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Rescattering effects in soft-x-ray generation by laser-assisted electron-ion recombination
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Laser-assisted electron-ion recombination is investigated with an emphasis on the spectrum of the emitted
high-energy photons and its modification due to the recollision of the incident electron and the ion. Numerical
results for the soft-x-ray power spectra, added up over all intermediate laser photon channels, are presented as
a function of the incident electron energy for different laser field intensities. For strong laser fields, maxima,
and additional structures are found in these spectra for incident electron energies of the order of magnitude of
the ponderomotive energy. We show that the laser-assisted electron-ion recombination, that includes the res-
cattering of the electron at the ion before the recombination, is a process complementary to the well-known
processes of high-order harmonic generation and high-order above-threshold ionization. All these processes
can be explained, using the three-step scenario. A semiclassical analysis is presented which shows that for the
laser-assisted electron-ion recombination real solutions of the saddle-point equations exist, contrary to what is
found with high-order harmonic generation and high-order above-threshold ionization when only complex
solutions are permitted. For low incoming electron energies, the cutoff of the emitted soft-x-ray photon
energies, including the process of rescattering, is higher than in the case of the direct recombination process.
The height of the rescattering plateau is 6–7 orders of magnitude lower than that of the direct process.
However, for higher incident electron energies we obtain the unexpected result that the difference between the
height of the rescattering plateau and the height of the direct plateau can be less than one order of magnitude.
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I. INTRODUCTION

The processes that take place during the interaction
strong laser field with matter are presently studied very
tensively @1–4#. The generation of coherent, extreme ultr
violet radiation and of soft x rays is currently a topic of gre
practical importance@5–8#. Such radiation can be produce
by the laser heating of plasmas. Among the processes,
are responsible for high-energy photoproduction, we fi
high-order harmonic generation~HHG! @9,10#, laser-induced
bremsstrahlung@11#, laser-assisted x-ray–atom scatteri
@8,12#, and laser-assisted electron-ion recombination~LAR!
@13,14#. The present paper is devoted to the investigation
LAR and to its relation to HHG and the above-thresho
ionization ~ATI !.

The history of electron-ion recombination, a process t
is very important in plasma physics and astrophysics, g
back to 1923~for an excellent review see@15#!. A special
case of this process is the radiative recombination in wh
the electron-ion recombination is made possible through
transfer of energy and momentum from the free electron
the photon as a third body. In most of the papers devote
radiative recombination@16# the laser field is weak and thu
only the one-photon LAR process is considered. Only v
recently the multiphoton LAR process was analyzed in m
detail @13,14,17#.

In Refs.@13,14# the direct LAR process is considered: A
incoming electron with the momentumpi and the kinetic
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energy Epi
recombines with the ion to yield the boun

atomic state of the energyEB . During this process, a high
energy photon with frequencyvK is emitted whilen photons
are exchanged with a laser field that has a low-frequencv
and a high intensityI. The ponderomotive energy of the ele
tron in the laser field isUP5(e2/2m)(1/T)*0

TdtA2(t), where
A(t) is the vector potential of the laser field andT52p/v is
the field period. In Ref.@13# it was found that the maximum
energy of the emitted x rays is

\vK ,max5Epi
12UP1uEBu12A2Epi

UP. ~1!

A similar expression for the minimum energy, which diffe
from Eq.~1! only by the sign on the left the square root, w
also presented in Ref.@13#. This ‘‘semiclassical’’ result for
the allowed interval of frequenciesvK is applicable to high
energies of the incoming electron. For lower energies, w
Epi

,2UP ~the so-called ‘‘slow electron regime’’ of Ref

@14#!, the minimum ‘‘semiclassical’’ energy is\vK ,max
5uEBu if the electron velocity is parallel to the laser polariz
tion. However, it can happen that the incoming electron fi
scatters at the ionic potential, then moves in the laser fi
and, finally, after the laser field has changed its sign,
electron may come back to the nucleus and recombines.
shall denote this process as SLAR where ‘‘S’’ stands for
‘‘scattering.’’ We shall show in this paper that in case of lo
incoming electron energies the cutoff of the emitted soft
ray energies for the SLAR process can be larger than
given by Eq.~1!.

The SLAR process, mentioned above, belongs toge
with HHG and high-order above-threshold ionization~HATI !
©2002 The American Physical Society04-1



re

t
en

i
to
y

c
:

-
th

ay
re
e

-

e
d

th
th
r
it
w
e
o

on
u
m

ith
th

d
i

e
tin
de
to

rin
ts
g

l

th

,

n

ser

r

e
ns

on

he

DEJAN B. MILOŠEVIĆ AND FRITZ EHLOTZKY PHYSICAL REVIEW A 65 042504
to the class of the three-step processes@18–21#. Both, in
HHG and HATI the atom is first ionized, absorbing mo
photons than it is necessary for ionization~this is the so-
called above-threshold ionization!. Depending on the instan
of time at which the electron tunnels out, it may be driv
back to the ionic core by the laser field~the second step!
where, in the third step, it may recombine and release
energy by the emission of a single high-energy pho
~HHG! or it may ~re!collide with the ion and move awa
with a final energyEpf

~HATI !. HHG includes the~direct!
recombination process@14#. The maximum emitted harmoni
photon energy is given by the well-known cutoff law
\vH,max5uEBu13.17UP ~see @9# and references therein!.
Comparing this cutoff law with that given by Eq.~1! for
Epi

!UP : \vK ,max'uEBu12UP , we see that the HHG cut
off is higher. The importance of HATI was confirmed bo
experimentally@22–24# and theoretically@25–28#. The cut-
off law for this process is given byEpf ,max510UP . If the
HATI process becomes modified such that initially an x-r
photon is absorbed, then this process, according to the
procity theorem@29#, may be considered as the time-revers
counterpart of our SLAR process@30#. Therefore, we can
expect that forEpi

,10UP the SLAR process becomes im
portant and should be investigated in more detail.

