the trap aftern oscillations is written as

tn8~ i !5ts~ i !1tn~ i ! ~4!

FIG. 2. Signal observed with the pickup for a 4.2 keV Ar1

bunch with an initial width 170 ns stored withV155.5 kV, at four
different time intervals after injection:~a! 0.2–0.22 ms,~b! 0.3–
0.32 ms,~c! 0.5–0.52 ms, and~d! 1.0–1.02 ms.
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wherets( i ) is the initial time andtn( i ) is explicitly given by

tn~ i !5(
j 51

n

Tj~ i ! ~5!

whereTj ( i ) is the oscillation time of ioni during oscillation
numberj. Since the initial width (W0) of the ion bunch is
independent of the diffusion process, the bunch widthWn
after n oscillations is given by

Wn5AW0
21^tn

2&2^tn&
25AW0

21Dtn
2, ~6!

where the averages are performed over the trapped ions.
distribution of oscillation times in oscillationn is character-
ized by a mean̂ Tn& and a widthDTn . The width of the
distribution of arrival times at the center of the trap can n
be written as

Dtn
25Dtn21

2 1DTn
212Š~Tn2^Tn&!~ tn212^tn21&!‹. ~7!

It is evident that, withDt050, Eqs.~6! and ~7! allow the
iterative evaluation of the width of the bunch after any nu
ber of oscillations. In the following we consider some impl
mentations of Eqs.~6! and ~7!.

With neither external nor internal perturbations, the io
are characterized by a distribution of oscillation times w
constant mean̂Tn&5T and widthDTn5DTp given by

DTp5ADTv
21DTi

2. ~8!

Hence the trapped ions behave as if they were a closed
tem where each ion preserves its initial oscillation time.
this case Eq.~7! reduces to

Dtn
25Dtn21

2 1~2n21!DTp
25n2DTp

2 ~9!

and the bunch width becomes

FIG. 3. Decay curves of trapped 4.2 keV Ar1. The curves show
the rates of Ar0 atoms measured by the MCP detector and avera
over 200 injections, for two different configurations of the tra
V154.7 kV ~upper curve! andV154.5 kV ~lower curve!.
4-3
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H. B. PEDERSENet al. PHYSICAL REVIEW A 65 042704
Wn5AW0
21n2DTp

2 ~coherent diffusion!. ~10!

We label this type of diffusion ‘‘coherent diffusion,’’ sinc
the phase of each ion oscillator evolves unperturbed from
initial value.

On the other hand, if we assume that the ions interact w
external perturbations so that the oscillation time of each
is changed stochastically after each oscillation according
the distribution of oscillation times possible for the speci
trap configuration (DTp), the last term in Eq.~7! vanishes,
andDtn

25Dtn21
2 1DTp

25nDTp
2 , which in turn leads to

Wn5AW0
21nDTp

2 ~non-coherent diffusion!. ~11!

Under these conditions, the bunch expands in a noncohe
way, i.e., the phase of each ion oscillator evolves stocha
cally. This form reflects the central limit theorem of statis
cal mechanics@16#.

The expression for noncoherent diffusion, Eq.~11!, relies
explicitly on the randomization of oscillation times aft
eachoscillation. A more general result describing the effe
of stochastic interactions on the diffusion pattern is obtain
by defining a numbernmix equal to the average number
oscillations before an ion’s oscillation time is randomize
i.e., the probability for an ion to change its oscillation tim
per oscillation is 1/nmix . Within this model Eq.~7! becomes

Dtn
25Dtn21

2 1DTp
212DTp

2~n21!exp~2n/nmix!. ~12!

Equation ~12! represents the general situation between
coherent and noncoherent diffusion: fornmix→` Eq. ~10! is
recovered, whilenmix→0 gives Eq.~11!. In any case, Eq.
~12! shows that with purely stochastic perturbations of
ion motion the diffusion pattern is bounded between the t
limiting cases Eq.~10! and Eq.~11!.

Finally, if the ion motion is subject to internal perturb
tions from ion-ion collisions the value ofDtn @Eq. ~7!# is a
function of the trap configuration, the ion density, and t
exact nature of the interaction. It is the object of this pape
look at the effect of this ion-ion interaction on the diffusio
pattern in more detail.

IV. EXPERIMENTAL RESULTS

A. Diffusion

Figure 2 illustrates the evolution of a bunch of 4.2 ke
Ar1 ions, injected with an initial width of about 170 ns, a
obtained for a trap configuration withV155.5 kV. The fig-
ure shows the signal measured by the pickup for four ti
intervals after injection. The ion bunch is seen to broad
with time, becoming indistinguishable from the noise af
about 1 ms.

The temporal evolution of the bunch was quantified
fitting each peak with a Gaussian profile on a linear ba
ground:

V~ t !52
A

A2pWn

e2(t2tb)2/2W2
1at1b ~13!
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whereA is the area under the peak,Wn the bunch width,tb
the average time of arrival of the bunch at the center of
pickup, anda andb the coefficients of the linear backgroun
The values ofA, Wn , tb , a, and b were free parameter
for each peak. The dots in Fig. 4~a! show the bunch width
Wn as a function of the number of oscillationsn. As the
period of oscillation is 3.15ms, 100 oscillations represen
about 315ms of storage time. The initially confined bunc
of ions is seen to broaden with a characteristic depende
on the number of oscillations. AlthoughWn increases signifi-
cantly with time, it is shown in Fig. 4~b! that the peak area
which is proportional to the number of ions in the bunch@see
Eq. ~3!# decreases only slightly until the bunch is too wide
be measured. Measurements of the lifetime using the M
detector located outside the trap~see Fig. 1! show that very

FIG. 4. Evolution of a bunch of 4.2 keV Ar1 with initial width
of ;170 ns whenV155.5 kV as a function of the number o
oscillationsn. ~a! The measured bunch widthWn ~dots!. The solid
line shows a fit to the data with Eq.~10!, whereW05167 ns and
DTp55.9 ns. The dashed line shows a fit to the data with Eq.~11!,
whereW05167 ns andDTp546.3 ns.~b! The areaA under the
pulse.
4-4
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DIFFUSION AND SYNCHRONIZATION IN AN ION- . . . PHYSICAL REVIEW A 65 042704
few ions are lost from the trap during this time, as a lifetim
of about 3 s was observed, corresponding to about 106 oscil-
lations.

The solid line in Fig. 4~a! shows a fit to the width of the
bunch using Eq.~10! with W0 andDTp as fitting parameters
The fit is excellent withW05167 ns andDTp55.9 ns. The
dashed line in Fig. 4~a! shows the best fit to the experiment
data using the expression for noncoherent diffusion@Eq.
~11!# with W05167 ns andDTp546.3 ns. Noncoheren
diffusion is clearly not a good representation of the obser
diffusion pattern.

