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Rescattering effects in soft-x-ray generation by laser-assisted electron-ion recombination
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Laser-assisted electron-ion recombination is investigated with an emphasis on the spectrum of the emitted
high-energy photons and its modification due to the recollision of the incident electron and the ion. Numerical
results for the soft-x-ray power spectra, added up over all intermediate laser photon channels, are presented as
a function of the incident electron energy for different laser field intensities. For strong laser fields, maxima,
and additional structures are found in these spectra for incident electron energies of the order of magnitude of
the ponderomotive energy. We show that the laser-assisted electron-ion recombination, that includes the res-
cattering of the electron at the ion before the recombination, is a process complementary to the well-known
processes of high-order harmonic generation and high-order above-threshold ionization. All these processes
can be explained, using the three-step scenario. A semiclassical analysis is presented which shows that for the
laser-assisted electron-ion recombination real solutions of the saddle-point equations exist, contrary to what is
found with high-order harmonic generation and high-order above-threshold ionization when only complex
solutions are permitted. For low incoming electron energies, the cutoff of the emitted soft-x-ray photon
energies, including the process of rescattering, is higher than in the case of the direct recombination process.
The height of the rescattering plateau is 6—7 orders of magnitude lower than that of the direct process.
However, for higher incident electron energies we obtain the unexpected result that the difference between the
height of the rescattering plateau and the height of the direct plateau can be less than one order of magnitude.
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. INTRODUCTION energy E, recombines with the ion to yield the bound

) _ i atomic state of the enerdyg. During this process, a high-
The processes that take place during the interaction of nergy photon with frequenayy is emitted whilen photons
strong laser field with matter are presently studied very in—e exchanged with a laser field that has a low-frequency
tensively[1-4]. The generation of coherent, extreme ultra- gnq high intensity. The ponderomotive energy of the elec-
violet radiation and of soft x rays is currently a topic of greatyq in the laser field &) p= (€2/2m) (1/T) [ JdtA%(t), where
practical importancg5—8]. Such radiation can be produced a4y js the vector potential of the laser field afie 27/ is

by the Iaser_heating O_f plasmas. Among the processes, thfﬂe field period. In Ref[13] it was found that the maximum
are responsible for high-energy photoproduction, we find;

high-order harmonic generatidhlHG) [9,10], laser-induced energy of the emitted x rays is
bremsstrahlung[11], laser-assisted x-ray—atom scattering _
[8,12], and laser-assisted electron-ion recombinatioAR) hor maEp + 2Up+|Eg| 22, Up. @
[13,14). The present paper is devoted to the investigation of
LAR and to its relation to HHG and the above-thresholdA similar expression for the minimum energy, which differs
ionization (ATI). from Eq.(1) only by the sign on the left the square root, was
The history of electron-ion recombination, a process thaflso presented in Ref13]. This “semiclassical” result for
is very important in plasma physics and astrophysics, goe#e allowed interval of frequenciesy is applicable to high
back to 1923(for an excellent review sefl5]). A special ~energies of the incoming electron. For lower energies, with
case of this process is the radiative recombination in whichEp, <2Up (the so-called “slow electron regime” of Ref.
the electron-ion recombination is made possible through thg14]), the minimum “semiclassical” energy igiwi max
transfer of energy and momentum from the free electron to=|Eg| if the electron velocity is parallel to the laser polariza-
the photon as a third body. In most of the papers devoted ttion. However, it can happen that the incoming electron first
radiative recombinatiofil6] the laser field is weak and thus scatters at the ionic potential, then moves in the laser field,
only the one-photon LAR process is considered. Only veryand, finally, after the laser field has changed its sign, the
recently the multiphoton LAR process was analyzed in moreelectron may come back to the nucleus and recombines. We
detail[13,14,11. shall denote this process as SLAR wher8” ‘stands for
In Refs.[13,14 the direct LAR process is considered: An “scattering.” We shall show in this paper that in case of low
incoming electron with the momentum, and the kinetic incoming electron energies the cutoff of the emitted soft-x-
ray energies for the SLAR process can be larger than that
given by Eq.(1).
*Email address: milo@bih.net.ba The SLAR process, mentioned above, belongs together
TEmail address: Fritz.Ehlotzky@uibk.ac.at with HHG and high-order above-threshold ionizati®fATI)
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to the class of the three-step procesgE8—21. Both, in Si=in lim lim <(Dout(t,)|G(+)(t,rt)|q)in(t)>- 2)
HHG and HATI the atom is first ionized, absorbing more t/ oot— =

photons than it is necessary for ionizatichis is the so- i (+)

called above-threshold ionizatiprDepending on the instant 1he fotal Green's operato®'™’ corresponds to the total
of time at which the electron tunnels out, it may be drivenHamiltonian

back to the ionic core by the laser fielthe second step p?

where, in the third step, it may recombine and release its H=Hg+er-Ex(r,t), H0=2—+VA+er-EL(t), 3
energy by the emission of a single high-energy photon m

