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Decoherence of geometric phase gates
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We consider the effects of certain forms of decoherence applied to both adiabatic and nonadiabatic geomet-
ric phase quantum gates. For a single qubit we illustrate path-dependent sensitivity to anisotropic noise and for
two qubits we quantify the loss of entanglement as a function of decoherence.
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The discoveries of quantum algorithms for factorizationformer are worse, for example, due to additional external
[1] and searchind2], and techniques for quantum error cor- source terms in the Hamiltonian, then an optimistic upper
rection [3,4] (and subsequent fault-tolerant methpéigve  bound on entanglement results. Despite these constraints, the
generated considerable motivation for the realization ofimulation approach could be very useful for new experi-
quantum-computingQC) hardware. Significant progress has mental QC investigations.
been made at the few-qubit level; at present many possible To illustrate the approach, we apply it to geometric phase
alternative routes are under explorati&). The use of fun- gates[9-11. This provides an example of the approach;
damental entities as qubits currently leads the way; howevehowever, the specific case of geometric phase gates is of
there is growing longer-term hope that fabricated condensednterest in its own righf12], since the technique has already
matter systemgmaybe still using fundamental rather than been applied to nuclear-magnetic-resonafdkIR) experi-
fabricated qubitsmay provide the vehicle for scalability in ments[9], has been proposed for use with superconducting
qubit number. Nevertheless, at present the decoherence proiHbits[11] and, in principle, can be applied to other realiza-
lems in such systems loom very large indeed. Fault-tolerarfions of qubits with suitable source terms in their Hamilto-
techniques cannot be brought into play unless the underlyingians. We quantify the effects of different forms of decoher-
decoherence rates are small in the first place. ence applied to single-qubit phase gates, and the loss of

As arbitrary single-qubit gates and some entangling two€ntanglement for a conditional two-qubit gate. The same ap-
qubit gate are universal for quantum computfi6g-8], ex-  Proach can also be applied to all forms of dynamically gen-
perimental QC focuses on realizing such gates. Whilst i€rated gates; a broader detailed study will be presented in a
would be unfair to deem single-qubit gates trivial, the entanfuture paper.
gling of qubits represents the first major hurdle—one cannot The model of decoherence we use is Markovian, with the
claim to have a serious QC candidate until this has beefeduced density operatprof the qubit system described by
achieved. Nevertheless, with any new contender it is natura Bloch-type master equation
to investigate the simplest gates first, before progressing to
those based on qubit coupling. Clearly a method for inferring - _ CiH 1S [ LpLt - ELT Lo } Lt
the likely level of entanglement in a two-qubit gate from the P PIT & mPtm™ % EmtmP ™ 5 Pmim
results of single-qubit experiments is a handy tool. This is (1)
the basis of the simulation approach we present here in the
form of a specific example. It is certainly true that detailedwhereH is the system Hamiltonian, the operatéts,} rep-
calculations of decoherence effed¢tsased on tracing over resent the coupling to the environment afiet 1. The im-
microscopic environmenkscan yield considerable under- plicit origin of the nonunitary evolution generated by the
standing of thdorm of decoherence seen by a qubit, and can{L .} is coupling to a bath of environment degrees of free-
sometimes give estimates of decoherence rates; however, dom, which are traced out to give the redugedhe form of
any experimental realization the ultimate calibration of decoEq. (1) is somewhat restrictive, but within this Markovian
herence is through measurement. Given this, we consider lamit it is possible to describe phenomena such as dissipation
simple simulation approach, which, based on the observaspontaneous decay and finite-temperature-stimulated ef-
tions of single-qubit gates, enables estimation of the level ofecty, white-noise Hamiltonian terms and quantum-
entanglementif any) that could be expected in a two-qubit measurement interactions. It is therefore possible to treat a
gate with similar qubits. This relies on some advancechumber of realistic forms of decoherence. The master equa-
knowledge of the form of the dominant decohering mechation (1) can be solved in many simple cases; however, in
nisms (although some of this may be inferred from variousorder to be able to treat the types of time-dependent Hamil-
independent single-qubit experimengd an assumption of tonians (including pulses, etg.used for the realization of
environmental effects in interacting two-qubit experimentsactual quantum gates, we generally work numerically. We
being similar to those in the single-qubit experiments. If theuse a quantum-trajectory method, quantum-state diffusion