The outline of our paper is as follows. In Sec. II w
present theS-matrix theory that includes both, the direct an
the ~re!scattering LAR process. In Refs.@13,14# there is no
detailed analysis of the dependence of the probability of
LAR process on the incoming electron energy and on
laser field intensity. Therefore, in Sec. III we present nume
cal results for the direct LAR process, with emphasis on
dependence on the incident electron energy. In Sec. IV
present our numerical results that include both the dir
LAR and the SLAR processes. A semiclassical analysis
these processes is given in Sec. V. Finally, our conclusi
are presented in Sec. VI. Throughout the paper we shall
SI units. Sometimes we shall present our results in ato
units (e5\5m51).

II. THEORY

The process of direct recombination of an electron w
an ion in the presence of a strong laser field, followed by
emission of an x-ray photon having the wave vectorK , fre-
quencyvK and unit polarization vectorêK , was described in
@13,14#. We want to consider here how this process is mo
fied if the electron scatters first at the ionic potential, then
driven by the laser field and, as soon as the laser fi
changes its sign, it returns to the ion and recombines emit
an x-ray photon. This is a variant of the three-step mo
@18# developed in the context of HHG, but applied also
HATI @25–28# and, moreover, in a unified approach@19–21#.

Our starting point will be similar to the one in Ref.@12#,
in which we considered laser-assisted x-ray–atom scatte
and to Refs.@27,28# where Coulomb and rescattering effec
in above-threshold ionization were considered. We be
with the following general form of theS matrix,
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Sf i5 i\ lim
t8→`

lim
t→2`

^Fout~ t8!uG(1)~ t8,t !uF in~ t !&. ~2!

The total Green’s operatorG(1) corresponds to the tota
Hamiltonian

H5H01er•EX~r ,t !, H05
p2

2m
1VA1er•EL~ t !, ~3!

whereer•EX(r ,t) describes the interaction of the atom wi
the x-ray field~in the length gauge!, p2/(2m) represents the
kinetic energy operator,VA is the atomic binding potential
ander•EL(t) is the laser-atom interaction~using the length
gauge and the dipole approximation!. We shall consider the
x-ray radiation field as quantized@12,13,31,32#, namely,

EX~r ,t !5EX
(1)~r ,t !1EX

(2)~r ,t !,

EX
(1)~r ,t !5 iCKêKaK exp@2 i ~vKt2K•r !#,

EX
(2)~r ,t !52 iCKêKaK

† exp@ i (vKt2K•r )#, ~4!

where aK and aK
† are the photon annihilation and creatio

operators of the x-ray field, andCK
2 5\vK /(2«0V) with V

denoting the quantization volume. Ourin state in Eq.~2! is
the initial electron scattering state in the absence of the la
field ~it is a plane wave with momentumpi , assumingVA is
only a short-range potential! multiplied by the vacuum
state u0K& of the x-ray field. Our out state is the
bound electron state~in the absence of the lase
field! multiplied by the one-photon stateu1K& for x rays.
Using the Lippmann-Schwinger equation for th
total Green’s operator and the two relatio
^F f

(2)(t)u5 i\^Fout(`)uG(1)(`,t), i\G0
(1)(t,2`)uF in

(2`)&5uCpi

(1)(t)&u0K&, as was done in@12,28,31#, we find

Sf i52
i

\E2`

`

dt^F f
(2)~ t !uer•EX

(2)~r ,t !uCpi

(1)~ t !&u0K&,

~5!

whereuCpi

(1)(t)& is the solution of the Schro¨dinger equation

for the HamiltonianH0 of Eq. ~3!. We suppose that the
atomic potential consists of a long-range Coulomb partVC
and a short-range partVS , i.e., VA5VC1VS . In order to
investigate the electron scattering at the potentialVS we
choose the following splitting of the HamiltonianH05(H0
2VS)1VS , that leads to the Lippmann-Schwinger equati

uCpi

(1)~ t !&5ucpi ,C
(1) ~ t !&1E dt8G0

(1)~ t,t8!VSucpi ,C
(1) ~ t8!&,

~6!

where the stateucpi ,C
(1) (t)& evolves from thein state of the

electron under the action of the Green’s operatorGC
(1) that

belongs to the Hamiltonian H02VS : ucpi ,C
(1) (t)&

5 i\GC
(1)(t,2`)uc in(2`)&, with uF in(t)&5uc in(t)&u0K&.

We approximate this state by the Volkov wave vector in t
length gauge@14,27#
4-2
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ucpi ,C
(1) ~ t !&'uxpi

~ t !&5upi1eA~ t !&

3expH 2
i

\
@pi•a~ t !1U~ t !1Epi

t#J , ~7!

in which

a~ t !5
e

mE t

dt8A~ t8!,

U~ t !5
e2

2mE t

dt8A2~ t8!5U1~ t !1UPt, ~8!

with EL(t)52]A(t)/]t, Epi
5pi

2/(2m), UP

5e2^A2(t)&/(2m), andU1(t) the time periodic part ofU(t).
This ansatz is satisfactory within the strong-field approxim
tion @33,34#. The influence of both the laser field and th
Coulomb potential can be taken into account by using
improved Coulomb-Volkov state ansatz~@13,28# and refer-
ences therein! instead of Eq.~7!. According to the first ref-
erence in Ref.@28# we do not expect that the improve
Coulomb-Volkov state ansatz will introduce qualitativ
changes in the final SLAR results so that we will keep
simpler ansatz~7!. Our next approximation is to replace th
intermediate Green’s propagatorG0

