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Helium trimers and tetramers in two dimensions and quasi-two-dimensions
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The ground-state properties of3He and4He trimers and tetramers in infinite and restricted two-dimensional
and quasi-two-dimensional~2D! space are studied. Using Monte Carlo calculation in two stages successively,
simple variational Monte Carlo and diffusion Monte Carlo, we find that all trimers~except one of3He with
spin 3/2! and tetramers are bound. In infinite 2D space the binding energy of4He trimer is2183(1) mK and
of tetramer2435(1) mK. In the same environment for3He, using Jastrow-Feenberg-Bruch wave functions
trimer ~spin 1/2! is bound with20.013(1) mK and tetramer with20.021(1) mK. Employing in the same
procedure ‘‘dimerlike’’ wave functions for3He molecules in infinite 2D space it is discovered that trimer
prefers the structure of one dimer and one separate particle while a composition of two separate dimers is
preferable for tetramer. In this case binding energies are20.020(1) mK for trimer and20.040(1) mK for
tetramer. The binding energies of mixed molecules in infinite 2D space are274.3(4) mK (3He-4He2);
214(1) mK (3He2-4He); 2254(4) mK (3He-4He3); 2118(2) mK (3He2-4He2); 211(1) mK (3He3-4He).
In holding potentials with well-adjusted parameters there is a drastic increase of binding for trimer and tetramer
in both sorts of helium atoms.
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I. INTRODUCTION

Helium trimers and tetramers in infinite space have b
the subject of research since the 1960s@1–11#. Experimental
detection of helium-4 dimers and trimers@12–14# initiated
further consideration of these and related systems.

In three dimensions~3D! many ground-state calculation
of 4HeN system, have shown the existence of binding for a
N @15–20#. In particular, there are extensive calculations
4He trimer @21–28# showing the existence of two boun
states of angular momentum 0. The excited state is espec
interesting because of the possible manifestation of Efim
effect@29#. The recent studies disagree on whether the bo
state with nonzero total angular momentum exi
@22,25,30,31#.

Due to the small3He mass and the Pauli principle amon
all other possible helium trimers only3He-4He2 is bound in
3D @21,22,31,32# .

Cramer, Bruch, and Cabral@5# constructed a form of
fermion-trimer wave function and showed that binding
3He trimer was not possible in 3D. The same was shown
fermion tetramer by Nakaishi-Maeda and co-workers.@11#.
In a series of papers@15,33–36# a minimum number of3He
atoms that form a bound cluster in 3D was found to be
tween 20 and 40. The recent calculations@37,38# showed that
this minimum number is 35.

The difference in binding properties in 3D and 2D w
pointed out by Bruch and Tjon@8# who considered qualita
tively the binding properties of three identical bosons int
acting via two-body potential in 2D. They found no Efimo
states in 2D. Cabral and Bruch@9# also studied helium trim-
ers in 2D and confirmed a larger binding energy for helium
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†Electronic address: kilic@pmfst.hr
1050-2947/2002/65~4!/042506~10!/$20.00 65 0425
n

y
r

lly
v
d

s

f
r

-

-

4

trimer than in 3D. They also concluded that fermion heliu
trimers probably did not exist in 2D.

Recently Krischnamachari and Chester@39# have studied
liquid puddles of4He and boson3He. They have estimated
that 3He does not bind in 2D. Contrary to this conclusion
variational calculation showing the binding of both3He
dimer and trimer in 2D has been performed@40#.

Dimers, trimers, and tetramers may be thought as mo
for the interactions between many helium atoms in spec
real physical environment. Here, for example, one has
mind solid matrices, where these systems form the cond
sation seed for helium clusters, then nanotubes, with a di
eter between 3 Å and 100 Å and generally ‘‘condensatio
on a solid or liquid substrate.

In a dilute solution of3He in liquid 4He each3He prefers
to float on the surface of the4He rather than to be dissolve
in the bulk @41#. Thus one may imagine atoms at low tem
peratures~below 0.1 K!, on the surface of bulk liquid4He, as
a fermion system of spin-1/2~or spin-3/2! particles moving
in two-dimensional space.3He and 4He adsorbed on the
graphite surface form other almost 2D systems that are b
extensively studied@42–44#.