(HHG) or it may (re)collide with the ion and move away \hereer.E,(r,t) describes the interaction of the atom with
with a final energyE, (HATI). HHG includes the(direc)  he x-ray field(in the length gauge p2/(2m) represents the
recombination proceg44]. The maximum emitted harmonic kinetic energy operatol/, is the atomic binding potential,
photon energy is given by the well-known cutoff law: ander-E,(t) is the laser-atom interactiofusing the length
h oy ma=|Es|+3.1Up (see [9] and references thergin  gauge and the dipole approximatjoiVe shall consider the
Comparing this cutoff law with that given by Eql) for  x-ray radiation field as quantizdd2,13,31,32, namely,
Ep<Up: ok mar=|Esl+2Up, we see that the HHG cut-

off is higher. The importance of HATI was confirmed both Ex(r,)=E{7(r, ) +EL(r,b),
experimentally{22—-24] and theoreticallf25-28. The cut- )

off law for this process is given bf, ma=10Up. If the E§(+)(r,t)=iCKe,<aK exd —i(wgxt—K-r)],

HATI process becomes modified such that initially an x-ray P _

photon is absorbed, then this process, according to the reci- ES(r,t)=—iCyecak exi(wxt—K-r)], (4)

procity theorenj29], may be considered as the time-reversed
counterpart of our SLAR proceg80]. Therefore, we can Whereayx and a} are the photon annihilation and creation
expect that forEpi<10Up the SLAR process becomes im- operators of the x-ray field, anﬁﬁzﬁle(zaOV) with V
portant and should be investigated in more detail. denoting the quantization volume. Our state in Eq.(2) is

The outline of our paper is as follows. In Sec. Il we the initial electron scattering state in the absence of the laser
present theS-matrix theory that includes both, the direct and field (it is a plane wave with momentup) , assumingV, is
the (re)scattering LAR process. In Refil3,14 there is no  Only a short-range potentjaimultiplied by the vacuum
detailed analysis of the dependence of the probability of thétate [0x) of the x-ray field. Ourout state is the
LAR process on the incoming electron energy and on thdound electron state(in the absence of the laser
laser field intensity. Therefore, in Sec. Il we present numerifield) multiplied by the one-photon statdy) for x rays.
cal results for the direct LAR process, with emphasis on itdJsing the  Lippmann-Schwinger equation for the
dependence on the incident electron energy. In Sec. IV wéotal ~ Green's  operator and the two relations
present our numerical results that include both the direc{®} (1) =i7(®ou(*)|G (=0 1), ihGEH(t,— )| Dy
LAR and the SLAR processes. A semiclassical analysis o(—OO))=|‘I'f3i+)(t)>|OK), as was done ifi12,28,31, we find
these processes is given in Sec. V. Finally, our conclusions
are presented in Sec. VI. Throughout the paper we shall use i
S| units. Sometimes we shall present our results in atomic Sti=— gf
units e=A=m=1). (5)

~ dy@f(vler EC (01w (1)[04),

where|\Iff)i*)(t)) is the solution of the Schdbinger equation

Il. THEORY for the HamiltonianH, of Eq. (3). We suppose that the

The process of direct recombination of an electron with@temic potential consists of a long-range Coulomb st
an ion in the presence of a strong laser field, followed by thénd & short-range pas, i.e., Vo=Vc+Vs. In order to
emission of an x-ray photon having the wave vedrfre- investigate the electron scattering at the potentigl we

quencywy and unit polarization vecta , was described in choose the following splitting gf the Hamiltor)i&ﬁ():(Ho .

[13,14). We want to consider here how this process is modi- Vg)+Vs, that leads to the Lippmann-Schwinger equation

fied if the electron scatters first at the ionic potential, then is

driven by the laser field and, as soon as the laser field |\Iff}*)(t))=|¢lgf)c(t)>+f dt’GE(t,t" ) Vel gl k(1))

changes its sign, it returns to the ion and recombines emitting v v ®

an x-ray photon. This is a variant of the three-step model

[18] developed in the context of HHG, but applied also to\yhere the statéy{ (1)) evolves from thein state of the

HATI [25-28 and, moreover, in a unified approdd®—-21]. Pi=n , )
Our starting point will be similar to the one in RgfL2], electron under the action O,f thg Green's oper@g) that

in which we considered laser-assisted x-ray—atom scattering€/ongs  to  the  Hamiltonian Ho—Vs: |5, (D)

and to Refs[27,28 where Coulomb and rescattering effects =iA G (t,— %) | in(—©)), with |Di(t))=|in(t))|0k)-

in above-threshold ionization were considered. We begitWe approximate this state by the Volkov wave vector in the

with the following general form of th& matrix, length gaugg 14,27
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® t o0 )
f dtJ dt’f(t,t’)zJ dt’f dtf(t,t")
. —o - t

=J dt’J drf(t/ + mt'),
o 0

so that, writingt instead oft’, we finally find

in which
e [t
a(t)=ﬁf dt’A(t’),
e? [t
U(t):ﬁf dt’A2(t")=U,(t) + Upt, (8)
with EL(t)=—dA(t)/t, Ep =p{/(2m), Up

=e%(A?(t))/(2m), andify(t) the time periodic part of/(t).
This ansatz is satisfactory within the strong-field approxima-
tion [33,34]. The influence of both the laser field and the
Coulomb potential can be taken into account by using the
improved Coulomb-Volkov state ansazl3,28 and refer-
ences thereininstead of Eq(7). According to the first ref-
erence in Ref[28] we do not expect that the improved
Coulomb-Volkov state ansatz will introduce qualitative
changes in the final SLAR results so that we will keep the
simpler ansat£7). Our next approximation is to replace the

Sfi=_7‘[7 dtexp{%[(EB-l—ﬁwK—Epi—Up)t
—pi- a(t)—ul(t)]][<l/fB|er'Aer<e_iK'r|Pi+9A(t)>

i (= A )
—%J de d3q (ygler-ece € TAq+eA(t+ 7))
0

xexp{ — ;,L—S(q;t,T) (ﬁq+ eA(t)|VS| pi+eA(t)>] !