(1) in Eq. ~6! by the
Volkov Green’s operator

GL
(1)~ t,t8!52

i

\
u~ t2t8!E d3qux\q~ t !&^x\q~ t8!u, ~9!

which is also the usual approximation within the strong-fie
approximation. Our final approximation@13# is to neglect the
field dressing of the final stateuF f

(2)(t)& in Eq. ~5!. We shall
describe it by the atomic ground state multiplied by the o
photon state:uF f

(2)(t)&'ucB&exp(2iEBt/\)u1K&. Introducing
all these approximations into Eq.~5! we obtain

Sf i52
CK

\ E
2`

`

dt expF i

\
~EB1\vK !t G

3F ^cBuer•êKe2 iK•rupi1eA~ t !&

3expH 2
i

\
@pi•a~ t !1U~ t !1Epi

t#J
2

i

\E2`

t

dt8E d3q^cBuer•êKe2 iK•ru\q1eA~ t !&

3expH 2
i

2m\Et8

t

dt9@\q1eA~ t9!#2J
3^\q1eA~ t8!uVSupi1eA~ t8!&

3expH 2
i

\
@pi•a~ t8!1U~ t8!1Epi

t8#J G . ~10!

The double integral over time in the above equation can
rearranged using the relation
04250
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E
2`

`

dtE
2`

t

dt8 f ~ t,t8!5E
2`

`

dt8E
t8

`

dt f~ t,t8!

5E
2`

`

dt8E
0

`

dt f ~ t81t,t8!,

so that, writingt instead oft8, we finally find

Sf i52
CK

\ E
2`

`

dt expH i

\
@~EB1\vK2Epi

2UP!t

2pi•a~ t !2U1~ t !#J H ^cBuer•êKe2 iK•rupi1eA~ t !&

2
i

\E0

`

dtE d3q ^cBuer•êKe2 iK•ru\q1eA~ t1t!&

3expF2
i

\
S~q;t,t!G^\q1eA~ t !uVSupi1eA~ t !&J ,

~11!

where

S~q;t,t!5E
t

t1t

dt8H @\q1eA~ t8!#2

2m
2EB2\vKJ

~12!

is the semiclassical action@35,36#. The S-matrix element,
written in the form of Eq.~11!, has a simple physical inter
pretation. At some initial timet the electron can directly
recombine into the ground state emitting an x-ray phot
This process is described by the first term in the cu
bracket on the right-hand side of Eq.~11!. The electron can
also scatter on the potentialVS and propagate in the lase
field from the instant of timet to time t1t when it comes
back to the nucleus and recombines by emitting an x-
photon~this process is represented by the second term in
curly bracket given above!. Having obtained this result, we
can now solve the integral over the intermediate elect
momenta \q using the saddle-point metho
@12,27,28,31,35,36#. In general case, this integral can be pr
sented as a Taylor expansion around the saddle pointq5qs
that contains powers of\/t (t is the travel time! multiplied
by the even derivatives over the intermediate electron m
menta of the nonexponential subintegral term in Eq.~11!
@36#. The main contribution comes from the zeroth-ord
term. This integral can be solved analytically for the Gau
ian model, the zero-range potential model, and the hydrog
like atoms model. Observing also the periodicity of the su
integral function in theS-matrix element, we obtain withw
5vt,

Sf i52
CK

\ E
2`

`

dt expF i

\
~EB1\vK2Epi

2UP!t GTf i~w!

522pCK(
n

d~EB1\vK2Epi
2UP2n\v!Tf i~n!,

~13!
4-3
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Tf i~w!5 (
n52`

`

Tf i~n!e2 inw5expH 2
i

\
@pi•a~w!1U1~w!#J

3H ^cBuer•êKe2 iK•rupi1eA~w!&

2
i

\E0

`

dtS 2pm

i\t D 3/2

expF2
i

\
S~qs ;w,vt!G

3^cBuer•êKe2 iK•ru\qs1eA~w1vt!&

3^\qs1eA~w!uVSupi1eA~w!&J , ~14!

where the stationary momentum \qs(t,t)
52(e/t)* t

t1tdt8A(t8) is the solution of the equation
“qS(q;t,t)50. The matrix elements in Eq.~14! have a
simple analytical form so that theT-matrix elementTf i(n)
5*0

2pdw/2pTf i(w)exp(inw) can be easily computed by pe
forming the integration over the travel timet and by using
the fast Fourier transform method.

The density of states of the x-ray radiation emitted, qu
tized in a volumeV, is V/(2pc)3vK

2 dvKdV K̂ , while the
density of the electron states@normalized to a plane wav
(2p\)23/2exp(iq•r )# is mpidEpi

dV p̂i
. Therefore, the differ-

ential rate for the emission of an x-ray photon@having its
frequency within the interval (vK2dvK ,vK1dvK) and the
polarization êK#, into the solid angledV K̂ , during the re-
combination of an electron with initial energyEpi

impinging

from within the solid angledV p̂i
, is given by (Tp denotes the

pulse duration time!

dw~K ,pi !5
1

Tp
dV K̂dEpi

dV p̂i
E

vK2dvK

vK1dvK
dvK

VvK
2

~2pc!3
mpi

3~22pCK !2(
n

Tf i~n!

3d~EB1\vK2Epi
2UP2n\v!