The diffusive behavior illustrated in Fig. 4 is typical fo
the evolution of bunches for a variety of potential config
rations of the trap@14#. In general, with the configuration
investigated in this paper, this behavior was seen forV1
.4.9 kV. Figure 5 shows the fitted values ofDTp according
to Eq. ~10! for configurations of the trap with 4.9,V1
,6.5 kV. The value ofDTp rises smoothly from about 2 n
at 4.9 kV to a plateau of about 7 ns forV1 above 6.0 kV.

B. Synchronization

1. Injection of short bunches

Up to now, the bunch was shown to evolve smoothly,
would be expected from the statistical assumptions descr
in Sec. III. In this part, we show that a very different beha
ior can be obtained for specific configurations of the ion tr

Figure 6 shows the evolution of an ion bunch injected in
the trap with an initial widthW05130 ns. In this case, th
potential of the first electrode was set toV154.7 kV. In
contrast to the diffusive behavior seen in Fig. 2, the width
this bunch is preserved over the 90 ms shown. More de
of the evolution of the bunch are shown in Fig. 7 where
bunch width and peak area are shown as a function of
number of oscillations. The inset in Fig. 7~a! shows the evo-
lution of the bunch width for the first 600 oscillations. Du
ing the first 150 oscillations, the bunch width increases m
like that for the previous configurations@see Fig. 4~a!#, and
the solid line shows the behavior according to coherent

FIG. 5. Measured effective time spread (DTp) as a function of
the configuration (V1) of the trap.
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fusion @Eq. ~10!#. The initial increase in bunch width is ac
companied by a decrease in the peak area@see inset in Fig.
7~b!#, i.e., ions are lost from the bunch during this stage
the evolution. After the initial increase, the bunch width s
bilizes around 120 ns but with some large jumps during
first 5000 oscillations that are correlated with jumps in t
peak area. During this time, large amounts of ions are b
added to and lost from the bunch. Beyond about 5000 os
lations, the width is essentially constant, although the nu
ber of ions in the bunch decreases exponentially with tim

FIG. 6. Signal observed with the pickup for an initially 170 n
wide bunch of 4.2 keV Ar1 stored withV154.7 kV at four differ-
ent time intervals after injection:~a! 0.5–0.52 ms,~b! 15–15.02 ms,
~c! 50–50.02 ms, and~d! 90.0–90.02 ms.
4-5
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H. B. PEDERSENet al. PHYSICAL REVIEW A 65 042704
with a typical lifetime of 270 ms (;93104 oscillations!.
Similar behavior was observed for bunches of initial wid
;170 ns injected into the trap for configurations ofV1
54.1–4.9 kV, while above 4.9 kV the initial bunch diffuse
as described in the previous section~see Figs. 2 and 4!. No
trapping was achieved forV1,4.1 kV. Stable bunches hav
been observed for up to 330 ms, which corresponds to
maximum memory available for our digital oscilloscop
and, since no change in the asymptotic bunch width w
observed on that time scale, one can safely assume that m
longer times are possible.

Also plotted in Fig. 7~a! are the expected diffusion pa
terns for coherent diffusion@Eq. ~10!, solid line# and nonco-
herent diffusion@Eq. ~11!, dashed line#. The evolution of the
bunch width as shown in Fig. 7~a! is clearly incompatible
with either model, or any intermediate form@Eq. ~12!#, all of
which imply a smooth increase in width with number
oscillations. Thus, the evolution of the bunch cannot be
plained by interactions that are stochastic in nature, suc

FIG. 7. Evolution of an initially 170 ns wide bunch of Ar1 at
4.2 keV (V154.7 kV). ~a! Bunch widthWn . The solid line is the
expected behavior for coherent diffusion@Eq. ~10!# and the dashed
line is for noncoherent diffusion@Eq. ~11!#. ~b! The peak areaA.
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residual gas collisions or noise on the mirror electrodes
the trap. It will be shown that the origin of the nondiffusiv
behavior illustrated in Fig. 7 lies in the synchronization
the ions’ motion that occurs for a range of electrostatic p
tential profiles in the mirror regions.

2. Asymptotic behavior

The synchronization phenomenon was investigated
studying the bunch development for different configuratio
of the electrode potentialV1, initial bunch widths, and dif-
ferent ions, namely, Ar1 and Xe1. When a wide bunch of
ions was injected into the trap it was observed to split up i
narrower bunches during the first tens of milliseconds, wh
only one narrow bunch with a characteristic width remain
at later times. Figure 8 displays the details of this evolut
for an initially 0.9 ms wide bunch of Ar1 at 4.2 keV when
the trap was configured withV154.7 kV by showing the
fitted width@Figs. 8~a!# and area@Figs. 8~b!# @see Eq.~13!# of
the largest bunch as a function of the number of oscillatio
After a rapid shrinking of both the bunch width and pul
area~which correspond to a loss of particles from the bunc!
during the first 500 oscillations, the largest ion bunch ca
tures and releases other bunches for about 8000 oscillat

After about 8000 oscillations, the largest bunch captu
the last bunch, leaving in the trap a single bunch of cons

FIG. 8. Evolution of a bunch for an initially 0.9ms wide bunch
of Ar1 at 4.2 keV (V154.7 kV). ~a! Bunch widthWn as a function
of the number of oscillations.~b! Peak areaA as a function of the
number of oscillations.
4-6
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DIFFUSION AND SYNCHRONIZATION IN AN ION- . . . PHYSICAL REVIEW A 65 042704
width Wc5150 ns, a value close to that measured in
previous case@see Fig. 7~a!#. After this stabilization has oc
curred the bunch area decreases exponentially with incr
ing number of oscillations:

A~n!5A0 exp~2n/hc! ~14!

whereA0 is a constant andhc is a characteristic decay num
ber. For the case shown in Fig. 8~b!, hc593104, corre-
sponding to a lifetime of about 270 ms.

The behavior described above is interpreted as a s
organizing phenomenon, where the route to the organ
structure is complex and depends strongly on injection c
ditions, such as position and angle relative to the trap a
and the initial bunch length. However, once formed, the e
lution of the bunch, i.e., its asymptotic width (Wc) and decay
number (hc), depends only the voltage configuration. Sim
lar self-organizing structures were seen for configurations
the trap where the potential of the last electrode was chan
in the range 4.1,V1,4.9 kV.

The results are summarized in Figs. 9~a! and 9~b! where

FIG. 9. ~a! Asymptotic bunch widthWc for Ar1 ~dots! and Xe1

~open circles!. For comparison, the data for Xe1 have been multi-
plied by A40/132. ~b! Characteristic decay numberhc for Ar1

~dots! and Xe1 ~open circles!. The initial bunch was;2 ms.
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the asymptotic bunch widthWc and decay numberhc are
shown, respectively, for a 4.2 keV Ar1 beam ~dots!, as a
function of V1, in the range where synchronization was o
served. Each point in the figure represents a separate in
tion. Two modes are clearly observed, for both the width a
the decay number. For values ofV1,4.45 kV, Wc andhc
increase smoothly. AtV154.45 kV, a fast decrease of th
asymptotic width occurs, from 240 ns to 150 ns, whilehc
increases more rapidly from;53104 to ;105 oscillations
~which corresponds to a bunch lifetime of about 300 ms!.