11)

here

intermediate Green’s propagat@.") in Eq. (6) by the
\Volkov Green’s operator

G{ (L) =~ o=t [ Paluig®) gt ©

[fig+eA(t’)]?
2m

t+7
S(q,t,T):f dt’ _EB_hQ)K}
t

(12

is the semiclassical actiof85,36. The Smatrix element,
written in the form of Eq(11), has a simple physical inter-
pretation. At some initial time the electron can directly

which is also the usual approximation within the strong-fieldrecombine into the ground state emitting an x-ray photon.
approximation. Our final approximati¢a3] is to neglect the  This process is described by the first term in the curly

field dressing of the final staté{)(t)) in Eq. (5). We shall

bracket on the right-hand side of E{.1). The electron can

describe it by the atomic ground state multiplied by the onealso scatter on the potentisls and propagate in the laser

photon state}d{™)(t))~| yg)exp(—iEgt/h)|1). Introducing
all these approximations into E¢6) we obtain

CK * i
Sfi: - Tj‘iwdtex %(EB‘Fth)t

X| (ypler-ece” ™ Mpi+eA(t))

><exp{—f'L—[pi.a(t)+u(t)+Epit]]
i [t .
—ﬂ_wdt’f dq(ygler- e Mg+ eA(t))
i t
><expl’—m LAUTRg+eA(t )]2]

X (hq+eA(t")|Vdpi+eA(t"))

xexp{_fib_[pi.a(t’)-i—u(t’)-i—Epit’]]}. (10

field from the instant of time to time t+ 7 when it comes
back to the nucleus and recombines by emitting an x-ray
photon(this process is represented by the second term in the
curly bracket given aboyeHaving obtained this result, we
can now solve the integral over the intermediate electron
momenta 7%q using the saddle-point method
[12,27,28,31,35,361n general case, this integral can be pre-
sented as a Taylor expansion around the saddle pei;

that contains powers df/ = (7 is the travel timg¢ multiplied

by the even derivatives over the intermediate electron mo-
menta of the nonexponential subintegral term in ELfl)

[36]. The main contribution comes from the zeroth-order
term. This integral can be solved analytically for the Gauss-
ian model, the zero-range potential model, and the hydrogen-
like atoms model. Observing also the periodicity of the sub-
integral function in theSmatrix element, we obtain witkp

= wt,

Ck [~ i
Sfi: — 7f_mdtex%%(EB+ﬁwK_Epl_UP)t 7;|((P)

=—2mC¢ >, 8(Eg+hog—E,—Up—nfiw)Tg(n),
n

The double integral over time in the above equation can be

rearranged using the relation

(13
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X (hasteA(e)|Vglp;+eA(e))

> _ i where the second relation in E(L6) expresses the energy
Ti(e)= 2, Tfi(n)e'”‘/’zexp{ - %[pya((p)-l—bll(gp)]] conserving condition. The corresponding differential power
n=-= spectrum i13] S(K,p;) =i o dw(K,p;)/(dQgdE, d€)p ).
A ik As in Ref.[13], we consider a configuration of the laser
X1 (yeler-ece™ "|pi+eA(e)) and x-ray fields and of the incoming electron such that
. o . =ex=—pi/pi, pi=|pil, so thatp;-a(¢)=—pia(e). The
_ '_J' d7<277m) exd — I—S(q 0. 07) quantity, which we shall evaluate in our examples, 82
hlo AT f o s @ where the factor Z comes from the integration over the
o azimuthal angle of electron incidence. Moreover, we assume
X{gler-ece K |hgst+ eA(e+ wT)) in our calculations that the laser field is monochromatic and
linearly polarized with the electric field vectoE,(t)
, (14) =E0é|_ sinwt, and with the photon energfiw=1.17 eV
[Nd: yttrium aluminum garnetYAG) lasei.

h h . 5 For the ground-state wave function we use either the one
where ttﬂe , s’tatpnary momentum  A0s(t,7) o jhe hydrogen atongg(r) =7 Y?exp(-r) (in atomic units
=—(e/7)[ "dU'A(t") is the solution of the equation ,nqE ~ (05 a.u.) or that of He that can be found in Ref.
V¢S(a;t,7)=0. The matrix elements in Eq(14) have a [37] (This function for He is presented in an analytic form
S|m2ple analytical form so that th&-matrix elementT+(n)  and was obtained in a nonrelativistic approximation by a
=Jo"del2mT;i(¢)explne) can be easily computed by per- series expansion in terms of atomic Slater orbitals. The bind-
forming the integration over the travel timeand by using jng energy for He isEg= —24.59 eV) For the short-range
the fast Fourier transform method. _ potential Vg we chose a potential of the form=(a
' Thg density of states of the x—3ra¥ radiation em|t'ted, quan-y p/r)exp(—\r) [38]. In particular, in the case of the hydro-
tized in a volumeV, is V/(2mc) widwyd(g, while the  gen atom, we took the Yukawa-type short-range potential
density of the electron stat¢mormalized to a plane wave Vs=—exp(=r)/r, while for He we employed39] Vs(r)
(2mh) ~*2explq-r)]is mpdE,dQ; . Therefore, the differ- = — (24 1/r)exp(~4r) (in a.u). This form of the short-range
ential rate for the emission of an x-ray photfimving its  potential for He is obtained by using the formu[40]
frequency within the intervaldy, — dwy ,wx + dwy) and the  Va(r)=[dr’|gue+(r')|?/|r—r'|—Z/r where the first term
polarizationg], into the solid angledQy, during the re- represents the interaction of the ionized electron with the
combination of an electron with initial energgy, impinging electron core cloud and is the nuclear charge. YVe have
from within the solid anglelQ); , is given by (T, denotes the chosen these two simple exampléise case ok™-H™ scat-