In this paper we study helium trimers and tetramers
infinite 2D space and in three holding potentials:~1!. circle
with hard core on its edge, which is pure 2D confined spa
~2!. Gaussian potential@45#, and ~3!.‘‘helium-on-graphite’’
potential@43#; last two potentials keep the particles close to
surface and define quasi-2D space. Dimer binding ener
of 3He and 4He on graphite are also obtained. Binding e
ergies of mixed molecules of three and four helium atoms
infinite 2D space are calculated as well. In Sec. II we defi
Hamiltonians, wave functions, and general expression tha
used in the calculation of the energy. A short description
employed Monte Carlo numerical procedures and results
presented in Sec. III. We summarize and discuss the res
in Sec. IV.
©2002 The American Physical Society06-1
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II. BASIC RELATIONS

We consider helium atoms as point particles. Atoms
4He are bosons with spin zero and atoms of3He are fermi-
ons with spin 1/2, interacting via spin-independent cen
pair potential. In general form Hamiltonian of our system
reads

H52
\2

2m (
i 51

n

D i1 (
i , j 51

n

V~r i j !1(
i 51

n

Vext~r i !. ~1!

Taking the corresponding mass forn53 (4) Hamiltonian is
adapted to trimer~tetramer! of helium 3 and helium 4. Po
tentialV(r i j ) describes the interaction between two partic
and in this paper we take Koronaet al. symmetry-adapted
perturbation theory~SAPT! potential@46#. Vext(r i) is exter-
nal holding potential.

We consider three types of external potentials indep
dently. The first holding potential is a pure two dimension
that keeps particles to move in a circle of the radiusR; it is
defined by

Vext~r i !5H ` for r i>R

0 for r i,R,
~2!

where r i is two-dimensional position of atomi. In this po-
tential the solution of the Schro¨dinger equation for the
ground state of a particle isJ0(Kr ) with the energy
\2K2/2m. J0 is Bessel function and K52.404 826/R. The
second is harmonic holding potential in 3D

V~zi !5
1

2
mv0

2zi
2 , ~3!

for which the solution of Schro¨dinger equation,

2
\2

2m
Df0~z!1V~z!f0~z!5ef0~z!, ~4!

is

f0~z!5
1

a1/2p1/4
exp~2z2/2a2!, ~5!

where effective width isa5(\/mv0)1/2, andzi is the ordi-
nate of three-dimensional position of atomi. For the smaller
effective widths~say up to 3 Å) three-dimensional space
reduced to quasi-two-dimensional. The third holding pot
tial is a realistic one, by Joly and co-worker.@43#, that de-
scribes one helium atom on graphite substrate

Vext~zi !5A exp~2azi !2
C3

zi
3 2

C4

zi
4 , ~6!

where A52.263 439 9873106 K, a53.715 Å21, C3
51.827 532 3763103 Å3 K, C451.029 154 5193104 Å3 K,
zi is the ordinate of atomi, perpendicular to the graphit
surface.

In a numerical solution of Schro¨dinger equation for the
ground state of a3He atom in the potential~6! we obtained:
04250
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the value of the energy2135.870 7 K and the correspond
ing function ~data set!. Using Gnufit we managed to fit th
analytical function

f~z!5exp@a1e2a2z2a3z#, ~7!

to the data set representing the wave function. This analyt
form of the wave function with the obtained parametersa1
5210.808, a251.634 45 Å21, a353.501 35 Å21, can be
considered as an excellent approximate function. Namel
reproduces almost the same shape as the numerical sol
and it gives the energy2135.868 35 K. So Eq.~7! may be
considered as ground-state eigenfunction.

In both stages of the calculation we sum the local energ
EL5(HC)/C,

E@C#5 lim
M→`

1

M (
i 51

M

EL~Xi !, ~8!

where C is the trial wave function and sample points a
taken from the distributionC2 in simple variational Monte
Carlo ~VMC! and from the mixed distributionCCg in dif-
fusion Monte Carlo~DMC!; Cg is the exact ground-stat
wave function.

In the definition of binding energy among atoms in co
fined space we subtract the energy of every single particl
holding potential@47#.

Let us now define wave functions.