At the same time that the bunch behavior was monito
by the pickup, the overall lifetime of the stored ions w
monitored via the MCP. Two decay curves of trapped Ar1 at
4.2 keV are shown in Fig. 3 for two different trap config
rationsV154.7 kV andV154.5 kV, two values for which
synchronization is taking place. The decay curves are c
acterized by strong ion loss within the first;0.3 s~i.e., over
a time scale corresponding to the bunch lifetime! after which
a single exponential decayt is observed with a characteristi
lifetime of several seconds. Figure 10 shows this asympt
lifetime of the ion beam as a function of the trap configu
tion ~i.e., V1) over the range where synchronization was o
served. In good agreement with the decay number@Fig.
9~b!#, t also shows two branches where the lifetime var
smoothly, one below;4.5 kV and one above.

3. Mass dependence

To further characterize the synchronization phenomen
Figs. 11~a! and 11~b! show the bunches for 4.2 keV Ar1 and
Xe1, respectively, observed 100 ms after injection, using
trap configuration given byV154.7 kV. The asymptotic
width of the bunches is clearly larger for Xe1 than for Ar1.
Some measured widths of Xe1 with different trap configu-
rations are plotted as open circles in Fig. 9. For better co
parison with the results for Ar1 ~dots!, the values for Xe1

have been multiplied by the square root of the mass ratio
argon and xenon, which is equal to their velocity ratio. W
this scaling the asymptotic widths for Ar1 and Xe1 bunches

FIG. 10. Asymptotic beam lifetimet as a function ofV1 for
trapped beams of Ar1 at 4.2 kV.
4-7
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H. B. PEDERSENet al. PHYSICAL REVIEW A 65 042704
agree very well. As the bunch widthWc is given in units of
time, this agreement demonstrates that the bunch width
units of length for both Ar1 and Xe1 are identical. The
decay numbers (hc) @Fig. 9~b!# are in reasonable agreeme
for the two species as well.

V. ONE-DIMENSIONAL MODELS OF SYNCHRONIZATION

In this section we demonstrate that the source of the s
chronization for ions trapped in an electrostatic potentia
the repulsive Coulomb force between them. To illustrate h
repulsion can counteract diffusion and to gain further insi
into the dynamics of diffusion and synchronization, we ha
numerically studied two models: The first is based on
mean field approximation, while the second is a multiparti
calculation with interacting ions. In both cases, we assu
the system to be trapped in a one-dimensional flat-bottom
potential. Clearly, a one-dimensional model is a rather cr
approximation of the experimental situation. However,
will be shown, important characteristics related to diffusi
and synchronization can be understood with the insi
gained through these models. A detailed analysis of the
will be given in Sec. VI.

A. The model potential

A drawing of the model potential is shown in Fig. 12, a

FIG. 11. Asymptotic bunch widthWc 100 ms after injection for
~a! Ar1 and ~b! Xe1 with V154.7 kV. The injected bunch width
was about 5ms.
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the potential is explicitly given by

U~z!5H 0 if uzu<L

aw~ uzu2L ! if uzu.L,
~15!

where 2L5200 mm is the length of the field-free region an
aw is the slope of the potential walls. It is important to rea
ize that in such a potential the period of oscillation is no
monotonic function of the particle kinetic energy: For a
aw,2E/(qL), the oscillation period of fast particles i
longer than for slow particles. This is because the fast p
ticles climb higher on the potential wall, and the extra tim
spent in this region is larger than the time difference betw
slow and fast particles in the field-free region. There is
slopeaw52E/(qL) for which the period of oscillationT of
the particles is independent of small variations of their
netic energiesE. Under such a condition (dT/dE50) the
diffusion of a bunch of particles moving in this potential
strongly reduced. A convenient parameter to characterize
motion of a single ion in this potential is the logarithm
derivativea of the oscillation timeT with respect to the ion
energyE:

a5
1

T

dT

dE
. ~16!

This parameter is directly related to the slope of the poten
walls by

a5
1

2E

12L~q/E!~aw/2!

11L~q/E!~aw/2!
. ~17!

While the slope of the potential wall is bounded by`.aw
.0, a takes values in the interval21<a32E<1. All
properties of the single ion motion can be expressed thro
a. Here we are particularly interested in the oscillation tim
which is given by

T~a!5AM

2E

4L

122Ea
~18!

whereM is the ion mass.

FIG. 12. The one-dimensional model potential used in the sim
lations. The slope of the potential wall isaw .
4-8
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Another important feature of the one-dimensional pot
tial model is that for a given value ofa and a specificM a
small change in the energy is directly related to a chang
oscillation timeDT by

DT5DEUdT

dEU5DEuauT~a!. ~19!

B. Mean field approximation

In this model, we consider the motion of a test ion
massM540 amu and chargeq5ueu and a sphere of radiu
R uniformly filled with N identical ions moving together in
the potential given by Eq.~15!.

The main goal here is to understand the behavior o
single ion in the field created by all other ions, which a
represented by the charged sphere. The force between th
and the sphere is given by

Fm~Dz!5
e2

4p«0

N

R2
35

Dz

R
if uDzu<R

R2

Dz2
if uDzu.R

~20!

whereDz is the separation between the test ion and the c
ter of the charged sphere.

In the real three-dimensional potential the ions are co
pressed radially by focusing and longitudinally by the red
tion of velocity inside the electrostatic mirrors. To emula
this behavior, the radius of the sphere was changed a
function of its velocity using the following dependence:

R5Rmin1~R02Rmin!
v
v0

~21!

whereRmin is the minimum possible radius,R0 the radius of
the sphere in the field-free region,v the velocity of the
sphere, andv0 its initial velocity.

The Newtonian equations for this model system were
merically solved for various values ofaw , the initial kinetic
energy differenceDE0 between the sphere and the test io
and the chargeNueu on the sphere. The parameters of t
sphere were chosen to beR053.6 mm and Rmin
50.15 mm for all cases.