o Pi P tering modeled by the Yukawa-type potential may look un-

pulse duration time realistio having in mind that our aim is to obtain a qualita-
1 ) Vo2 tive picture of the electron-ion recombination process that
wk tdo w H H
dw(K,p;)==—dQd Ep_dﬂﬁf : deK K _mp takes place in a strong laser field.
Tp : ' oy —dog (2mc)

Ill. DIRECT LAR PROCESS: INCIDENT ELECTRON
X(—2mCx)%Y, T(n) ENERGY DEPENDENCE
n

The differential power spectrum for the direct LAR pro-
><5(EB+th—Epi—Up—nﬁw) cess is determined by a one-dimensional integral over an
analytical expression and can be easily evaluated by numeri-
cal integration13,14] or, even faster, using the fast Fourier
transform method. The results obtained can be analyzed by
the (semiclassical method, outlined in Refsl3,14] and in
(15 Sec. V of our paper. We present here our results for the total
emitted x-ray power in the direct LAR process for different
laser field intensities as a function of the incident electron
kinetic energy. The total power we define as

do;[dwcS(p; ,K)=272,3(p; ,K), where ¢; is the azi-

uthal angle of the incident electron and the integral over
dwy is replaced, using the energy conserving condition, by
the sum over the number of exchanged photons. The other

angles in the problem shall be fixed by the conditign

X2 TH(n")8(Eg+hwx—Ep —Up—N'fiw).
n/

The product of thed functions is different from zero fon
=n’. The first § function can be eliminated on account of
the relation 21 5(0)=T, (for T,—=), while the second
delta function disappears on account of the integration ovi
dwg and we obtain for the differential rate of the process of
the emission of an x-ray photon in whichphotons are ex-
changed with the laser field

mp oy , =—pi/pi=e..
dW(K7pi)=—8 > ﬁ03|Tfi(n)| dQgdE,dQg, In Fig. 1 we present the results for the hydrogen atom as
T EQ

target for a Nd:YAG laser of the intensities £0W/cn?,
B 10" W/en?, and 18* W/cn?. The corresponding pondero-
nﬁw_ﬁwK-|EB|_Epi_UP’ 18 motive energies are 0.1048 eV, 1.048 eV, and 10.48 eV, re-
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FIG. 1. The total power of the emitted x rays as a function of the  FIG. 3. Numerical results for the differential power spectrum as
incoming electron energy, for the hydrogen atom and a Nd:YAGa function of the emitted x-ray energy for the hydrogen atom, a
laser of intensities 78 W/cn? (dashed curve 10" Wicn? (solid  Nd:YAG laser of intensity 18 W/cn? (Up=10.48 eV), and the
curve, and 16* Wicn? (dotted-dashed curye incident electron energfz, =200 eV. Top curve, the total result;

middle curve, direct LAR only; bottom curve, SLAR only. The
spectively. One can see that the total power increases witfiddle (top) curve is displaced up by 0{3.5) units of the ordinate
the decrease of the incident electron energy. The maximgcale for increasing the visibility.
appear at:E,=41 ev=391Up (for 10'* Wicn?), E, _ o
=44 ev=42Up (for 10°Wicn?), and E,=72 ev |=15% 10" Wicn?. (Herel is taken as the saturation inten-

=6.85p (for 10" Wicn?). With a further decrease @&, sity for He according tq2]; with Up=157.3 eV) In this

) . figure, the results are presented as a functiok pfdivided
the total power rapidly decreases, after the maxima havB . P
been reached. y the corresponding value of the ponderomotive energy.

With an increasing laser field intensity, the maxima ap-The larger maximum occurs Etpi:27? ev=2.8Jp, (for H).
pear for lower values oF, /Up . In addition, for lower val- ~ and By =440 eV=2.8Jp (for He), while the lower maxi-
ues of E, a more complicated structure in the total powerMum appears ag, =171 eV=1.63Jp (for H) and E,

appears with a minimum and an additional maximum. This=258 eV=1.64Jp (for He). From the results presented in
can be seen in Fig. 2 where we present the results for H 4tigs- 1 and 2 we conclude that the direct LAR process for

the intensity 16° W/cm? (Up=104.8 eV), and for He at high laser-field intensities is most efficient if the incident
electron energy is of the order of magnitude of a few.