1. Boson wave functions

A very good trial wave function describing ground sta
of helium-4 dimer and molecule of one atom of helium 4 a
one atom of helium 3, was obtained and used in Ref.@47#.
Short-range correlations between two atoms are describe
in Jastrow-Feenberg~JF! wave function for liquid helium
state. Long-range correlations are introduced by decrea
exponential function. Thus the product of short- and lon
range correlations is defined by the function

f ~r i j !5expF2S a

r i j
D g

2sri j G , ~9!

wherer i j is the interparticle spacing,a, g, ands are varia-
tional parameters.

A comparison with numerical solution of Schro¨dinger
equation showed that the best trial form for a dimer in 2D
the functionf (r ), divided by the square root of the interpa
ticle distance. In the case of the dimer in 3D we found tha
good trial wave function is obtained iff (r ) is divided by the
interparticle distance. Bruch@25# also used such function in
the study of helium-4 trimer in 3D. Therefore, we defin
symmetric wave functions for helium-4 trimer (n53) and
tetramer (n54) in the form

C05)
i , j

n

F~r i j !, ~10!

where
6-2
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F~r i j !55
f ~r i j !

r i j
in 3D

f ~r i j !

Ar i j

in 2D.

~11!

In holding potentials the corresponding wave functio
have the form in a circle,

C05)
i , j

n

F~r i j !)
i 51

n

J0~Kr i !, ~12!

in harmonic potential,

C05)
i , j

n

F~r i j !)
i 51

n

f0~zi !, ~13!

and on graphite,

C05)
i , j

n

F~r i j !)
i 51

n

f~zi !, ~14!

where againn53 is for the trimer andn54 for the tetramer.

2. Fermion wave functions

Since 3He atoms are fermions, trimers and tetram
should be described by antisymmetric wave functions. T
main problem here is to obtain a good correlation function
is a known fact that there is no binding state of fermi
helium dimer and trimer in infinite 3D space@5#. Our expe-
rience in 2D showed that radial function~9!, although very
good for helium-4 dimer and4He-3He molecule, was no
good enough to give bound state of the fermion heli
dimer. This dimer is very large~the largest diatomic mol-
ecule in the ground state we know! and behavior of the cor
relation function in between short and long range is cruc
Using Gnuplot graphics and data from numerical solution
Schrödinger equation for fermion helium dimer@47#, we
were able to construct the following trial two-body wav
function @40,48#:

f f~r !5(
i 51

6

f i~r !. ~15!

The explicit form of summands is given in the Append
The function and its first derivature are plotted in Fig.
Variational fermion wave functions are taken over fro
Bruch and co-workers for trimer@5,9# and from@11,49# for
tetramer. Let us call them Jastrow-Feenberg-Bruch~JFB!
wave functions. In all expressions the correlation form~15!
must be included. They are as follows:

~a! Trimer ~spin 1/2!

C5faXs1fsXa , ~16!

whereXs andXa are spin doublets, symmetric and antisym
metric, respectively, under exchange of particles 1 an
while fa andfs are space wave functions that are, resp
04250
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tively, antisymmetric and symmetric under exchange of p
ticles 1 and 2. Spin-~11/2! projections of the doublets are

Xa~sz51/2!5
1

A2
~a1b2a32b1a2a3!, ~17!

Xs~sz51/2!5
1

A6
~2a1a2b32a1b2a32b1a2a3!,

~18!

wherea i(b i) are the usual spin-up~down! eigenstates of a
spin-1/2 particle and the subscripti is particle label. In the
calculation for the space wave functions we combine
following forms:

fa5fa
yC05~y12y2!C0

or

fa5fa
xC05~x12x2!C0 , ~19!

and

fs5fs
yC05

1

A3
@~y32y1!1~y32y2!#C0

or

fs5fs
xC05

1

A3
@~x32x1!1~x32x2!#C0 . ~20!

FunctionC0 is given in the relation~10!, where the function
~15! is introduced instead of the function~9!.

~b! trimer ~spin 3/2!

C5faXs , ~21!

where

fa5~x1y32x3y11x2y12x1y21x3y22x2y3!C0 ,
~22!

Xs~sz53/2!5a1a2a3 , ~23!

~c! tetramer~spin 0!