3(
n8

Tf i* ~n8!d~EB1\vK2Epi
2UP2n8\v!.

~15!

The product of thed functions is different from zero forn
5n8. The first d function can be eliminated on account
the relation 2p\d(0)5Tp ~for Tp→`), while the second
delta function disappears on account of the integration o
dvK and we obtain for the differential rate of the process
the emission of an x-ray photon in whichn photons are ex-
changed with the laser field

dw~K ,pi !5
mpivK

3

8p2«0\c3
uTf i~n!u2dV K̂dEpi

dV p̂i
,

n\v5\vK2uEBu2Epi
2UP , ~16!
04250
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where the second relation in Eq.~16! expresses the energ
conserving condition. The corresponding differential pow
spectrum is@13# S(K ,pi)5\vKdw(K ,pi)/(dV K̂dEpi

dV p̂i
).

As in Ref. @13#, we consider a configuration of the las
and x-ray fields and of the incoming electron such thatêL

5êK52pi /pi , pi5upi u, so thatpi•a(w)52pia(w). The
quantity, which we shall evaluate in our examples, is 2pS
where the factor 2p comes from the integration over th
azimuthal angle of electron incidence. Moreover, we assu
in our calculations that the laser field is monochromatic a
linearly polarized with the electric field vectorEL(t)
5E0êL sinvt, and with the photon energy\v51.17 eV
@Nd: yttrium aluminum garnet~YAG! laser#.

For the ground-state wave function we use either the
of the hydrogen atomcB(r )5p21/2exp(2r) ~in atomic units
andEB520.5 a.u.) or that of He that can be found in Re
@37#. ~This function for He is presented in an analytic for
and was obtained in a nonrelativistic approximation by
series expansion in terms of atomic Slater orbitals. The bi
ing energy for He isEB5224.59 eV.! For the short-range
potential VS we chose a potential of the form:2(a
1b/r )exp(2lr) @38#. In particular, in the case of the hydro
gen atom, we took the Yukawa-type short-range poten
VS52exp(2r)/r, while for He we employed@39# VS(r )
52(211/r )exp(24r) ~in a.u.!. This form of the short-range
potential for He is obtained by using the formula@40#
VA(r )5*dr 8ucHe1(r 8)u2/ur2r 8u2Z/r where the first term
represents the interaction of the ionized electron with
electron core cloud andZ is the nuclear charge. We hav
chosen these two simple examples~the case ofe2-H1 scat-
tering modeled by the Yukawa-type potential may look u
realistic! having in mind that our aim is to obtain a qualita
tive picture of the electron-ion recombination process t
takes place in a strong laser field.

III. DIRECT LAR PROCESS: INCIDENT ELECTRON
ENERGY DEPENDENCE

The differential power spectrum for the direct LAR pro
cess is determined by a one-dimensional integral over
analytical expression and can be easily evaluated by num
cal integration@13,14# or, even faster, using the fast Fouri
transform method. The results obtained can be analyzed
the ~semi!classical method, outlined in Refs.@13,14# and in
Sec. V of our paper. We present here our results for the t
emitted x-ray power in the direct LAR process for differe
laser field intensities as a function of the incident electr
kinetic energy. The total power we define a
*df i*dvKS(pi ,K )52p(nS(pi ,K ), where f i is the azi-
muthal angle of the incident electron and the integral o
dvK is replaced, using the energy conserving condition,
the sum over the number of exchanged photons. The o
angles in the problem shall be fixed by the conditionêK

52pi /pi5êL .
In Fig. 1 we present the results for the hydrogen atom

target for a Nd:YAG laser of the intensities 1012 W/cm2,
1013 W/cm2, and 1014 W/cm2. The corresponding pondero
motive energies are 0.1048 eV, 1.048 eV, and 10.48 eV,
4-4
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spectively. One can see that the total power increases
the decrease of the incident electron energy. The max
appear at: Epi

541 eV5391UP ~for 1012 W/cm2), Epi

544 eV542UP ~for 1013 W/cm2), and Epi
572 eV

56.87UP ~for 1014 W/cm2). With a further decrease ofEpi
,

the total power rapidly decreases, after the maxima h
been reached.

With an increasing laser field intensity, the maxima a
pear for lower values ofEpi

/UP . In addition, for lower val-

ues ofEpi
a more complicated structure in the total pow

appears with a minimum and an additional maximum. T
can be seen in Fig. 2 where we present the results for H
the intensity 1015 W/cm2 (UP5104.8 eV), and for He a

FIG. 1. The total power of the emitted x rays as a function of
incoming electron energy, for the hydrogen atom and a Nd:Y
laser of intensities 1012 W/cm2 ~dashed curve!, 1013 W/cm2 ~solid
curve!, and 1014 W/cm2 ~dotted-dashed curve!.

FIG. 2. The total power of the emitted x rays as a function of
incoming electron energy divided by the ponderomotive ene
UP , for H and the intensity 1015 W/cm2 ~bold solid line! and for He
and the intensity 1.531015 W/cm2 ~solid line with filled circles!.
The laser photon energy is\v51.17 eV.
04250
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I 51.531015 W/cm2. ~HereI is taken as the saturation inten
sity for He according to@2#; with UP5157.3 eV.! In this
figure, the results are presented as a function ofEpi

divided
by the corresponding value of the ponderomotive ene
The larger maximum occurs atEpi

5272 eV52.6UP ~for H!

and Epi
5440 eV52.8UP ~for He!, while the lower maxi-

mum appears atEpi
5171 eV51.63UP ~for H! and Epi

5258 eV51.64UP ~for He!. From the results presented i
Figs. 1 and 2 we conclude that the direct LAR process
high laser-field intensities is most efficient if the incide
electron energy is of the order of magnitude of a fewUP .