[13-15, to solve the master equatidf) through averages
over stochastically evolving quantum states. While we only
*Present address: Department of Materials, University of Oxfordgive statistical data here, it is worth noting thahsemble
OX1 3PH, U.K. NMR systems aside since actual quantum gates/
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computations run on individual systems, such simulation
techniques in fact produce results in a manner very akin to ¢4} a) l
actual QC experiments and examination of individual trajec-
tories can provide additional insight3]. In all examples
presented here the averages are over 1000 trajectories unles:
otherwise stated.
Our first example is a single-qubit geometric phase gate. LL
In order to generate a purely geometric phase, the dynamical .S ¢,|

ity

0.3}

idel

phases acquired by the different amplitudes in an arbitrary 3 @)

qubit state have to be cancellgtD,11]. We use the scenario 9 (ii)

of Ref.[10]. The path traversed in parameter space is ame- (] (i)
nable to the investigation of different forms of decoherence 3

and it has also been implemented experimen{délly A spin g (iv)
qubit (|1,)=10), || ,)=]1)) is subject to a statie-magnetic olZ_. : ; ; ; i ;

field g and(within the usual rotating-wave approximatjon 0 0005 001 0015 002 0025 003 0035 0.04
a field of amplitudew, and phasep at angular frequency. T

The general Hamiltonian is

o w3 .
H=7a'z+ 7[005{wt+qb)(rx-l-sm(wt-i—d))(ry], (2 09 b) .
208 | :

and to effect an ideal phase gate the spin is subjected to the £ 07k
unitary sequencd,,=IITCTIITCT. HereT is a tipping of UQJ“ 06 |
the magnetic field through angk (ramping w; from zero, B
with cos6=(wy—w)/\/(wo— w)?+ w? with ¢ at zero,C is a Rl
27 rotation of the phase at fixed w; and the bars denote = 04 |
the reversed paths. These operations have to be carried outg
adiabatically to avoid errors in the spin-component ampli- § '
tudes[21]. Fast pulsesll interchange thg and | ampli- 302
tudes half way through and at the eftd cancel the dynami- 0.1
cal phase contributionsThe ideal gate to effect a relative \ ) 4 ) ) . ,
phase ofyg=4y on|y)=2"Y4|0)+]|1)) is 0 0005 001 0015 002 0025 003 0035 0.04

r

Uy, ) =2""Texp —2i)|0)+exp(2iy)|1)],  (3)
FIG. 1. The effects of anisotropic noiggenerated by = ko,

where y=7(1—cos¥) is the solid angle subtended I/at  or L= o) on the gate Eq(3) are shown in@) for wy— w=100.

the origin. Part of the appeal of this form of quantum gate isFor adiabaticityT takes(dimensionlesstime 7 and C takes 2r.

its potentially different sensitivities to different forms of de- The IT's are square pulses taking time/100. The ratio of these

coherence; a potential drawback is the need for adiabaticitylow and fast operations is comparable to the frequency ratio in Ref.

so the gate is slow and decoherence has longer time to bitE9]. The loss in fidelity (tf) is shown against the noise parameter
We have studied these effects in detail. Results are showh= «*: yg= /8, z noise(i) andx noise (iv); yg=, z noiseii)

in Fig. 1(a) for the effects of noise in the or zcomponents  andx noise(iii). In (b) the effects of isotropic noisegenerated by

of the magnetic field, for two differengs . The gate was run  three independerit;= «o; for i=x,y,z) on the gate Eq(3) for

adiabatically giving a zero decoherence fidelig2] of f ~ ve=7(1=f) (i) and entropyS=—Tr(plog,p) (ii) are shown

=0.999 984 foryg= and f=0.999 993 foryg=m/8. For ~ against’=x"

the smalleryg, which corresponds to a tipping of 14.3615°

(so the instantaneous energy eigenstates remain closer tosmall I’ the entropy(loss of information increases signifi-

and] in z), the system is clearly significantly more sensitive cantly faster than the loss in fidelity.

to z noise compared ta noise[23]. On the other hand, for Our second example is the more important case of a con-

the largeryg where the tipping is 41.4096° there is less ditional two-qubit geometric gatgl0], where entanglement

distinction. The case of isotropic noise is illustrated in Fig.is generated, or not, depending upon the level of decoher-

1(b). The smalll’ rate of fidelity loss is twice that of the ence. This requires two spin qubits with bare transition fre-

worst behavior in Fig. ® (which follows from a simple quencies ofw, (target qubit and w,, (control qubi} and w,

analytic estimateand indeed the whole fidelity loss fits well >w,. An interaction Hamiltonian ofH;,.=(3/4)0 4,0,

with the analytic form 1 f=3[1—exp(—4I'7)] wherer is  generates the conditional phase. This form of interaction is

the gate duration. Provided that the gate is adiabatic, théhat appropriate for NMR and certain condensed-matter qu-

effects of isotropic noise are set by the gate length and levddits. We have leftl fixed for the simulations presented here

of decoherence, independent of the gate details. Also showias is appropriate for NMR systejnsut in principle this

in Fig. 1(b) is the final system entropy as a functionlafFor  coupling may be tunable for some condensed-matter sce-