He: 1.5x10' W/em® IV. NUMERICAL RESULTS

—— H: 1.0x10° wiem® We shall first present the results for the case in which the
incoming electron energy is larger thanUg. In this case,

as we will see in the next section, the SLAR process is clas-
sically forbidden. In Fig. 3, on a linear scale, we present the
numerical results for the differential power spectrum as a
function of the emitted x-ray energy for the hydrogen atom,
for a Nd:YAG laser of intensity 1 W/cn?, and for the
incoming electron energy E, =200 eV=1Up; Up

=10.48 eV. The results of direct LARthe curve in the
middle) show the characteristic oscillatory behavid3]
with pronounced maxima at both ends of the classically al-
lowed region (105 e¥fwkx=<364 eV). The lower curve
shows the corresponding SLAR results, while the top curve
shows the total result that is the coherent superposition of
FIG. 2. The total power of the emitted x rays as a function of thethese two results. The middle and the top curves are shifted
incoming electron energy divided by the ponderomotive energydp for permitting a better visibility. The oscillatory character
Up, for H and the intensity 16 W/cn? (bold solid line and for He ~ of both the direct LAR and the SLAR curves is similar, ex-
and the intensity 1.8 10" W/cn? (solid line with filled circle3.  cept that the SLAR curve does not exhibit pronounced
The laser photon energy fsw=1.17 eV. maxima at the boundaries of the classically allowed region.

2 S(Kp) (10° a.u.)
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FIG. 4. Numerical results for the differential power spectrum for  FIG. 5. The differential power spectrum as a function of the
the same parameters as in Fig. 3 but for the incident electron energmitted x-ray energy for He and a Nd:YAG laser of intensity
Ep=72eV. The results for the direct LAR are presented by a solidl.5x 10'® W/cn? (Up=157.3 eV). The incoming electron energy
line, while the results for SLAR only, are presented by a dotted linds three times the laser photon energy. The topmost curve denoted
with filled diamonds. by “D=E" refers to the direct LAR process. The curve below it,

denoted by ‘S” represents the data for SLAR only. The lowest
It is also interesting that for the value of the incident electroncurve is also for SLAR and consists of two parts. The left part is
energy chosen above, there is no SLAR spectrum beyond th®mposed of two curves denoted by “0.1” and “0.78ee text for
classical boundaries of the direct LAR process. We postponexplanation. The second paffor larger x-ray energigds denoted
the discussion of these results until the next section. by “ S=E” and for this part of the spectrum the direct LAR process

In Fig. 4 we present the results f(ﬁ-pi:72 eV corre- disappears so that the SLAR results presented are exact.
sponding to the maximum of the total power presented in )
Fig. 1 as a function ofE, for the laser field intensity ©OT curves correspond to SLAR only. On the left side we

have two curves denoted by “0.1" and “0.7.” These curves

4 . .
10" wicn?. The other parameters are the same as in Fig. 3correspond to the SLAR results obtained by numerical inte-

Here the results are presented on a logarithmic scale. Th&ation over the times=>0.1T and r>0.7T in Eq. (14)

results for the direct LAR are shown by a solid line, while . : . “
' .~ respectively. Comparing these results with the centi&l
the results for SLAR alone are presented by a dotted lin urve that is 3—5 orders of magnitude higher and includes

with filled diamonds. The SLAR results are now lower by ., - integration £=0), we conclude that the main contri-

one order of magnitude in the central part of the spectrum, on to this part of the SLAR spectrum comes from the
while this difference is larger at the classical boundariesShort travel times. The second part of this bottom cuifoe
(ﬁ8.9 e\/sﬁw_,(s184 eV_). In order to check whether the larger x-ray energigss denoted by S=E.” In this region
short trqvel timesr are important, we have_ calculated the the contribution of the direct LAR process to the spectrum is
Q|ﬁgrentlal power spectrum, using E¢L4) W't.h the lower zero, so that only the SLAR part remains and that is why it is
limit of the integral overr to _be eq“f”" to 0B instead of 0. denoted as the exact res(ittalso includes the exact integra-
We found that the SLAR d|ffer_ent|al_ power spectrum de'tion). The cutoff position of this part of the spectrum, as well
creases by four orders of magnitude in comparison with th%s its characteristic oscillatory structure that is superimposed

e.xact one(with the lower limit T:.O)' In th|§ way we artifi- by the zigzag oscillations, will be explained in the following
cially excluded the short-travel-time contribution and found ection

that the difference between the probabilities of the direct an
the rescattering processes is more than five orders of magni-
tude. Such a difference one can also expect from the consid-
erations of HATI[22-28. . _ In this section we will explain the numerical results pre-
Finally, in Fig. 5 we present the differential power spec-sented in the preceding section using a semiclassical analy-
trum as a function of the emitted x-ray energy for He, usingsjs. By semiclassical analysis we mean, in the present con-
a Nd:YAG laser of intensity 1810 W/cn?, and for the text, the analysis of the equations obtained by applying the
incoming electron energff, =37 w=3.51 eV. The highest saddle-point method in order to solve the integrals in the
curve corresponds to the direct LAR process. We denoted fjuantum-mechanical expression for 8matrix. The saddle-
by “D=E,” where “D” stands for “direct” and “E” stands  point equations are obtained by setting the first derivatives
for “exact,” because in the corresponding region of values ofequal to zero with respect to the intermediate electron mo-
hwy the contribution of the SLAR procegshe curve de- mental#q in Eq.(11)], the initial timet, and the travel time
noted by “S” and located below the D=E" curve) is two 7, of the expression that appears in the exponential part of
orders of magnitude smaller and can be neglected. The bothe Smatrix element. This method was successfully applied