FIG. 1. The fermion radial wave functionf f(r ) ~solid line! and
first derivative f f8(r ) ~dashed line! for the parameters derived in
energy-minimization procedure of the3He3 spin 1/2.
6-3
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C5RaXs41RsXa4 , ~24!

where

Xa45
1

2
~a1b2a3b41b1a2b3a42a1b2b3a42b1a2a3b4!,

~25!

Xs45
1

A12
~a1b2a3b41b1a2b3a41a1b2b3a4

1b1a2a3b422a1a2b3b422b1b2a3a4!, ~26!

Rs5
1

A3
S rW32rW142

1

2
rW12rW34DC0 , ~27!

Ra5
1

2
~rW12rW34!C0 . ~28!

The functionC0 is symmetric and its form depends on th
confinement type.

3. ‘‘Dimerlike’’ fermion wave functions

Binding of 3He trimer and tetramer may be qualitative
studied in the relation with the dimer binding. Namely, wa
functions~16!, ~21!, and~24! treat all atoms in a molecule a
in JF many-body problem, i.e., the correlations among
particles are described quite symmetrically. Contrary to
Jastrow-Feenberg-Bruch-type functions we construct fu
tions that express dimer correlations in each summand
plicitly. They may be called ‘‘dimerlike’’ wave functions.

For trimer spin 1/2 it is

C~123!5c~12!w~3!x~12!a~3!2c~13!w~2!x~13!a~2!

1c~23!w~1!x~23!a~1!, ~29!

where

x~ i j !5
1

A2
~a ib j2b ia j !, ~30!

two-body correlation functionc(r i j ) is given by relations
~11! and ~15!, andw( i ) is the wave function of free particle
i.

Similarly, for the tetramer we take

C~1234!5c~12!c~34!x~12!x~34!

2c~13!c~24!x~13!x~24!

1c~14!c~23!x~14!x~23!. ~31!

4. Mixed-molecule wave functions

Wave functions for study of mixed molecules in infini
2D space, each containing three and four nonidentical hel
atoms, have been formed from the above two-body corr
tion functions. They are
04250
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C~1;23!5Fm~r 12!Fm~r 13!F~r 23!, ~32!

C~12;3!5F f~r 12!Fm~r 13!Fm~r 23!, ~33!

for 3He-4He2 and 3He2-4He, respectively, and

C~1;234!5S )
j 52

4

Fm~r 1 j !D F~r 23!F~r 24!F~r 34!, ~34!

C~12;34!5F f~r 12!Fm~r 13!Fm~r 14!Fm~r 23!Fm~r 24!F~r 34!,
~35!

C~123;4!5C3~123!)
j 51

3

Fm~r j 4!, ~36!

for 3He-4He3 , 3He2-4He2, and 3He3-4He, respectively.
F(r ) is given in the relation~11!. Fm(r ) has the same form
asF(r ), with new variational parametersam ,gm ,sm . F f(r )
is also given in the relation~11! where function~15! is in-
troduced instead of Eq.~9!. C3(123) is 3He trimer wave
function given in the relation~16!.

III. NUMERICAL PROCEDURE AND RESULTS

Monte Carlo procedure is one of the most employed
merical methods for solving few-body problems nowada
To obtain effectiveness and precision we perform all cal
lations in two stages. In the first stage VMC with simp
sampling is used in order to obtain:~a! minimizing param-
eters in variational wave function,~b! initial trial energy, and
~c! initial walkers configuration. All these are used in th
second stage that is DMC. The number of walkers and s
in any Markov chain depends on the space where ato
move and on the type of the atoms. We find that accepta
about 50% in VMC and above 99.5% in DMC gives a go
stabilization of the results. For helium-4 atoms we take fro
500 up to 1000 walkers and for helium-3 atoms we find t
3000–5000 walkers is enough. In particular, due to v
small binding energies for3He trimer and tetramer in 2D we
performed the calculation with six different blocks of 500
walkers using different random-number seeds. Gener
speaking the calculation for helium 3 due to extended w

TABLE I. The 3He and 4He trimer and tetramer binding ene
gies ~in mK! in infinite 2D space.

4He 3He

Trimer 2183(1) 20.013(1)a 20.020(1)b

Tetramer 2435(1) 20.021(2)a 20.040(1)b

aJFB function.
b‘‘Dimerlike’’ function.

TABLE II. Binding energies~in mK! of mixed helium mol-
ecules in infinite 2D space.