042303-2



DECOHERENCE OF GEOMETRIC PHASE GATES PHYSICAL REVIEWGS 042303

-

—

narios. A conditional phase gafetroducing A y= yg(Tp)
—vg(lp), for the two states of the contrdk realized by the

o
=)

unitary sequencl , ,= HbUE;BHbUé;B . Here superscripts re- U:?o g
fer to the qubit operated upon amu,B is the same adl,, £ 0'7
= .
but with the finalll removed. FofW),,=| )| )y this gen- = .
erates L:; oer z
Zo0s £o4
1 3 = ~ (ii)
. . = 04F 203
Usy[W)an=>5[€xp —2i4%)|0),|0)p+exp(2i47)[0)a] 1) = 4 <
g o3[ =02
i o 2.0 O .
+ex2iAY (L0t exH—2iaN a1yl Eo2f[NT B Fos Q)
(4) 0.1 (iii) 0 0.2 04 06 08 sl
% 0.005 001 0015 002 0025 003 0035 004

For a phase oA y= /8 this state has a concurrends] of

unity and so is a maximally entangled two-qubit state. r
We have chosen the coupling and frequency parameters

so that the zero-decoherence state at the end of the simulatec 1

conditional phase gate is maximally entangled with fidelity 09 | b) ]
of 0.999 946, and then investigated this gate under various

forms of decoherence. Examples of the results are shown in 98}

Fig. 2. Clearly the rate of fidelity loss and the sympathetic 0.7 }

increase in entropy are correspondingly greater for this sys- a6 |

tem as noise is acting independently on the two qubits. For ’

this systemp was reconstructed by tomography7] from w B

the sixteen expectation valugsryoy,;) for i,j=0x,y,z M 04t

(oo=identity), akin to what is needed in any two-qubit ex- 03k

periment for a full reconstruction gf. From this it is pos-

sible to compute the entropy and some measure of entangle- %2 |

ment. For illustration we use the entanglement of formation 0.1} (iif) (i1) @

(EOP [18] as this gives an upper bound on the level of ; i ; i ; ; ;
decoherence for which some entanglement can be said to 0 0.0025 0.005 0.0075 0.01 0.0125 0.015 0.0175 0.02
exist (["yhres=0.004 45 for isotropic noise in our example T

The maximally entangling parameters used for Fig. 2 gener-
ate relatively large tipping angles, so there is only a slight FIG. 2. The effects of equal isotropic noisé;€ «o; for
sensitivity to the direction of anisotropic noise applied toi=X.y.z) applied to both qubits for the gate of Hg) are displayed
both qubits, as shown in Fig.(t. Furthermore, detailed in (a) with A y= /8. Shown are plots of the loss in fidelifi), the
studies not illustrated here show that there is only a minofNroPy S=—Tr(p logs p) (ii), and the entanglement of formation
difference between the separate effects of noise on the cof=OP (iii) as a function of” = «*. The gate timings are as in Fig. 1
trol and the target, so from an experimental perspective of"d 2additional parameters used aif-w=100, wp=1, ©;
such a gate, there is nothing to be gained by singling ouf 87-9238, andJ=37.5. The entropy is base 4 to ensure a maxi-
either of these for decoherence-reduction measieres, er- mum value of 1. Also shown ifg) is an enlargement of the region
. ) . - nearl'=0. In (b) we also show the decrease in EOF as a function of
ror correction. Both these points hold right down into the T fors, (i), s, (i), and isotropicliil) noi _
. . L (D), s, (i), pidiii) noise on each qubit.

very small decoherence regime, where any practical system
would have to operate. speed is limited directly by the strength &fThe results for