IV. NUMERICAL RESULTS

We shall first present the results for the case in which
incoming electron energy is larger than 10UP . In this case,
as we will see in the next section, the SLAR process is c
sically forbidden. In Fig. 3, on a linear scale, we present
numerical results for the differential power spectrum as
function of the emitted x-ray energy for the hydrogen ato
for a Nd:YAG laser of intensity 1014 W/cm2, and for the
incoming electron energy Epi

5200 eV519UP ; UP

510.48 eV. The results of direct LAR~the curve in the
middle! show the characteristic oscillatory behavior@13#
with pronounced maxima at both ends of the classically
lowed region (105 eV<\vK<364 eV). The lower curve
shows the corresponding SLAR results, while the top cu
shows the total result that is the coherent superposition
these two results. The middle and the top curves are shi
up for permitting a better visibility. The oscillatory charact
of both the direct LAR and the SLAR curves is similar, e
cept that the SLAR curve does not exhibit pronounc
maxima at the boundaries of the classically allowed regi

e

e
y

FIG. 3. Numerical results for the differential power spectrum
a function of the emitted x-ray energy for the hydrogen atom
Nd:YAG laser of intensity 1014 W/cm2 (UP510.48 eV), and the
incident electron energyEpi

5200 eV. Top curve, the total result
middle curve, direct LAR only; bottom curve, SLAR only. Th
middle ~top! curve is displaced up by 0.5~1.5! units of the ordinate
scale for increasing the visibility.
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It is also interesting that for the value of the incident electr
energy chosen above, there is no SLAR spectrum beyond
classical boundaries of the direct LAR process. We postp
the discussion of these results until the next section.

In Fig. 4 we present the results forEpi
572 eV corre-

sponding to the maximum of the total power presented
Fig. 1 as a function ofEpi

for the laser field intensity

1014 W/cm2. The other parameters are the same as in Fig
Here the results are presented on a logarithmic scale.
results for the direct LAR are shown by a solid line, wh
the results for SLAR alone are presented by a dotted
with filled diamonds. The SLAR results are now lower b
one order of magnitude in the central part of the spectru
while this difference is larger at the classical boundar
(28.9 eV<\vK<184 eV). In order to check whether th
short travel timest are important, we have calculated th
differential power spectrum, using Eq.~14! with the lower
limit of the integral overt to be equal to 0.3T instead of 0.
We found that the SLAR differential power spectrum d
creases by four orders of magnitude in comparison with
exact one~with the lower limit t50). In this way we artifi-
cially excluded the short-travel-time contribution and fou
that the difference between the probabilities of the direct
the rescattering processes is more than five orders of ma
tude. Such a difference one can also expect from the con
erations of HATI@22–28#.

Finally, in Fig. 5 we present the differential power spe
trum as a function of the emitted x-ray energy for He, us
a Nd:YAG laser of intensity 1.531015 W/cm2, and for the
incoming electron energyEpi

53\v53.51 eV. The highes
curve corresponds to the direct LAR process. We denote
by ‘‘ D5E,’’ where ‘‘D ’’ stands for ‘‘direct’’ and ‘‘E’’ stands
for ‘‘exact,’’ because in the corresponding region of values
\vK the contribution of the SLAR process~the curve de-
noted by ‘‘S’’ and located below the ‘‘D5E’’ curve! is two
orders of magnitude smaller and can be neglected. The

FIG. 4. Numerical results for the differential power spectrum
the same parameters as in Fig. 3 but for the incident electron en
Epi

572 eV. The results for the direct LAR are presented by a so
line, while the results for SLAR only, are presented by a dotted
with filled diamonds.
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tom curves correspond to SLAR only. On the left side w
have two curves denoted by ‘‘0.1’’ and ‘‘0.7.’’ These curve
correspond to the SLAR results obtained by numerical in
gration over the timest.0.1T and t.0.7T in Eq. ~14!,
respectively. Comparing these results with the central ‘‘S’’
curve that is 3–5 orders of magnitude higher and inclu
exact integration (t>0), we conclude that the main contr
bution to this part of the SLAR spectrum comes from t
short travel times. The second part of this bottom curve~for
larger x-ray energies! is denoted by ‘‘S5E.’’ In this region
the contribution of the direct LAR process to the spectrum
zero, so that only the SLAR part remains and that is why i
denoted as the exact result~it also includes the exact integra
tion!. The cutoff position of this part of the spectrum, as w
as its characteristic oscillatory structure that is superimpo
by the zigzag oscillations, will be explained in the followin
section.

V. SEMICLASSICAL ANALYSIS

In this section we will explain the numerical results pr
sented in the preceding section using a semiclassical an
sis. By semiclassical analysis we mean, in the present c
text, the analysis of the equations obtained by applying
saddle-point method in order to solve the integrals in
quantum-mechanical expression for theSmatrix. The saddle-
point equations are obtained by setting the first derivati
equal to zero with respect to the intermediate electron m
menta@\q in Eq. ~11!#, the initial timet, and the travel time
t, of the expression that appears in the exponential par
the S-matrix element. This method was successfully appl

r
gy
d
e

FIG. 5. The differential power spectrum as a function of t
emitted x-ray energy for He and a Nd:YAG laser of intens
1.531015 W/cm2 (UP5157.3 eV). The incoming electron energ
is three times the laser photon energy. The topmost curve den
by ‘‘ D5E’’ refers to the direct LAR process. The curve below
denoted by ‘‘S’’ represents the data for SLAR only. The lowe
curve is also for SLAR and consists of two parts. The left part
composed of two curves denoted by ‘‘0.1’’ and ‘‘0.7’’~see text for
explanation!. The second part~for larger x-ray energies! is denoted
by ‘‘ S5E’’ and for this part of the spectrum the direct LAR proce
disappears so that the SLAR results presented are exact.
4-6



n
th
ly
o
s
t

io
s
e
he

ra
is
m

a
in
en

n

t

h

s
he
f

e

-

. 6
e

e
n
s.