3He-4He2
3He2-4He 3He-4He3

3He2-4He2
3He3-4He

274.3(4) 214(1) 2254(4) 2118(2) 211(1)
6-4
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function asks for more walkers and more steps. The therm
ization in every step is 10. Averaging data for the ene
after an appropriate number of steps we are able to loo
stabilization of the results. The number of total steps in DM
is between 53105 and 23106. In most cases we had t
calculate the energies for different time intervals that w
used. In these cases the result is derived by the extrapola
to zero time step. Monte Carlo calculation is always tim
consuming. In our case for bosons we had to minimize o
three parameters and for fermions over eleven paramete

The results for the binding energy of3He and4He trimer
and tetramer in 2D infinite space are presented in Table I
for mixed molecules in Table II. Let us mention that all ca
culations in holding potentials are performed using J
functions.

Binding energies of both systems in the circle are sho
in Fig. 2. In quasi-two-dimensional space energies are
tained for the width of 3 Å of harmonic holding potenti
~Table III!.

The calculation of dimer and trimer binding energies
3He and 4He on graphite are given in Table IV. We hav
also studied the effects of mass and spin on the binding
trimers.

In addition to the ground-state energies we have obtai
the space distributions of atoms in our systems. The dis
butions of particle distances from the center of mass
shown in Figs. 3–5. The pair distribution functions are p
sented in Figs. 6 and 7.

An image of the arrangement of the atoms in a trimer m
be obtained by the analysis of the atomic coordinates. A v

TABLE III. The 3He and4He dimer, trimer, and tetramer bind
ing energies~in mK! in harmonic holding potential with effective
width of a53 Å.

4He 3He

Dimer 2101.84a 28.25a

Trimer 2482(2) 28.6(7)
Tetramer 21200(20) 216.5(8)

aReference@45#.

FIG. 2. The3He3 ~upper and right scale! and 4He3 ~bottom and
left scale! energy vs the radius of the circle. The errorbars for4He
are smaller than the symbol size.
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simple and still clear way is the introduction of a dynam
coordinates frame. In this frame one atom is situated in
origin, the second jumps along positivex axis and the third
moves in the whole plane. Counting the coordinate proj
tions of the third atom on thex axis, labeledxp , andy axis,
labeledyp , during walk, is the basis for the calculation o
the atomic distribution. Let us call it the ‘‘conditional’’ den
sity. Figure 8 shows such a distribution for the trimer of4He
in infinite 2D space. The same distribution is shown for3He
trimer in Fig. 9; here due to extended helium-3 wav
function the coordinatesxp856@ log10(uxpu10.5)11/15# and
yp85 log10(yp10.5)11/15 have been used. For simplicityxp

and yp are here dimensionless, whilexp8 and yp8 are in Å.
Notice thatxp andxp8 have the same sign. It is also assum
xp850 for uxpu,0.5 andyp850 for yp,0.5. In order to learn
more about the shape of trimers and tetramers we have
calculated the probability of specific configurations of atom
In relation to this the Fig. 4 represents the details of the F
3 for 4He tetramer.

All distributions are obtained by binning. In the case
pair and density distribution functions the bin size for4He is
0.01 Å and for3He 1 Å. For the conditional density we us
the fixed bin size of 1 Å2 for 4He while the bin size for3He
is variable and depends on thexp8 andyp8 .

Let us mention that distributions are normalized to one
follows:

E
0

`

P~r !rdr 51, E
2`

` E
0

`

P~xp ,yp!dxpdyp51,

and E
0

`

r~r !rdr 51.

TABLE IV. The 3He and4He dimer and trimer binding energie
~in mK! on graphite.

4He 3He

Dimer 243(2) 20.045(8)
Trimer 2188(3) 20.022(7)

FIG. 3. The density of particles with respect to the center
mass for4He3 and 4He4.
6-5
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Using mixed estimator one finds correct values for
energy, but obtains only an approximation~better than the
VMC! for operators that do not commute with the Ham
tonian. This approximation is of the first order in the error
the trial wave function. To obtain a better estimate for va
ous radial distribution functions it is common to use the
called ‘‘second-order approximation’’@50#,

^A&52^A&DMC2^A&VMC , ~37!

whereA is a local operator. The valuêA& differs from the
exact expectation value ofA in the integral of second orde
in theCg2C. In our calculations for4He, VMC, DMC, and
second-order distribution functions are very close, which
due to good trial wave functions. For3He however, the dif-
ferences between DMC and VMC at some distances are
nificant, but the average distance among particles from V
to DMC is not changed so much.