Figures 13~a!–13~c! show the value ofDz as a function of
the number of oscillations fora32E50.5, DE0510 eV,
and different values ofN. With N51000@Fig. 13~a!#, the test
ion and the sphere separate linearly with time, as expe
from the diffusion model. However, forN510 000 @Fig.
13~b!#, the motions of the test ion and the sphere are hig
correlated, and even though the charge on the sphere is l
than in the previous case, the maximum distance between
sphere and the ion is bounded. In short, the motion of
two particles is locked. When the number of ions in t
sphere is even larger@Fig. 13~c!#, their relative motion be-
comes more complex, where the test ion and the sphere
and slip in a complicated pattern, but their separation is
bounded.
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In order to systematically study the synchronization ph
nomenon, calculations were performed for various values
a and N, for a fixed value ofDE0510 eV. In the subse-
quent analysis, the results were identified as either ‘‘dif
sion’’ or ‘‘synchronization.’’ The result of this analysis i
shown in Fig. 14~a!. Each point in the figure represents a
investigated combination ofN anda, with open squares in-
dicating a case of ‘‘diffusion’’ while filled circles are cases
‘‘synchronization.’’ As pointed out above, the valuea50 is
of particular interest as this is where diffusion is strong
suppressed. Figure 14~a! shows that synchronization is ob

FIG. 13. Three examples of the separationDz of the test ion and
the charged sphere as a function of time obtained witha32E
50.5 and DE0510 eV with different numbers of ions in the
sphere:~a! N5103, ~b! N5104, and~c! N5106.
4-9
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tained not only at this point, but also at values for whicha
Þ0. In fact, except fora50, there is a minimum and maxi
mum value ofN for which synchronization can be obtaine
In general, fora.0, the range of possible values ofN is
much larger than fora,0, e.g., for a50.5, 23103,N
,106, while 13106,N,23106 at a520.5.

In summary, the mean field approximation describ
above illustrates that synchronization can indeed hap
among mutually repelling ions bound between two poten
walls. Synchronization is strongly favored whena.0, and
always requires a minimum density of particles to occur.

C. N-body simulations

Another way to illustrate the synchronization pheno
enon observed in the electrostatic trap is to study the mo
of several interacting ions in the potential given by Eq.~15!.
The drawback of such a method is the larger CPU time
quired for completely parametrizing the problem.

Here, we present simulations where a bunch ofN530
ions, each of massM540 amu and chargeq5ueu, was
propagated for 100 oscillations in the potential given by E

FIG. 14. Synchronization dynamics in the mean field appro
mation.~a! Number of ionsN in the charged sphere vsa32E. The
open squares represent points where diffusion was observed
the filled circles represents points where synchronization
found. ~b! Comparison between the mean field simulation res
and the criterion given in Eq.~38!. The plot showsnc85DE0 /DEc

versusa32E. The test ion had an initial kinetic energy of 4210 e
while the charges in the sphere were initialized with 4200 eV
kinetic energy per ion. The solid circles are the values where s
chronization was observed, and the line is given by Eq.~38!.
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~15! with different slopes for the potential walls. The widt
of the bunch was computed as a function of the numbe
oscillations. For each separate propagation the initial p
tions of the ions were chosen randomly according to a u
form distribution of mean̂ z&50 and widthDz50.6 mm,
while their initial kinetic energies were selected random
from a uniform distribution of mean̂E&54200 eV and
DE50.6 eV. For each value ofa, one simulation was per
formed for noninteracting ions and one for ions interacti
through the repulsive Coulomb force. In order to allow t
ions to overtake each other in this one-dimensional mo
the Coulomb interaction was given a minimum impact p
rametere so that the force between a pair of ionsi and j
separated by a distanceDzi j is explicitly

Fi j 5
e2

4p«0

1

Dzi j
2 1e2

. ~22!

Figures 15~a! and 15~b! illustrate the evolution of this
system fora32E520.3 anda32E50.3, respectively, by
showing the calculated bunch width as a function of t
number of oscillations. The solid curves show the resu
obtained with noninteracting ions, while the dots show t
results for interacting ions according to Eq.~22! with e
51 mm. For both values ofa32E and for noninteracting
ions the ion bunch width increases as expected from cohe
diffusion, Eq.~10!. For a32E520.3, the bunch width in-
creases much faster for interacting ions than for noninter
ing ions, and in this case the diffusion is enhanced by
Coulomb interaction. In contrast, fora32E50.3 the width
of the bunch for interacting ions remains bound betwee
and 4 ns. In this case the repulsion has synchronized
motion of the ions.

The N-body simulation also allows us to check the stat
tical description given by Eqs.~6! and~7!. The central quan-
tity that determines the ion dynamics is the correlatorCn ,

Cn52Š~Tn2^Tn&!~ tn212^tn21&!‹. ~23!

This quantity holds information in a statistical way on th
mechanism of diffusion, as well as synchronization, a
measures explicitly the correlation between the arrival tim
aftern21 oscillations and the oscillation times of oscillatio
n. If the value ofCn is positive, the ion bunch will show
diffusion, while for a negative value ofCn the ion bunch will
tend to synchronize. For instance, the character of the o
nized state is determined by the requirementDtn

25Dtn21
2 , or

equivalently

DTn
21Cn50, ~24!

which is to be evaluated for the synchronized ions, and
plicitly requires a negative value ofCn . The analysis in Sec
III showed that without ion-ion interaction the correlator w
always be positive,Cn>0. With ion-ion interaction included
the size and sign of the correlator result from the interp
between the ion-ion interaction and the kinematical prop
ties of the electrostatic potential.
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s
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FIG. 15. Evolution ofN530
ions, each of massM540 amu
and chargeq5ueu, trapped in the
potential Eq.~15! for two different
values ofa. The initial energies of
the ions were randomly selecte
from a uniform distribution of
mean ^E&54200 eV and width
DE50.6 eV. The solid curves
show the results obtained with
noninteracting ions, while the dot
show the results for interacting
ions @see Eq. ~22!# with e
51 mm. ~a! The width of the ion
bunch fora32E520.3. ~b! The
width of the ion bunch fora
32E50.3. ~c! The correlator for
a32E520.3. ~d! The correlator
for a32E50.3.
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Figures 15~c! and 15~d! show the value ofCn for a
32E520.3 ~c! and a32E50.3 ~d!, both for interacting
~dots! and for noninteracting~solid curve! ions. While for
noninteracting ionsCn.0 for all n, this is not true for inter-
acting ions whena32E50.3. In this case, the correlator
always negative, and it was found to be negative for all v
ues 0<a<0.9/2E. Thus, in this case, it is clearly the Cou
lomb interaction between the particles that is inducing
motion synchronization observed in the simulations.

The dependence ofCn on the number of oscillations ca
to a good approximation be represented by a linear func
@see Figs. 15~c! and 15~d!#. Therefore the evolution of the
bunch width can still be well represented by Eq.~10!, since
here the corresponding correlator equalsCn5(2n21)DTp

2 .
Thus, to further quantify the effects of synchronization a
enhanced diffusion following from the one-dimension
model, we defined an effective time spread per oscillat
DTe as determined from the linear slope ofCn . DTe was
then determined for several values ofa.