V. SEMICLASSICAL ANALYSIS

042504-6



RESCATTERING EFFECTS IN SOFT-X-RAY ... PHYSICAL REVIEW 85 042504

to HHG and HATI([19-21] and references thergiwhere it 20 [——_. 3
was used in order to be able to replace a five-dimensional
integral by a sum over the relevant saddle points. Due to the 15t
tunneling nature of HHG and HATI, in these problems only
complex solutions of the saddle-point equations were pos-
sible. However, in spite of the fact that the SLAR process
also belongs to the class of the three-step processes, in this
case there are real solutions. The analysis of real solutions 0 ‘
can be considered in classical terms, because in this case a -3
connection with the conservation of classically given ener- =
gies and the classical equation of motion can be established, =
as we shall see below. w’
+§<
&

p;=2€A,

10 +

For the direct LAR process we have only one integral
over the timet. The corresponding saddle-point equation is
equivalent to the energy-conserving condition at the recom- ¢ AN
bination timet, ‘ '

1
SlPiteA(n)P=Egt o, a7

i.e., the classical electron kinetic energy in the laser field at
timet has to be equal to the energy of the ground state, into
which the electron recombines, plus the emitted x-ray en-
ergy. We are considering the casey+Eg>0 for which

Eqg. (17) has real solutions fot. These solutions depend on

— /

the parameter [14] p;/(eAy)=[E, /(2U 1Y% Ao FIG. 6. Real solutions of the semiclassical equatidig—(22).

=Ey/w. In Fig. 6 these solutions are presented feet0 The sum of the emitted x-ray energy and atomic binding energy

<2T by stars and denoted by the letfer One can see that divided by the ponderomotive enerdy%wg+Eg)/Up] is pre-

for p.> for a fixed val fhow.+E here ar sented as a function of the recombination tiin@ivided by the

or p;>eA,, for a fixed value of fwy+Eg)/Up, there are _ _ ( _

only two solutions per optical cycle. This means that thelaser field periodr) for the solution of the Eq(17) for direct LAR

main contribution to the integral over timdn the Smatrix ~ (curves denoted by D") or as a function of the travel time

element, for a given emitted x-ray eneryywy , comes from (divided byT) for SLAR (dotted, dotted-dashed, dashed, and solid

two diff(-;rent timest=t.. s=1.2. These twc; contributions curves. Top panel corresponds to the case in which the modulus of

S 164 . . . _

interfere giving a characteristic oscillatory behavior of thel€ incoming electron momentup) is equal to 24, (Ag=Eo/w

differential power spectruntsee the curve in the middle of is the amplitude of the vector potential of the laser figlghile the

Fig. 3 and the upper curve in Fig).Another feature that can "2 almd tEe ]lower plan_els afre for=eA, and piio'le'%' re-

be inferred from théD curve in the top panel of Fig. 6 is the spectlveyf. The Iour solutions for SLAR are marked by numbers
. Ny . see text for explanation

classically allowed range of values by . There is a maxi- ( P 9

mum that corresponds to E(l) and a minimum that corre- 5 gimple interference structure in this region. There are four
sponds to the value given by E(l) with a minus sign in

. : . classical solutions fofi wx <276 eV yielding a more com-
front of the square root. The panel in the middle of Fig. 6 oK y g

T rPlicated interference pattern as can be seen in Fig. 5.
corresponds to the boundary case where this minimum en- Let us now consider the SLAR process. In this case the

ergy is fiwg=|Eg|. For the lower panel in Fig. 6 we have g matix element(11) is presented in the form of a five-
pi=0.1eA, and this case corresponds to the “slow electron” 4imensional integral. Using the saddle-point method and put-
regimep; <€A, [14]. In this case there are two possibilities. yjng the first derivatives of the exponential term in Etl)

For higher values ofiwy there are two solutions fdrnear  \yith respect ta, 7, and4q, respectively, equal to zero, we
the maximum att=T/2 and only two electron trajectories piain

[19-21] give the main contribution. However, for the lower

t/T, ©/T

values offiwy there are four solution&wo near the maxi- , 1 2

mum att=T/2 as before, and two near the lower maximum amiPsT A =5 [Pt eA ], (18)
att=T). These four solutions are responsible for a compli- .

cated interference structure. Using the above analysis it is f T "N—

possible to explain the direct LAR result presented by the dt'Tps+eA(t’)]=0, 9

upper D=E curve in Fig. 5. For higher values of
hog (276 e\=fiw<409 eV) there are only two solu-
tions of Eq.(17) for the timet. The interference of the con-
tributions of these two times gives the presented oscillatory
spectrum. The lower boundaf276 e\j represents only the Equation(18) represents the energy conservation at tirfoe
boundary for the existence of two real solutions that lead tdhe laser-assisted scattering of the electron having initial mo-

1
EB+th=ﬁ[ps+ eA(t+7)]% (20)
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mentump; . The condition for the electron to return to the 1 1
ion after the travel timer is given by Eq.(19). For real (;_COW)(%_COW) =1
solutions this condition can be obtained by solving the clas-
sical equation of motion for the electron in the laser field:

mr = —eE, (t). Equation(19) also defines the stationary mo- BY introducing the solutiomr, of this equation back into the
mentumfq=p.. Finally, Eq.(20) expresses the energy con- initial inequality p><b(oo), we obtain the conditiorE,
servation at the recombination tinte- 7. This system of <10.00U;,. Therefore, the maximum of the classically al-
equations for the saddle pointpg(ts,7s) is very similar to  lowed value of the incident electron kinetic energyEgi

that presented ifil9—21 for HHG and HATI. The difference  =10.007U,, which is the same result as the known cutoff
is that forf w=|Eg| our system has real solutions that sim- |qw for HATI: E, =10.000p (see[22-28, and alsd41)).