For the sake of clarity errorbars on the Figs. 3–10 are
shown. In the case of4He molecules they vary from 2–5 %
depending on the corresponding distance. For3He systems
errors are on the average 10%.

The calculations were performed using origin 3700 sup
computer at Johannes Kepler University in Linz, Austria.

FIG. 4. The total density and the density of ‘‘A’’ and ‘‘ B’’ con-
figurations with respect to the center of mass for4He4.

FIG. 5. The density of particles with respect to the center
mass for3He3 and 3He4.
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IV. DISCUSSION

It is shown that atoms of4He form stable trimers and
tetramers in infinite 2D space. Binding energies a
2183(1) mK ~trimer! and2435(1) mK ~tetramer!.

In the case of3HeN atoms in infinite 2D space both type
of wave functions, JFB and dimerlike, give bound states.
JFB wave functions binding energies are20.013(1) mK for
N53 and spin 1/2 and20.021(2) mK forN54 and spin 0.
At the same time dimerlike wave functions give lower en
gies: 20.020(1) mK for N53 and spin 1/2 and
20.040(1) mK forN54 and spin 0.

For comparison we cite here the dimer binding energ
@47#: 240.7 mK (4He) and20.02 mK (3He); let us men-
tion that using our procedure we reproduce the same res

In order to compare our results with others we have fi
used JFB wave functions.

In the consideration of the binding-energy depen
ence on the mass and the statistics in trimers the follo
ing energies are obtained:20.25(1) mK for boson3He and
229(1) mK for fermion4He. A comparison with the result
in the Table I shows that mass effect in boson trimer low
binding 732 times and in fermion trimer increases bindi
around 2200 times. Similarly we find that statistics effect
3He3 decreases binding 19 times and in4He3 6.3 times.
Recently, Krishnamachari and Chester@39# have obtained

FIG. 6. The pair distribution function for4He3 and 4He4.

FIG. 7. The pair distribution function for3He3 and 3He4.
f
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that the minimum number of mass-3 bosons that bind in
is greater than 11. On the other hand, we have found
bound states for both3He dimer and trimer~as a boson and
a fermion!. It is possible that their wave function was n
extended enough for liquid puddles having very small nu
ber of particles.

Calculating density functions and some other related lo
quantities we are able to get an insight into the structure
trimers and tetramers.

Consider first4He trimer. The average distance betwe
atoms in4He trimer is 9.5 Å that is about 1.4 times less th
in 4He dimer. Root-mean-square~rms! deviation is 3.9 Å. A
peak for smallr in Fig. 3 corresponds to the contribution
from linear configurations. However, trimer does not spe
much time in such configurations. Namely, the number
trimer walkers that have two angles less than 1° is 1%,
with two angles less than 5° is 5%. We may conclude t
about 95% of its time the trimer is a nonlinear molecule.

In 4He tetramer the average distance between atom
9.1 Å and rms deviation 2.4 Å. In this case one may stu
two types of the configurations, say ‘‘A’’ and ‘‘ B.’’ Let A

FIG. 8. The conditional density function presenting the distrib
tion of one particle in4He3 when one of the other two particles
situated in the origin and the second moves along the positive
of x axis. xp and yp are projections of considered particle on t
axesx andy, respectively.

FIG. 9. The conditional density function for3He3. Due to ex-
tended helium-3 wave function the coordinates are defined as
lows: xp856@ log10(uxpu10.5)11/15# and yp85 log10(yp10.5)
11/15.
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represent all the configurations in which one particle
within a triangle formed by the other three. TheB comprises
all other cases, thus pure quadrilaterals. We find that 35%
the walkers are in the configurationA and 65% are in theB.
This is shown in Fig. 4.