In Fig. 16 DTe is plotted versusa32E. The solid curve
shows the behavior expected for noninteracting ions@Eq.
~19!#, the open circles show the results of the simulation w
noninteracting ions, and the solid circles show the results
interacting ions. Where synchronization was observed,
value ofDTe is zero. There is very good agreement betwe
the expectedDTe and that obtained from simulation wit
noninteracting ions. The small deviation stems from the
nite number of ions used in the simulations, which cau
the value ofDE0 to differ slightly from run to run. For in-
teracting ions, enhanced diffusion, due to the Coulomb
pulsion between the ions, is observed whenevera, 0. At
a50 there is a sharp transition to ion motion synchroni
tion, which persists untila50.9/2E, after which the diffu-
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sion is much like the diffusion of noninteracting ions. Thu
in the present case, synchronization is observed only foa
.0. Although a complete parametrization as a function oN
was not made~due to the relatively large computational tim
required for performing these calculations!, samples demon-
strated that synchronization could also be obtained but o
for specific values ofN and Dz when a,0, much as ob-

FIG. 16. Effective time spread per oscillation as a function
a32E as obtained from numerical simulations for the sam
bunches and initial conditions as in Fig. 15. The solid curve sho
the expected behavior for noninteracting ions, i.e.,DTe

5DE0uauT(a). The open circles show the simulation results o
tained with noninteracting ions and the dots show the results
ions interacting through the force Eq.~22! with e51 mm. The
cases for which synchronization occurs, i.e., whenDTe50, are pre-
sented on the logarithmic scale by adding 1024 ns to their values.
4-11
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served in the mean field model described in the previ
section.

In summary, the results of these simulations demonst
that the Coulomb repulsion between the ions is respons
for the synchronization effect observed in the model pot
tial given in Eq.~15!. For synchronization to occur, a min
mum density of ions is required, and the effect is grea
favored whena>0. On the other hand, enhanced diffusi
is observed fora<0. Based on these simulation results, w
turn now to a detailed analysis of the experimental data
order to develop general criteria for synchronization and
fusion.

VI. BUNCH DYNAMICS: DIFFUSION VERSUS
SYNCHRONIZATION

In order to gain insight into the diffusion and synchron
zation as observed in the experiments, numerical trajec
calculations were performed in the actual three-dimensio
potential of the trap. We used theSIMION program @17#,
which can both solve the Laplace equation for a spec
potential configuration in space, and propagate ions~without
ion-ion interaction! on the computed potential grid. The k
nematical properties of the trajectories for an ensemble
ions are obtained using Monte Carlo type calculations wh
the initial coordinates and velocities of the ions are chose
random from realistic values. Two examples of ion trajec
ries can be seen in Fig. 17, where only half of the trap
shown ~the value ofV1 was set to 4.7 kV!. Details about
these calculation can be found in Ref.@13#.

A. Diffusion

Using trajectory calculations, it is possible to quantify a
interpret the experimental diffusion patterns observed in F
4~a! for V1.4.9 kV. As pointed out in Sec. III, when exte
nal and internal perturbations are neglected, there are
contributions to the time spread per oscillation, namely,
intrinsic time spreadDTi and the time spreadDTv associated
with the initial energy spread.

FIG. 17. Two examples of trajectories as calculated withSIMION.
The heavy black lines show the location of the mirror electrode
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The intrinsic time spreadDTi was obtained directly from
SIMION by filling the trap with a beam with a Gaussian pr
file of width s(x)5s(y)52 mm, wherer 5Ax21y2 is the
radial coordinate, and a Gaussian distribution of the rad
component of velocityv r , of width s(v r /v t)50.001, where
v t is the speed. Analysis of the oscillation times was th
performed and the widths~corresponding toDTi) were ob-
tained for different values ofV1.

To evaluateDTv , the derivative of the oscillation time
with respect to energy, i.e.,dT/dE, must be calculated for
the populated trajectories. This value was also extracted f
SIMION calculations, and folded with a realistic value of e
ergy widthDE051 eV, to obtain the time spreadDTv .

The total time spreadDTp5ADTv
21DTi

2 was calculated,
and the results are shown in Fig. 18~a! as a function ofV1.
Comparison of these results with the experimental data~Fig.
5!, for values where synchronization was not observed,
V1.4.9 kV, shows that the calculation underestimates
time spread by a factor of;4, although the overall shape i
reproduced correctly. The value ofDTp is dominated by the
intrinsic time spreadDTi , and the dependence ofDTp on V1
as shown in Fig. 18~a! mainly reflects the variations of th

FIG. 18. Calculated parameters of the diffusion as a function
the trap configuration (V1). ~a! Total time spread per oscillation
DTp . ~b! Mean value of the derivative of oscillation time wit
respect to energy, (dT/dE), at E54200 eV.
4-12



d

i
na
he

t
an
ffu

o
u
a

en
m

al
Fo
a

a
re
in
an
ed
n-
or

or
o
e

th
e-
in
o

on

til

tio
ac
fo

b

io
tia

n

w

-
ust
on
ou-
the

eo-
ple
d in
wn

lla-
of
ear
ve-
on
o be
n in
in
re
g
as-
age
n a
d
ced

ns.

e
is

ced
ut

ry

n-

this
t to

ill
e
ists
nd
cus-

ula-

DIFFUSION AND SYNCHRONIZATION IN AN ION- . . . PHYSICAL REVIEW A 65 042704
available phase space under the injection conditions use
The explicit values ofdT/dE calculated usingSIMION,

and which are used to calculate theDTv contribution, are
plotted in Fig. 18~b!. It is seen thatdT/dE changes sign
around 4.9 kV, i.e.,dT/dE,0 for V1.4.9 kV, which is the
region where diffusion is observed in the experiment. This
also fully consistent with the results of the one-dimensio
simulations, which showed that diffusion is favored in t
regiondT/dE,0 ~see Fig. 16!.

The fact that the measured time spread is larger than
calculated one is consistent with the one-dimensional, m
particle simulation results, which show that enhanced di
sion due to the ion-ion repulsion is observed for values
dT/dE,0. To estimate the importance of the repulsive Co
lomb interaction in the diffusion pattern we first consider
mean field approximation for the ion-ion interaction. Wh
an ion bunch enters one of the electrostatic mirrors it is co
pressed longitudinally due to the deceleration and radi
due to the focusing properties of the mirror electrodes.
the trap configurations used in this study where the ions
strongly focused in the mirror region~see Fig. 17!, this com-
pression can increase the ion density by 2–3 orders of m
nitude at the turning points as compared to the field-f
region. The radial extension of the ion bunch at the turn
point can be evaluated from the trajectory calculations,
was found to be of the order of 0.5 mm for all investigat
configurations of the trap. Similarly, the longitudinal dime
sion of an ion bunch can be evaluated from the traject
calculations, and for a bunch width of 200 ns of Ar1 at 4.2
keV this size is also of the order of 0.5 mm in the mirr
region. Thus, assuming that the ion bunch contracts t
sphere of radiusRt50.5 mm at the turning point, the spac
charge potential at the center of this sphere is

Us5
3

2 S e

4pe0

N

Rt
D , ~25!

whereN is the total number of ions at the turning point. Wi
Rt50.5 mm andN5106, this space charge potential b
comesUs;4 V. Hence, the energy transferred to the ions
the bunch can be of the order of 4 eV in one oscillation. F
V155.5 kV, and with a value ofdT/dE520.18 ns/eV
@see Fig. 18~b!# this corresponds to a change in oscillati
time of DTc50.7 ns, which when included inDTp gives a
total time spread per oscillation of 1.3 ns. This value is s
much smaller than the measured values~see Fig. 5!. Thus,
evaluated under the mean field approximation, the addi
of the Coulomb interaction between the ions still cannot
count for the experimentally observed diffusion pattern
V1.4.9 kV ~e.g.,DT55.9 ns atV155.5 kV).