plify the analysis. . This classical cutoff law for HATI was obtained by assuming
In _ord_er to_flnd_the_: real_ sol_ut|ons of the syst@hS)—(ZO) that the atomic binding energy is equal to zero so that real
we will first simplify it taking into account that in our case solutions were possible. In our case, this upper limit on the
the incident electron momentum is antiparallel to our lin- allowed incoming electron energy ca,m be understood in the
early polarize_d laser field. Then, after the s_ubstitutiorppf following way. If the incident electron energy is too large,
from Eq.(19) into Eqs.(18) and(20), we obtain a system of 0, “after the rescattering, the laser field will not be able to

two equations fort and 7. Introducing the variableo o the electron back to the nucleus and the electron will
=wr/2 and the notation s(¢)=sino, C€(0)=COST 56 away and hence the recombination process will not be
—So, x=cosptto), y=sin(i+o), p=p/(eA), this  ,ossible. We conclude that, irrespective of the electron inci-
system reduces to dent energy and of the instant of time of recollision, for
Epi>10.00'.Up the SLAR process is classically forbidden.

Of course, quantum mechanically the SLAR process is pos-
(howy+Eg)/Up=2(cx—sy)% (22)  sible also forE,>10.00Up, as it can be seen from the
results presented in Figs. 3 and 4. This can be explained by
Equation(21) corresponds to the energy-conserving condi-the existence of complex solutions of the semiclassical equa-
tion (18), where the square root on both sides of this equations (18—(20).
tion was taken, while Eq(22) stems from Eq(20). Using With these results, let us now analyze the numerical re-
Eq. (21) we can express the variablesindy in terms of the ~ sults presented in Fig. 6. For values Bf, lower than
variable o= w7/2. Introducing these solutions for andy  10.00Wp, the real solutions of the syste(@1)—(22) exist,
into Eq. (22) we obtain an equation that expresses the emitas can be seen in the top pangl<£2eA,, i.e.,E,=8Up) of

ted x-ray energy as a function of the travel timeThese  Fig 6 where the solutions 3 and 4 start to appear. The cor-
solutions are presented in Fig. 6 by the dotted, dotted-dashesponding x-ray energies are much lower than those of the
dashed, and solid lines, and will be analyzed below. Undegjirect LAR x rays(the curve marked witlD). For the panel
certain restrictions on the paramete p;/(eA,), the sys- i, the middle pi=eA, i.e., E, =2Up) the solutions 3 and 4

tem(21)—(22) has two real solutions for the+ " sign in Eq. . .
. P . are well developed and the corresponding x-ray energies are
(21) ar!d tWEO rea(llzi)olutlons ff_o;the_ S|/gn. For thtﬁ t+ of the order of ), but they are still lower than those of the
sign- In__E4. we find x=pals, S0 thal y  girect LAR process. Finally, in the bottom panel, which cor-
=+1—(po/s)?> and we have two real solutions for responds top;=0.1eAy, i.e., 10 E, =0.0Up, we see that
the highest x-ray energy is that of the solutions 3 and 4 and

(hwg+Eg)/Up as a function ofr as long asp<1. The
cond|t|0np<1 is ngvalent t(Epi<2UP so that these two_ it approaches 3.17o—+ |Eg|. the cutoff of HHG. These re-
real sol'ut|ons., which we shall d_enote by 1 "’}”‘?' 2,'only XISy ts refer to the numerical data denoted$yE in Fig. 5.
for low incoming electron energies. For the-"sign in EQ. 15 cyryes that correspond to the solutions 3 and 4 as func-
(21) we have anothgr pair of solut|on_s that we denote by 3‘tions of 7 are close to each other so that the superposition of
and 4 We shall again express the vanallxlaﬂdythro.ugho their oscillations produces the characteristic shape of$his
a}nd .|nsert them into EC.[ZZ)' The resulting quqdratm equa- _g part in Fig. 5. The solutions 1 and 2 also exist in this
tion in terms of the variable has the real solutions case and they are presented by dotted and dotted-dash lines
_ — in the bottom panel of Fig. 6. There are two broad maxima,
x=[p(c+coso) = 2syb—p*]/b, the higher of which is of the same height as the maximum of
_ 2, A2 the D curve for the direct LAR process. For valuesmofhear
b(o)=(c+coso)“+4s°, (23 T there is a band in which the solutions 1 and 2 are absent.
The system(18)—(20) has also complex solutions. Ac-
if b=p?. We therefore have again obtai_ned a restrict_ion Ocording to our knowledge about HHG and HATI we expect
the values of the parametgr under which real solutions that the contribution of these solutions with large imaginary
exist. The maximum value gf for which the conditionp®>  parts is small. For example, for HHG by an elliptically po-
=E, /(2Up)<b is satisfied can be determined from the |arized laser field[19,21,42 or HHG in a relativistically
condition db/da=0. We find the following nonlinear equa- strong field(such that thesx B drift is large[43]), the imagi-
tion for o nary parts of these solutions become large, so that HHG is