The average distance between atoms of 4300 Å in3He3
is about 8.3 times greater than in3He dimer. The value of
rms deviation is 1600 Å. The number of nonlinear walke
is almost the same as in the case of4He trimer, (94%).
However, its shape is different from the4He trimer. Namely,
the number of the configurations with all angles in the t
angle greater than 15° is 16% for3He3 and 69% for4He3,
signifying that the form of3He3 is far from resembling the
equilateral triangle. Moreover, the number of the configu
tions with the distance between two particles less th
1000 Å and the other two interparticle distances bigger th
3000 Å is 46%. This also may be seen from the shape of
pair distribution function, Fig. 7, which for interparticle dis
tances less than 1000 Å closely resembles the dimer
distribution function.

3He4 has the average distance between atoms 3100
and rms deviation is 1500 Å. In this case the configurat
A comprises 22%, while inB there are 78%. Let us defin
the bond angle as the angle betweenr i j and r ik . If we now
consider the configurations with at least one of the bo
angles smaller then 1°, we find 7% of them for4He and
28% for 3He tetramer. Such configurations occur when th
are at least two particles close and one~of the remaining
two! relatively far away.

In conclusion we may say that4He trimers and tetramer
in 2D space are floppy molecules. Trimers on the aver
form triangles and tetramers quadrilaterals. However,4He
trimers and tetramers are much more compact and symm
then 3He3 and 3He4. Namely,3He3 shows a slight indication
to have two particles closer~like one dimer! and the third
particle relatively far away. Similarly, two separate pairs
particles occasionally form3He4. Having in mind the above
observation and the values of3He dimer, 3He3 and 3He4
binding energies we have studied particle distributions us
‘‘dimerlike’’ functions. The results given in Fig. 10 show tha

-

de

l-

FIG. 10. The pair distribution function of3He3 and 3He4 for

‘‘dimerlike’’ function. For both systems*0
104

P(r )rdr 51/3 that in-
dicates the formation of dimers.
6-7
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3He3 has the structure of one dimer and one separate par
while 3He4 has the form of two separate dimers. The sa
conclusion follows from the comparison with the dim
binding energies. Finaly, as binding energy for ‘‘dimerlike
wave functions is below the binding energy for JFB wa
functions we conclude that the ground state of three and
3He atoms in infinite 2D is dimerized. It means three ato
form a dimer and a free particle, while four atoms form tw
dimers. It is interesting to notice that quite recent study@51#
on 2D 3He-4He mixtures has shown the formation of3He
dimers within the4He background for small3He concentra-
tions.

To the best of our knowledge no results for the bindi
energy of three and four helium atoms of any sort in infin
2D space have been obtained using modern potentials
older papers@9,10# only the binding of helium-4 trimer and
tetramer has been obtained. The agreement with our resu
only qualitative.

It is interesting to compare the binding in infinite 2D an
3D space. Let us cite the recent results of other authors in
~Table V!. Our results~Tables I and II! show that all three-
atomic helium systems are bound stronger in 2D then in
Notice that in contrast to 3D all three-atomic molecules
bound in 2D.

Concerning four-atomic molecules in 3D binding h
been obtained only for4He4 , 3He-4He3, and 3He2-4He2.
Again all four-atomic molecules are bound in 2D. But in th
case molecules4He4 and 3He-4He3 are bound stronger in
3D.

In circular confined 2D space4He3 and 3He3 show simi-
lar behavior as dimers@47#; binding is stronger for some
values of the radius of the circle. In the limitR→`, which is
nearly achieved forR510 000 Å in case of3He3, and for
R5200 Å in case of4He3, the trimer binding energies in
infinite space are obtained. It is interesting to notice t
3He3 is not bound forR,700 Å and that the increase in th
binding energy is much smaller than for the dimer@47#.

In quasi-2D space derived by holding harmonic potent
with width of 3 Å, binding is drastically increased. Bindin
energies of4He trimer and tetramer are2482(2) mK and
21200(20) mK, respectively. In the same holding poten
binding energies of3He3 and 3He4 are 28.6(7) mK and
216.5(8) mK, respectively.3He3 and 3He2 have the same
binding energy~up to the error width!, and 3He4 has twice
the dimer energy.

In helium-on-graphite potential binding of4He is almost
the same as in 2D: for the dimer it is243(2) mK and for
the trimer2188(3) mK. In Ref.@44# a 4He film on graphite

TABLE V. Binding energies~in mK! of helium molecules in
infinite 3D space taken from the recent literature.