s
r

m
li

it
th
f
-
-
or

t

our

the
-
ut-

e

o-

rgy

lid
s of

ers

RESCATTERING EFFECTS IN SOFT-X-RAY . . . PHYSICAL REVIEW A65 042504
to HHG and HATI~@19–21# and references therein! where it
was used in order to be able to replace a five-dimensio
integral by a sum over the relevant saddle points. Due to
tunneling nature of HHG and HATI, in these problems on
complex solutions of the saddle-point equations were p
sible. However, in spite of the fact that the SLAR proce
also belongs to the class of the three-step processes, in
case there are real solutions. The analysis of real solut
can be considered in classical terms, because in this ca
connection with the conservation of classically given en
gies and the classical equation of motion can be establis
as we shall see below.

For the direct LAR process we have only one integ
over the timet. The corresponding saddle-point equation
equivalent to the energy-conserving condition at the reco
bination timet,

1

2m
@pi1eA~ t !#25EB1\vK , ~17!

i.e., the classical electron kinetic energy in the laser field
time t has to be equal to the energy of the ground state,
which the electron recombines, plus the emitted x-ray
ergy. We are considering the case\vK1EB.0 for which
Eq. ~17! has real solutions fort. These solutions depend o
the parameter @14# pi /(eA0)5@Epi

/(2UP)#1/2, A0

5E0 /v. In Fig. 6 these solutions are presented for 0<t
<2T by stars and denoted by the letterD. One can see tha
for pi.eA0, for a fixed value of (\vK1EB)/UP , there are
only two solutions per optical cycle. This means that t
main contribution to the integral over timet in the S-matrix
element, for a given emitted x-ray energy\vK , comes from
two different timest5ts , s51,2. These two contribution
interfere giving a characteristic oscillatory behavior of t
differential power spectrum~see the curve in the middle o
Fig. 3 and the upper curve in Fig. 4!. Another feature that can
be inferred from theD curve in the top panel of Fig. 6 is th
classically allowed range of values of\vK . There is a maxi-
mum that corresponds to Eq.~1! and a minimum that corre
sponds to the value given by Eq.~1! with a minus sign in
front of the square root. The panel in the middle of Fig
corresponds to the boundary case where this minimum
ergy is \vK5uEBu. For the lower panel in Fig. 6 we hav
pi50.1eA0 and this case corresponds to the ‘‘slow electro
regimepi,eA0 @14#. In this case there are two possibilitie
For higher values of\vK there are two solutions fort near
the maximum att5T/2 and only two electron trajectorie
@19–21# give the main contribution. However, for the lowe
values of\vK there are four solutions~two near the maxi-
mum att5T/2 as before, and two near the lower maximu
at t5T). These four solutions are responsible for a comp
cated interference structure. Using the above analysis
possible to explain the direct LAR result presented by
upper D5E curve in Fig. 5. For higher values o
\vK (276 eV<\vK<409 eV) there are only two solu
tions of Eq.~17! for the timet. The interference of the con
tributions of these two times gives the presented oscillat
spectrum. The lower boundary~276 eV! represents only the
boundary for the existence of two real solutions that lead
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a simple interference structure in this region. There are f
classical solutions for\vK,276 eV yielding a more com-
plicated interference pattern as can be seen in Fig. 5.

Let us now consider the SLAR process. In this case
S-matrix element~11! is presented in the form of a five
dimensional integral. Using the saddle-point method and p
ting the first derivatives of the exponential term in Eq.~11!
with respect tot, t, and\q, respectively, equal to zero, w
obtain

1

2m
@ps1eA~ t !#25

1

2m
@pi1eA~ t !#2, ~18!

E
t

t1t

dt8@ps1eA~ t8!#50, ~19!

EB1\vK5
1

2m
@ps1eA~ t1t!#2. ~20!

Equation~18! represents the energy conservation at timet for
the laser-assisted scattering of the electron having initial m

FIG. 6. Real solutions of the semiclassical equations~17!–~22!.
The sum of the emitted x-ray energy and atomic binding ene
divided by the ponderomotive energy@(\vK1EB)/UP# is pre-
sented as a function of the recombination timet ~divided by the
laser field periodT) for the solution of the Eq.~17! for direct LAR
~curves denoted by ‘‘D ’’ ! or as a function of the travel timet
~divided byT) for SLAR ~dotted, dotted-dashed, dashed, and so
curves!. Top panel corresponds to the case in which the modulu
the incoming electron momentumpi is equal to 2eA0 (A05E0 /v
is the amplitude of the vector potential of the laser field!, while the
central and the lower panels are forpi5eA0 and pi50.1eA0, re-
spectively. The four solutions for SLAR are marked by numb
~see text for explanation!.
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DEJAN B. MILOŠEVIĆ AND FRITZ EHLOTZKY PHYSICAL REVIEW A 65 042504
mentumpi . The condition for the electron to return to th
ion after the travel timet is given by Eq.~19!. For real
solutions this condition can be obtained by solving the cl
sical equation of motion for the electron in the laser fie
mr̈52eEL(t). Equation~19! also defines the stationary mo
mentum\q5ps . Finally, Eq.~20! expresses the energy co
servation at the recombination timet1t. This system of
equations for the saddle points (ps ,ts ,ts) is very similar to
that presented in@19–21# for HHG and HATI. The difference
is that for\vK>uEBu our system has real solutions that sim
plify the analysis.