To understand the origin of the enhanced diffusion o
served in the experiment~and in the simulation! we return to
the ion motion correlatorCn defined in Eq.~23!, and analyze
in more detail the interplay between the Coulomb repuls
and the kinematical properties of the electrostatic poten
For enhanced diffusion to occur, the value ofCn must be
positive and even larger than without ion-ion interactio
This is exactly what was determined from theN-body simu-
lation described in Sec. V C, the result of which was sho
04270
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in Fig. 15~c!, i.e., the values ofCn increase faster with inter
action than without. Thus, the electrostatic potential m
favor interaction conditions for which the ions can diffuse
a time scale faster than the time scale of the repulsive C
lomb force. In other words, there is a correlation between
motion of the ions in a potential well withdT/dE,0, which
leads to diffusion that is faster than expected from the g
metrical trajectory spread, the velocity spread, and sim
Coulomb repulsion. Such a correlation can be understoo
terms of the kinematics that exist in the potential well sho
in Fig. 12.

In a potential well for whichdT/dE,0, the fast ions
have the shorter oscillation times. Thus, during one osci
tion, the fast particles will tend to be located at the front
the bunch, while the slowest ones will be located at the r
~tail!, thus producing a correlation between position and
locity. Because of this correlation, the Coulomb repulsi
force acting between the particles cannot be assumed t
the result of the average space charge potential as give
Eq. ~25!. In fact, it can be shown that the particles located
the forward part of the bunch will be pushed even mo
forward, thus increasing their velocities, while the trailin
particles will be pushed further to the rear, thereby decre
ing their velocities. This combined effect causes the aver
distances between the ions to grow more rapidly than i
‘‘mixed’’ bunch, where no correlation between position an
velocity exists, and it is the basic reason behind the enhan
diffusion observed in the experiments and simulatio
Clearly, a minimum density of ions~or number of collisions!
is needed for this effect to occur, but it will be shown in th
next section, where the synchronization phenomenon
treated, that this minimum is the same for both enhan
diffusion and synchronization. It is important to point o
that with a density of ions in the mirror of;23109 cm23,
the time scale of the Coulomb interaction is about 3ms, so
that the ions gain their additional velocities in only a ve
small number of oscillations.

B. Synchronization

1. Criteria for synchronization

Although the statistical formulation describing the sy
chronized state has been given in Eq.~24!, a more physical
description, as well as specific criteria, are needed. In
section, we propose three criteria that have to be me
achieve synchronization.

The first criterion is related to the value ofdT/dE, i.e.,

dT

dE
>0 ~kinematical criterion! ~26!

for the potential well in which the ions are moving, and w
be called the ‘‘kinematical’’ criterion. This criterion can b
understood in terms of the kinematical correlation that ex
between the ions in the potential well shown in Fig. 12 a
has been described in the previous section with the dis
sion of enhanced diffusion.

As seen from both the experimental data and the sim
tion, synchronization is easier to achieve whendT/dE>0.
4-13
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In this case, the fastest ions have the longest oscilla
times. For a bunch oscillating in such a potential well, t
fastest ions will tend to localize in the rear of the bunc
while the slowest ones will tend to be located at the fro
The correlation produced here is thus the inverse of the
for enhanced diffusion~whendT/dE,0), and the effect of
the Coulomb interaction between the particles is accordin
different: The fast particles, located at the back, will ha
their velocities reduced by the Coulomb force, while t
slow ions, located at the front, will be pushed further ahe
thereby increasing their velocities. The combined effect is
move the rearward particles toward the front of the bun
and the leading particles toward the back, hence keeping
size of the bunch constant. Thus, the particles will have r
tive motion of the type shown in Fig. 13~b!. For high density
of ions, when the Coulomb force can no longer be cons
ered as a perturbation, a more complex pattern will eme
as observed in Fig. 13~c!. Clearly, the kinematical effect is
not sufficient, as interaction~collision! between the particles
is needed, and this will be taken care of by two additio
criteria.

The second criterion is that for a group of trapped ions
show synchronization, they must all be able to collide~inter-
act! with each other. This means that the phase space
occupy must be coupled by collisions. This will be called t
‘‘focusing’’ criterion. In the electrostatic trap, the ion-ion co
lisions are of importance only in the mirror region, where t
density is the highest@13#. Thus, the focusing criterion ca
be established by considering the trajectory properties at
turning points, which are a direct function of the potent
configuration on the electrode mirrors, and, more spec
cally, on the potential close to the turning point itself, i.
V1. Trajectory simulations performed usingSIMION show
that the trap configurations used in the present study ar
characterized by strong radial focusing of the beam ins
the mirror, an effect that originates in the relatively hig
value of Vz54.06 kV. The trajectories shown in Fig. 1
clearly demonstrate that the ions meet at the turning poin
that strong compression of the bunch occurs, facilitating
collisional coupling of their trajectories. However, due to t
cylindrical symmetry of the electrostatic potential of the i
trap, the angular momentumLz about the symmetry axis is
constant of motion for the individual ions. Consequently,
ions will tend to separate radially at the turning points a
cording to their angular momenta, implying that only io
with similar angular momenta will be able to interact at the
points. The criterion that the phase space of synchron
ions must be coupled by collisions implies both strong s
tial compression of the ion bunch and similarity of the ang
lar momenta of the ions. This criterion can be stated to a
approximation as

Dzt5Rt ~similar Lz! ~ focusing criterion! ~27!

whereDzt andRt are the axial and radial sizes of the bunc
respectively, at the turning point. Using a second order
pansion for the bunch position around the turning point,
axial size at the turning point of an ion bunch of widthW can
be evaluated as
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Dzt5
1

3 S W

2 D 2S q

M D S dU

dz D
t

~28!

whereM is the ion mass and (dU/dz) t is the potential gra-
dient along the trap axis at the turning point. Combining E
~27! and~28!, one can extract the asymptotic widthWc of the
synchronized bunch, which is given by

Wc5kARtS M

q D S dU

dz D
t

21

~29!

wherek5350 ns if Rt is in mm, M in amu, q in units of
electron charge, and (dU/dz) t in V/mm. The value ofRt is
peculiar to the trap configuration and the injection con
tions, and must be evaluated for the ensemble of ions w
similar values of Lz . Equation ~29! shows that the
asymptotic width of a synchronized bunch depends both
the particular type of ion through the mass-to-charge ra
M /q ~in agreement with the experimental observation, s
Fig. 9! and on the particular configuration of the trap throu
the potential gradient at the turning points (dU/dz) t and the
radial size of the beam at the turning pointsRt .