CX+sy= *(xcoso+sy—p), (21

042504-8
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highly suppressed. However, the SLAR process is differentlent electron energy is equal to a few times the ponderomo-
in the sense that one has available initially the incomingive energy.(ii) In our opinion, however, the more important
electron energy. In this case, for short travel timgsthe  reason for our investigation is the existing complementarity
system(18)—(20) can have complex solutions that give an between our process and the well-known HHG and HATI. In
important contribution. For example, for the results pre-fact, all of them can be explained by using the three-step
sented in Fig. 3, the SLAR process is classically forbiddennodel. This implies the use of a similar theoretical formal-
since the parametqy; /(e Ag) =3.089> 5, where the factor jsm that is based on tf@matrix theory and on the semiclas-
\5~2.237 originates in the cutoff law at 10.00%. Never-  sjcal saddle-point solutions. Equivalently, it can also be for-
theless, the corresponding power spectrthe bottom muylated by using the Feynman path integré®9]. An
curve is only slightly lower than the one of the direct LAR important difference is, however, that HHG and HATI are
process(the middle curvg so that their interference is genuinely tunneling phenomena, whereas our SLAR process
clearly visible in the total power spectrutthe top Curve  paq i its initial state a free electron with a positive energy.
These results can be explained by the existence of the COMmerefore, we have only complex solutions of the saddle-

plex solutions of the saddle-point equations for short travel) .+ equations for HHG and HATI, while for SLAR also
times. The electrons that are scattered in the backward dire

tion will start to move in the direction of the polarization were able to derive two cutoff laws for SLAR. One concermns

vector of the laser field. It is possible that after a very shor . o )
travel time the electrons are still in the vicinity of the nucleust‘[he ma"'”ﬁ“”} |nC|d_ent e,!eCtron energy for Wh'Ch the SLAR
rocess is “classically” still possible. It is the same

so that they can recombine with a high probability. There isP , ,
an indication that this mechanism is responsible for the largd0-00Up cutoff law as that for the maximum outgoing elec-
SLAR results. Namely, the SLAR curve has its maxima at{fon energy in HATI[22-28,4]. The second cutoff law de-

the same positions where the direct LAR curve has itdérmines the maximum energy of the emitted soft x rays in
minima, as seen in Fig. 3. It may well be that for the directSLAR, and it is the sam¢Eg|+3.17Up cutoff law as for
LAR and for the SLAR process the electron follows the lasettHG [9]. However, the SLAR saddle-point equations have
field oscillations in opposite directions. Another example ofalso complex solutions. Their contribution becomes impor-
the importance of the complex solutions are the results pretant for short electron travel times. Therefore, the 10U007
sented in Fig. 4. For the parameters of this figure, the reatutoff law is only classically valid but it is not a real limita-
solutions of EQs.(18)—(22) exist becausep;=1.853A,. tion on the values of the incident electron energy, as is con-
However, the cutoff for these solutions, which are analogougirmed by our numerical calculations. Concerning the cutoff
to the solutions 3 and 4 presented in the top panel of Fig. 8aw for the high-energy photons, our results show that it is
yields O<ﬁwK$|EB| +2.48J,=39.3 eV. Therefore, in this given by the formula ﬁwK,maleEB|+max{3-17UP ’Epi

case, similarly to Fig. 3, the contribution of the nonclassical S
' : I o + +2,/ . I k
complex solutions is dominant. 2Up+2 2Epiup} The second term in this curly brackets

Finally, it is interesting that th&= E part of the spectrum is identical to what is found for the direct LAR cutoff law, as

in Fig. 5 can be explained by the real solutions of the semiShown in by Eq.(1). For SLAR it corresponds to the com-
classical equation&l8)—(20). Referring to the bottom panel Plex solutions mentioned before. It is important that the
of F|g 6, we see that in this Spectra| region 0n|y the 50|u.probabilities of SLAR that belong to these solutions and for
tions 3 and 4 existdashed and solid lingsThey lead to the ~short travel times are much higher than expected. Namely,
cutoff for the SLAR process athwyg=|Eg|+3.1Up  theratio of the rates of the direct and the rescattering process
=523 eV. Solutions 3 and 4 are close to each other and, foffor HATI, for examplg is usually about 19-10’. We can
a fixed value of the emitted x-ray photon energy, there arénfer, however, from Figs. 3—5 that in our problem this ratio
four solutions for G= 7<T that interfere, resulting in a char- is only 10—-100 or even less. As we have mentioned in Sec.
acteristic oscillatory structure that is superimposed by the/, one possible explanation for this result is that the back-
zigzag oscillations. scattered electron recombines with a high probability imme-
diately after the scattering event has taken place and when it
VI. CONCLUSIONS is still in the vicinity of the nucleus. One can speculate
whether in the case where the direct recombination process is
The study of the laser-assisted electron-ion recombinationot allowed(due to selection rules, for exampler is highly
that includes the scattering of the electron at the ion prior tasuppressed, SLAR presents a new channel for the energy
its recombination is important due to the two following main transfer of the incoming electrons to the high-energy pho-
reasons(i) As we have mentioned in the introduction, the tons. The short-travel-time transfer mechanism is not charac-
laser-assisted electron-ion recombination could be anotheeristic of SLAR only. There is an indicatioiD. B.
potential source for generating coherent soft x rays and thuslilosevic, unpublishedl that for the short travel times addi-
further information about this process will be useful intional complex solutiongin comparison to those presented
achieving this goal. In the present work, we have shown thain Refs.[19,21)) of the saddle-point equations for HHG ex-
the recombination process is more important for lower inci-ist, the contribution of which to the low-energy part of the
dent electron energies and that, for a given high-intensityspectrum may be important. We expect a similar behavior in
laser field, the total power of the emitted x rays as a functiorthe case of HATI. For HHG it may be connected to the
of the incident electron energy has its maximum if the inci-so-called nontunneling harmonig44].

eal solutions are possible. Using these real solutions, we
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