4He3 2126.4@32# 2125 @26# 2125.9@28# 2126.4@27#

2125.2@22# 2219.1@24# 2129 @20# 2131 @25#
3He-4He2 214.2 @32# 213.66@22#
4He4 2559.1@32# 2557 @26# 2559.2@20#
3He-4He3 2296.7@32#
3He2-4He2 2102 @32#
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was studied. It was found that its properties are very clos
2D helium.

For 3He we find that the dimer binding is increased tw
times when compared to pure infinite 2D and it
20.045(8) mK; for 3He3 it is 20.022(7) mK. But, the
calculation of 3He3 energy is very unstable so we can on
say that it seems to be less bound than the dimer.

Different behavior of molecules in harmonic and helium
on-graphite potential may be explained. Binding of one h
lium atom on graphite substrate is relatively strong and
calized. One can imagine that atoms move in a thin pla
layer that is parallel to the substrate plane and about 3
away from it. The Gaussian wave function for a53 Å has
large extension in comparison with the case of helium-
graphite potential and thus provides more space for
movement in thez direction. In harmonic potential maxima
dimer binding@45# was obtained for the potential width o
about a53.2 Å. There it was shown that taking small
widths binding becomes weaker and in the limit ofa→0
gains the value as in the case of infinite 2D space.

Brami and co-workers have studied in a VMC calculati
the binding of 3He adsorbed on graphite. Taking into a
count the delocalization of atoms in thez direction they
showed that3He atoms form a self-bound state. For the sa
system in infinite 2D space Miller and Nosanow@52# found
no binding. We may notice that such behavior is not o
served for a small number of particles, namely, we find bin
ing in 2D in all studied cases. Furthermore, the enhancem
of the binding on graphite is qualitatively confirmed.

It is known that Casimir retarded forces may affect t
binding energy of these very large systems. We use two
tarded potentials@53#, SAPT1 and SAPT2. A reduction of th
binding energy for helium-3 dimer in 2D of 6.6% for SAPT
and 11.2% for SAPT1 is obtained. Our variational calcu
tions shows that these percentages are slightly higher
3He3. We conclude that retarded forces do not change
general features of helium trimers and tetramers.

Cabral and Bruch@9# have showed that for some values
coupling constant the energy of3He3 with spin 3/2 is lower
then for the3He3 with spin 1/2. We have not met this prob
lem with real interaction. We have found that only3He3 with
spin 1/2 is bound.

In connection with experimental observation of helium
molecules, it seems one should consider the adsorption
such substrates that provide wider wells than the graphit
the direction perpendicular to the substrate. Also, our res
for helium 3 in circle suggest that if the surface of substr
has step irregularities on the scale less than about 150
trimers are not self-bound. However, this number may
reduced when one considers the realistic substrates bec
the average distance among atoms in that case is cons
ably diminished.

Consideration of3He trimer and tetramer in holding po
tentials with dimerlike wave functions is in progress. O
preliminary results for binding energy in circle show strong
binding for the radiusR'10 000 Å and weaker binding fo
R,5000 Å when compared with results obtained by J
wave functions.
6-8
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APPENDIX

The explicit form of the summands in fermion correlatio
function ~15! reads

f 1~r !5a1 expF2S a2

r D a3G , r P@r 1 ,r 2#,
on

tt.

A

s

ys

e

04250
t-
-

o

by

f 2~r !5b1„ln~r 2b2!…b3, r P@r 2 ,r 3#,

f 3~r !5c1 expF2S ur 42r u
c2

D c3G , r P@r 3 ,r 41d#,

f 4~r !5d1 expF2S r 2r 4

d2
D d3G , r P@r 41d,r 5#,

f 5~r !5e1 expF2S r 2r 4

e2
D e3G , r P@r 5 ,r 6#,

f 6~r !5g1ArK 0~2sr!, r P@r 6 ,`#,

whereKo is modified Bessel function. It has 24 paramete
and 13 of them are independent.
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@45# S. Kilić, E. Krotscheck, and L. Vranjesˇ, J. Low Temp. Phys.
119, 715 ~2000!.

@46# T. Korona, H.L. Williams, R. Bukowski, B. Jeziorski, and K
Szalewicz, J. Chem. Phys.106, 5109~1997!.
04250
.
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