The third criterion states that the collision probability
the turning point must ensure that the ions do indeed l
their motion rather than diffuse and this will be called t
‘‘collision’’ criterion. Indeed, as observed in both experime
and simulations, collisions can lead to diffusion or synch
nization, even if the kinematical condition is fulfilled, as i
lustrated in Fig. 16, fora.0.9, where it is interesting to not
that the diffusion is not enhanced. To quantify this criteri
we first note that a group of noninteracting ions will diffus
from an initial width W within a characteristic number o
oscillationsnd given by @see Eq.~10!#.

nd5
T

DTp
A12S W

T D 2

~30!

where DTp is the width of the distribution of oscillation
times @Eq. ~8!#, which is determined by the initial energ
spread as well as the configuration of the trap. As definednd
is a lower limit since coherent diffusion has been assum
As a result of the ion-ion collisions, the oscillation times
the ions are altered. Let us defineDTc as the standard devia
tion of the distribution of changes in oscillation times up
collision. Then, on average, the number of oscillationsnc
that occurs before the oscillation times have been collisi
ally redistributed among the ions is given by

nc5
DTp

DTc
. ~31!

For synchronization to dominate over the diffusion due
the initial spread in oscillation time (DTp), the ion-ion inter-
action must be strong enough thatnc!nd . On the other
hand, to prevent enhanced diffusion due to the ion-ion co
sions, the change in oscillation time due to a collision m
also be much smaller than the width of the ion bunch:DTc
4-14
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!W. Combining these conditions, the third criterion for sy
chronization can be expressed as

DTp

W
!nc!

T

DTp
A12S W

T D 2

collision criterion.

~32!

Assuming that the bunch widthW is much smaller than
the oscillation timeT, the above criterion has the simp
form

DTp

W
!nc!

T

DTp
~W!T! collision criterion. ~33!

Based on this criterion, the synchronization is seen to
in competition with both the diffusion due to the intern
time spread~a property of the trap! and the diffusion due to
the ion-ion interaction~and related to the bunch density!. In
other words, too few collisions or too many lead to diffusio
while there is an intermediate situation where collisions c
lead to synchronization. Such a situation can be seen in
14~a! where for both small and large numbers of ionsN in
the sphere, diffusion is taking place, while synchronization
the intermediate situation.

2. Numerical estimations

In this section, we will use theSIMION trajectory calcula-
tions to evaluate the quantities needed to compare the
chronization criteria to the experimental values, i.e.,
range of potential on the last electrode,V1, for which syn-
chronization was observed.

The kinematical criterion is the easiest to compare.
explained in the previous section, synchronization is stron
favored if dT/dE>0. Experimentally, synchronization wa
observed for 4.1,V1,4.9 kV, and this range is in very
good agreement with the region wheredT/dE>0, as can be
seen in Fig. 18~b!.

To evaluate the focusing criterion Eq.~27!, by use of tra-
jectory simulations we make the simplifying assumption t
only ions for which Lz50 will be able to synchronize
through collisions. The radial extension of the ion bunch
the turning point Rt and the gradient of the potentia
(dU/dz) t are evaluated usingSIMION. Using these values
the asymptotic widthWc is calculated based on Eq.~29!. The
open circles in Fig. 19 showWc for configurations of the trap
in the range 4.2<V1<4.9 kV. Two distinct branches ofWc
emerge from the trajectory calculations. BelowV1
;4.45 kV, Wc;185 ns, while for V1.4.45 kV, Wc
;165 ns. The calculated values ofWc are in fair agreemen
with the experimental values shown in Fig. 9~a!, which are
also displayed as dots in Fig. 19 for direct comparison. T
sudden decrease at 4.45 kV is observed both in the calc
tion and in the experiment, demonstrating the validity of E
~29!.

To evaluate the collision criterion for synchronization, E
~32!, the value ofnc must be estimated. Sincenc is the
average number of oscillations before the oscillation tim
have been redistributed among the ions due to their mu
collisions, it can also be expressed asnc51/Alc whereAlc
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is the average number of collisions per oscillation. In a p
vious publication@13# it was shown that, for a given trajec
tory i , lc can be estimated as

~lc! i5k8~n1!0AMU0

q
s III ~Dv0!Dv0

2

3S R0

Rt
D 2S dU

dz D
t

21K 1

Dv i
L , ~34!

wherek8 is a constant, (n1)0 is the ion density at the cente
of the trap,U0 is the acceleration voltage,sc(Dv0) is the
ion-ion scattering cross section at a known relative veloc
Dv0 , (R0 /Rt) is the ratio between the beam radii at th
center of the trap and at the turning points,Dv i is the relative
velocity, and ^1/Dv i& is averaged over the relevant pha
space at the turning points. For the present configuration
the trap, and the range of values ofV1 probed in this experi-
ment, assuming (n1)05106 cm23 and sc510215 cm2, it
was found thatnc;100. This value can be compared to th
limits for nc as required by the collision criterion in Eq.~32!,
which areDT/W;0.01 ~lower limit! and T/DT5103–104

~upper limit!. Thus, the value ofnc is well within the re-
quired range. An important point here is that, sincenc is
related to the density of ions, a wide range of values
possible, and, in particular, bunches of intensities weake
four orders of magnitude are needed in order to observ
transition from synchronization to diffusion. Unfortunatel
such weak beams are undetectable by the present pi
electrode. Also, bunches 10–100 times denser than use
the present experiment are needed to reach the upper lim
synchronization, intensities that cannot be produced by
ion source. Thus, the collision criterion is always satisfied
the present experiment.

An additional check of the collision criterion, Eq.~33!,
can be made by comparing it with the results of the o

FIG. 19. Calculated asymptotic widthWc as a function ofV1

~open circles!. The dots are the measured values.
4-15
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dimensional mean field simulations~Sec. V B!. Consider a
bunch of ions oscillating in the potential Eq.~15!. The ions
have an initial kinetic energy spread ofDE0, which is
equivalent to a spread in oscillation time according toDT0
5DE0udT/dEu @Eq. ~19!#. For noninteracting ions, diffusion
will ensue within a characteristic number of oscillatio
given by

nd85
1

uauDE0
A12S W

T~a! D
2

~35!

@see also Eq.~30!#. The effect of the interaction between th
ions is evaluated by first considering the energy trans
Ec( i ,n) to an ioni during oscillation numbern:

Ec~ i ,n!5E
n
F~ i !v~ i !dt, ~36!

where the integral is performed over the time of oscillati
n, F( i ) is the summed force from all other ions on the ioni,
andv( i ) is its velocity. The net effect of this interaction is t
change the oscillation time of the ion by altering its ener
To evaluate the significance of this effect we consider
standard deviation of the energy transferDEc . In analogy to
Eq. ~31! we define a characteristic numbernc8 ,

nc85
DE0

DEc
, ~37!

which measures the number of oscillations that occur be
the oscillation times~energies! have been collisionally redis
tributed among the ions.