In order to find the real solutions of the system~18!–~20!
we will first simplify it taking into account that in our cas
the incident electron momentumpi is antiparallel to our lin-
early polarized laser field. Then, after the substitution ofps
from Eq. ~19! into Eqs.~18! and~20!, we obtain a system o
two equations for t and t. Introducing the variables
5vt/2 and the notation s(s)5sins, c(s)5coss
2s/s, x5cos(vt1s), y5sin(vt1s), p5pi /(eA0), this
system reduces to

cx1sy56~x coss1sy2p!, ~21!

~\vK1EB!/UP52~cx2sy!2. ~22!

Equation~21! corresponds to the energy-conserving con
tion ~18!, where the square root on both sides of this eq
tion was taken, while Eq.~22! stems from Eq.~20!. Using
Eq. ~21! we can express the variablesx andy in terms of the
variable s5vt/2. Introducing these solutions forx and y
into Eq. ~22! we obtain an equation that expresses the em
ted x-ray energy as a function of the travel timet. These
solutions are presented in Fig. 6 by the dotted, dotted-d
dashed, and solid lines, and will be analyzed below. Un
certain restrictions on the parameterp5pi /(eA0), the sys-
tem ~21!–~22! has two real solutions for the ‘‘1 ’’ sign in Eq.
~21! and two real solutions for the ‘‘2 ’’ sign. For the ‘‘1 ’’
sign in Eq. ~21! we find x5ps/s, so that y
56A12(ps/s)2 and we have two real solutions fo
(\vK1EB)/UP as a function oft as long asp,1. The
conditionp,1 is equivalent toEpi

,2UP so that these two
real solutions, which we shall denote by 1 and 2, only ex
for low incoming electron energies. For the ‘‘2 ’’ sign in Eq.
~21! we have another pair of solutions that we denote b
and 4. We shall again express the variablesx andy throughs
and insert them into Eq.~22!. The resulting quadratic equa
tion in terms of the variablex has the real solutions

x5@p~c1coss!62sAb2p2#/b,

b~s!5~c1coss!214s2, ~23!

if b>p2. We therefore have again obtained a restriction
the values of the parameterp under which real solutions
exist. The maximum value ofp for which the conditionp2

5Epi
/(2UP)<b is satisfied can be determined from th

condition]b/]s50. We find the following nonlinear equa
tion for s:
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By introducing the solutions0 of this equation back into the
initial inequality p2<b(s0), we obtain the conditionEpi

<10.007UP . Therefore, the maximum of the classically a
lowed value of the incident electron kinetic energy isEpi

510.007UP , which is the same result as the known cuto
law for HATI: Epi

510.007UP ~see@22–28#, and also@41#!.
This classical cutoff law for HATI was obtained by assumi
that the atomic binding energy is equal to zero so that r
solutions were possible. In our case, this upper limit on
allowed incoming electron energy can be understood in
following way. If the incident electron energy is too larg
then, after the rescattering, the laser field will not be able
push the electron back to the nucleus and the electron
move away and hence the recombination process will no
possible. We conclude that, irrespective of the electron in
dent energy and of the instant of time of recollision, f
Epi

.10.007UP the SLAR process is classically forbidde
Of course, quantum mechanically the SLAR process is p
sible also forEpi

.10.007UP , as it can be seen from th
results presented in Figs. 3 and 4. This can be explained
the existence of complex solutions of the semiclassical eq
tions ~18!–~20!.

With these results, let us now analyze the numerical
sults presented in Fig. 6. For values ofEpi

lower than

10.007UP , the real solutions of the system~21!–~22! exist,
as can be seen in the top panel (pi52eA0, i.e.,Epi

58UP) of
Fig. 6 where the solutions 3 and 4 start to appear. The
responding x-ray energies are much lower than those of
direct LAR x rays~the curve marked withD). For the panel
in the middle (pi5eA0, i.e.,Epi

52UP) the solutions 3 and 4
are well developed and the corresponding x-ray energies
of the order of 3UP , but they are still lower than those of th
direct LAR process. Finally, in the bottom panel, which co
responds topi50.1eA0, i.e., to Epi

50.02UP , we see that
the highest x-ray energy is that of the solutions 3 and 4
it approaches 3.17UP1uEBu, the cutoff of HHG. These re-
sults refer to the numerical data denoted byS5E in Fig. 5.
The curves that correspond to the solutions 3 and 4 as fu
tions oft are close to each other so that the superposition
their oscillations produces the characteristic shape of thS
5E part in Fig. 5. The solutions 1 and 2 also exist in th
case and they are presented by dotted and dotted-dash
in the bottom panel of Fig. 6. There are two broad maxim
the higher of which is of the same height as the maximum
theD curve for the direct LAR process. For values oft near
T there is a band in which the solutions 1 and 2 are abs