In our simulations so far the gate times have been set ténis dynamic gate are illustrated in Fig(a@ As isotropic
ensure adiabaticity. Such gates are relatively slow and, thererise acts on the dynamic gate, the entanglement of forma-
fore, exposed to the ravages of decoherence for longer. Cofion falls to zero at@'yes~2 (compared with I'yyres
ventional dynamic gates can run much more quickly and se=0.004 45 for the adiabatic gateln fact, we find that
for comparison we investigate a dynamic gate based", T, .~4/75 for both the adiabatic geometric gate and
on the same interaction as the entangling adiabatic gatghe dynamic gate. Therefore, as the adiabatic gate operates
The gate is realized by the unitary evolutiod(T)  for a significantly longer time, it is much more severely af-
=exdi(JT/4)o,,01,] where we again choosk=37.5 andT  fected by decoherence. This has serious implications for the
is now the interaction time. In the absence of decoherencghysical realization of such a geometric gate. Recently, how-
this produces the maximally entangled staf@),, ever, it has been proposed to use the nonadiabatic, or
=36 "(]0)4|0),+i]0)a| 1)p+i]1)al0)p+|1)al1)p) With  Aharonov-Anandan, phase to speed up geometric phase
a fidelity of 1 if the gate acts for a total timg,,=27/75.  gates[19]. Here the achievable reduction in decoherence is
For the adiabatic geometric phase gatg,=12.0004r, so  not entirely clear as this technique also introduces new po-
the dynamic gate is approximately 450 times faster and itsential decoherence sourc¢®0]. We implement the uni-

042303-3



A. NAZIR, T. P. SPILLER, AND W. J. MUNRO PHYSICAL REVIEW A65 042303

1 T T T T evolution it acts for twice as long as the dynamic gate.
0.9 a) Hence, it is subject to the effects of decoherence for longer
uf-o 8 and entanglement is again lost at a faster ¢sltghtly greater
S than twice the ratel’;,,es~0.945). Overall, our results sug-
g 0.7 gest that geometric gates probably only offer a real advan-
Lﬁ 0.6 / ] tage if they can be implemented faster than the equivalent
05 ; ] dynamical gates. At present, such proposed gates do not beat
= \ ) the dynamic gate times{/J for our examplg and it is not
.E i ® obvious that this is possible given both approaches realize
= 0.3 / (ii) - entanglement through interacting qubit evolution. However,
% o2l / — (iii) | whether nonadiabatic geometric gates can be implemented
S oil/ more quickly is an open_and critically important question
currently under investigation.

00 G : G 5 55 A number of comments can be made in conclusion.

T (1) Single-qubit geometric phase gates can show some
sensitivity to the direction of anisotropic noise, but this is
path dependent. In our example, if the path is chosen to

1 b) generate a large~{ 7) relative phase between the qubit am-

0.9 plitudes, there is very little sensitivity.

Hf“os I (2) From the general perspective of our simulation ap-
B proach, single-qubit gate behavior can be used with experi-
g 0.7 mental results to calibrate the level of decoherence present in
Lﬁ 0.6 a systeni 24]. Although the anisotropic noise-sensitive gates
58 pis may be of limited use for actual quantum-information pro-
= ’ cessing(due to the small phase difference genergtéuey
S 04 \(i) may be applied, for example, coupled with the ability to
% 03 (ii) reorientate the external static magnetic fietdakis), in map-
- ping out theformsof decoherence acting on a qubit, in ad-
g 02 (iii) dition to calibrating them. This could be extremely useful for
= 01 new experimental systems where the dominant environmen-

0 i ; ; i tal coupling is unclear in advance.

0 0.20 0.40 0.60 080 1.00 (3) The single-qubit decoherence calibrations can be used
r to predict the expected level of entanglement in two-qubit

gates(as illustrated in Fig. Rprior to experiment.
(4) The adiabatic gates discussed here are gielative to

the timescale for dynamic gajeand so exposed to the rav-
ages of decoherence for longer. To overcome this it is nec-
essary to perform geometric gates faster than the equivalent
dynamic gate. Whether they can be made faster than the
dynamic gate is a unanswered question left for future inves-
tigation. The practical use of such geometric gates depends

tary sequenceRS(m/2)R3(— m/2)U(m/4)R3(— m/2) where UPON the resulting answer.

U (m/4)=RE(3m/4)U(mlI)RA(— w/2)U (7l J)RE(— m/4) to We thank Jonathan Jones, Andrew Briggs, andliger
produce the maximally entangled statk),,. Here R3(6) Schack for helpful conversations and Richard Cardwell for
indicates a rotation of) about thex axis. The results of technical assistance. This work was supported in part by the
isotropic noise acting on both qubits are displayed in FigEuropean Commission through Grant No. 1ST-1999-29110
3(b). As this fast geometric gate has two periods of freeMAGQIP.

FIG. 3. The effects of equal isotropic noise applied to both
qubits for the dynamic gate are displayedanand to the nonadia-
batic geometric gate itb). Shown in the plots are the loss in fidel-
ity (i), the entropyS= —Tr(p log, p) (ii), and the entanglement of
formation (iii ) as a function of". For the dynamic gate the follow-
ing parameters were choseh= 37.5 andT = =/J. For the nonadia-
batic fast geometric gaté=37.5, Sw=18.75, wg=0.01.
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