The criterion for synchronization in the one-dimension
model can then be obtained in a similar way as Eq.~32! by
requiring thatnc8!nd8 and nc8@DEcudT/dEu, and becomes
explicitly

uauDE0

T~a!

W
!nc8!

1

uauDE0
A12S W

T~a! D
2

. ~38!

For bunch widths smaller than the oscillation time, the cri
rion can be written as

uauDE0

T~a!

W
!nc8!

1

uauDE0
. ~39!

In Fig. 14~b! the results of the numerical simulations a
compared to the criterion Eq.~38!. The solid circles show the
calculated values ofnc8 as a function ofa32E for the cases
where synchronization was observed. The solid lines sh
the upper and lower limits ofnc8 as inferred from Eq.~38!. As
expected, all points of synchronization lie between the p
dicted limits. Quantitatively, for synchronization to occur,nc8
must be about an order of magnitude from both the up
and the lower limit.
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VII. DISCUSSION AND CONCLUSION

So far, we have considered that the trapped ions inte
directly only through scattering~intrabeam scattering!. How-
ever, the ions can also interact indirectly through the elec
magnetic fields~wake fields! they induce in the surrounding
environment. In heavy ion storage rings, intrabeam scatte
is known to cause beam loss and increase of the beam
mittance, while the wake field interactions can lead to c
lective phenomena~coherent instabilities!, of which several
types have been investigated@18#.

The beam interaction is often described by an impeda
function Z of the beam environment so that the ions a
subject to an additional potentialV5ZI, whereI is the ion
current. Evidently,Z is a complicated function, as it mus
account for all the different structures affecting the beam.
low energy the main source of impedance is the capaci
space charge, while the effect of wall resistivity can be n
glected. Further, strong modulations of the ion density c
occur due to the wake fields if a structure such as a rf cav
which has a highQ value and a resonant frequency close
a harmonic of the revolution frequency, exists along t
beam path.

The so-called negative mass instability@18#, which occurs
at relativistic velocities in storage rings, may be the one t
most resembles the presently observed synchronization
nomenon. Briefly, the oscillation time of an ion of energyE
in a storage ring is given byT(E)5O(E)/v(E) whereO(E)
is the path length andv(E) is the speed of the ion. Both th
path length and the velocity increase with increasing ene
so that an ion with higher energy will travel longer in on
revolution, but also faster. At relativistic velocities, where t
velocity has only weak energy dependence,dT/dE eventu-
ally becomes positive~the energy wheredT/dE50 is called
the transition energy!. With dT/dE positive, small density
perturbations in an initially uniform coasting beam can
deed grow and lead to the formation of several bunches

The impedance of the electrostatic trap is clearly no
trivial due to the presence of the many closely spaced e
trodes along the beam path. In principle, these electr
structures could be resonatorlike and cause collective p
nomena to occur. However, the synchronization is seen
occur for ions of different masses for which the oscillati
frequencies are very different. Furthermore, the strong
pendence of the bunching on the electrode configuration
indicates that resonator type impedances are not driving
synchronization, since in that case the synchronizat
should be observed for essentially all trap configurations

From the analysis of collisional properties of the differe
configurations, the asymptotic widthWc of the bunch is
largely reproduced~see Fig. 19!. This is a strong indication
that synchronization is intimately coupled to direct scatter
among the trapped ions. Also, in the numerical simulati
where the wake field interactions are neglected, synchron
tion emerges, clearly demonstrating that the direct Coulo
force in combination with an electrostatic potential can
deed cause synchronization.

Thus, the phenomenon observed in the present trap
pears to be qualitatively different from most of the se
4-16
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bunching phenomena known in high energy accelera
@18#. The ion motion synchronization observed in the ele
trostatic ion trap occurs due to the interplay between
properties of the electrostatic potential and the direct co
sions~intrabeam scattering! among the ions, while in storag
rings wake fields are the important interaction for coher
instabilities. An interplay between the kinematical propert
of the ring and the ion-ion interaction is also a key to und
standing the negative mass instability in high energy ac
erators.

The ion motion synchronization observed in our trap c
also be compared to synchronization phenomena am
coupled oscillators@19#. In such a case, each ion can
regarded as an oscillator coupled to the others by their
tual Coulomb interaction. Within this framework, the prese
ion trap can be characterized as a system of periodic de
ministic ocsillators coupled by stochastic interactions, i
binary Coulomb collisions. Although the system is in pri
ciple deterministic, the large number of oscillators makes
system effectively stochastic@20#. In the present case, th
individual oscillators are intrinsically nonstationary as th
generally take on slightly different oscillation times in su
cessive turns. Further, the oscillators are only coupled at
tain positions in space, i.e., in the mirror regions. Clea
connections between our observations and the theore
concepts developed in the field of nonlinear dynamics@19#
are needed.

Nonlinear dynamics is well known in several types of i
trap @1#, where the most studied cases are the Paul@4# and
Penning traps@5#. In particular, collective motion of ion
clouds upon excitation with an additional parametrical fie
has been observed in both of these types of trap@21,22#. In
these cases, the origin of the collective motion is an exte
field, and not the direct scattering among the ions, as in
present case. Also, the effect of Coulomb interactions
tween trapped clouds of ions of slightly different masses
been studied@23,24#.

In this work we have demonstrated the rich dynamics o
packet of ions trapped between two electrostatic mirrors.
perimentally, the evolution of injected ion bunches was o
served, and both diffusive and synchronized motion of
ions was seen. These effects have been analyzed with s
,

.

in
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lations and general arguments related to the kinematical
collisional properties of the system of ions in the trap. W
arrived at three criteria that need to be met for synchron
tion to occur, namely, one related to the kinematical prop
ties, another related to the focusing, and the third relate
the collisional properties of the system. Briefly, the kinema
cal properties of the potential well create a correlation
tween the velocities of the ions and their positions within t
bunch. This correlation, together with the repulsive inter
tion between the ions, leads to either enhanced diffusion
synchronization of the ion motion.

On the practical side, the synchronization effect describ
here can lead to several applications. Among them, we h
previously proposed the use of such a system for high re
lution mass spectrometry@14#. Because the trap is purel
electrostatic, the oscillation time of an ion depends on
mass-to-charge ratio as

T5
1

f
}AM

q
, ~40!

wheref is the oscillation frequency. Hence, by measuring
oscillation time or frequency, the mass-to-charge ratio can
determined. Since, as shown above, it is possible to keep
ions confined in a bunch for a very long time, it might b
valuable to try to use such a system for high precision m
spectrometry, much like the so-called Fourier-transform m
spectrometry@25#. In that case, the ions are trapped under
influence of magnetic and electric fields, and undergo cyc
tron motion. High resolution is achieved because the ion m
tion is detected for many cycles, while the packet of io
does not lose its coherence. This is much like the situa
we have reached in the present case, when the motion of
is synchronized. Preliminary results@26# show that indeed
very high resolution can be achieved.
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