The system~18!–~20! has also complex solutions. Ac
cording to our knowledge about HHG and HATI we expe
that the contribution of these solutions with large imagina
parts is small. For example, for HHG by an elliptically p
larized laser field@19,21,42# or HHG in a relativistically
strong field~such that thev3B drift is large@43#!, the imagi-
nary parts of these solutions become large, so that HHG
4-8
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RESCATTERING EFFECTS IN SOFT-X-RAY . . . PHYSICAL REVIEW A65 042504
highly suppressed. However, the SLAR process is differ
in the sense that one has available initially the incom
electron energy. In this case, for short travel timest, the
system~18!–~20! can have complex solutions that give a
important contribution. For example, for the results p
sented in Fig. 3, the SLAR process is classically forbidd
since the parameterpi /(eA0)53.089.A5, where the factor
A5'2.237 originates in the cutoff law at 10.007UP . Never-
theless, the corresponding power spectrum~the bottom
curve! is only slightly lower than the one of the direct LAR
process~the middle curve!, so that their interference i
clearly visible in the total power spectrum~the top curve!.
These results can be explained by the existence of the c
plex solutions of the saddle-point equations for short tra
times. The electrons that are scattered in the backward d
tion will start to move in the direction of the polarizatio
vector of the laser field. It is possible that after a very sh
travel time the electrons are still in the vicinity of the nucle
so that they can recombine with a high probability. There
an indication that this mechanism is responsible for the la
SLAR results. Namely, the SLAR curve has its maxima
the same positions where the direct LAR curve has
minima, as seen in Fig. 3. It may well be that for the dire
LAR and for the SLAR process the electron follows the la
field oscillations in opposite directions. Another example
the importance of the complex solutions are the results
sented in Fig. 4. For the parameters of this figure, the
solutions of Eqs.~18!–~22! exist becausepi51.853eA0.
However, the cutoff for these solutions, which are analog
to the solutions 3 and 4 presented in the top panel of Fig
yields 0,\vK<uEBu12.45UP539.3 eV. Therefore, in this
case, similarly to Fig. 3, the contribution of the nonclassi
complex solutions is dominant.

Finally, it is interesting that theS5E part of the spectrum
in Fig. 5 can be explained by the real solutions of the se
classical equations~18!–~20!. Referring to the bottom pane
of Fig. 6, we see that in this spectral region only the so
tions 3 and 4 exist~dashed and solid lines!. They lead to the
cutoff for the SLAR process at\vK5uEBu13.17UP
5523 eV. Solutions 3 and 4 are close to each other and
a fixed value of the emitted x-ray photon energy, there
four solutions for 0<t<T that interfere, resulting in a char
acteristic oscillatory structure that is superimposed by
zigzag oscillations.

VI. CONCLUSIONS

The study of the laser-assisted electron-ion recombina
that includes the scattering of the electron at the ion prio
its recombination is important due to the two following ma
reasons.~i! As we have mentioned in the introduction, th
laser-assisted electron-ion recombination could be ano
potential source for generating coherent soft x rays and
further information about this process will be useful
achieving this goal. In the present work, we have shown
the recombination process is more important for lower in
dent electron energies and that, for a given high-inten
laser field, the total power of the emitted x rays as a funct
of the incident electron energy has its maximum if the in
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dent electron energy is equal to a few times the pondero
tive energy.~ii ! In our opinion, however, the more importan
reason for our investigation is the existing complementa
between our process and the well-known HHG and HATI.
fact, all of them can be explained by using the three-s
model. This implies the use of a similar theoretical form
ism that is based on theS-matrix theory and on the semiclas
sical saddle-point solutions. Equivalently, it can also be f
mulated by using the Feynman path integrals@20#. An
important difference is, however, that HHG and HATI a
genuinely tunneling phenomena, whereas our SLAR proc
has in its initial state a free electron with a positive ener
Therefore, we have only complex solutions of the sadd
point equations for HHG and HATI, while for SLAR als
real solutions are possible. Using these real solutions,
were able to derive two cutoff laws for SLAR. One concer
the maximum incident electron energy for which the SLA
process is ‘‘classically’’ still possible. It is the sam
10.007UP cutoff law as that for the maximum outgoing ele
tron energy in HATI@22–28,41#. The second cutoff law de
termines the maximum energy of the emitted soft x rays
SLAR, and it is the sameuEBu13.17UP cutoff law as for
HHG @9#. However, the SLAR saddle-point equations ha
also complex solutions. Their contribution becomes imp
tant for short electron travel times. Therefore, the 10.007UP

cutoff law is only classically valid but it is not a real limita
tion on the values of the incident electron energy, as is c
firmed by our numerical calculations. Concerning the cut
law for the high-energy photons, our results show that i
given by the formula \vK ,max5uEBu1max$3.17UP ,Epi

12UP12A2Epi
UP%. The second term in this curly bracke

is identical to what is found for the direct LAR cutoff law, a
shown in by Eq.~1!. For SLAR it corresponds to the com
plex solutions mentioned before. It is important that t
probabilities of SLAR that belong to these solutions and
short travel times are much higher than expected. Nam
the ratio of the rates of the direct and the rescattering proc
~for HATI, for example! is usually about 106–107. We can
infer, however, from Figs. 3–5 that in our problem this ra
is only 10–100 or even less. As we have mentioned in S
V, one possible explanation for this result is that the ba
scattered electron recombines with a high probability imm
diately after the scattering event has taken place and whe
is still in the vicinity of the nucleus. One can specula
whether in the case where the direct recombination proce
not allowed~due to selection rules, for example! or is highly
suppressed, SLAR presents a new channel for the en
transfer of the incoming electrons to the high-energy p
tons. The short-travel-time transfer mechanism is not cha
teristic of SLAR only. There is an indication~D. B.
Milošević, unpublished! that for the short travel times add
tional complex solutions~in comparison to those presente
in Refs.@19,21#! of the saddle-point equations for HHG ex
ist, the contribution of which to the low-energy part of th
spectrum may be important. We expect a similar behavio
the case of HATI. For HHG it may be connected to t
so-called nontunneling harmonics@44#.
4-9
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