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Spin squeezing of atoms by the dipole interaction in virtually excited Rydberg states
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We show that the interaction between Rydberg atomic states can provide continuous spin squeezing of atoms
with two ground states. The interaction prevents the simultaneous excitation of more than a single atom in the
sample to the Rydberg state, and we propose to utilize this blockade effect to realize an effective collective spin
HamiltonianJx

22Jy
2 . With this Hamiltonian the quantum-mechanical uncertainty of the spin variableJx2Jy

can be significantly reduced.
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The sizable dipole interaction between atoms that h
been transferred with pulsed laser fields to highly exci
Rydberg states has been proposed@1,2# as a mechanism fo
entanglement operation on the state of neutral atoms
‘‘Rydberg blockade’’ effect realized by the dipole interactio
prevents more than one atom to enter a Rydberg state
time. Hence, the evolution of one atom can be condition
on the state of another one as required for a two-qubit gat
a quantum computer@1#. The Rydberg blockade effect can b
used in a multistep procedure to prepare any collective s
metric state of an entire atomic ensemble@2#.

In this paper, we propose to use the Rydberg block
effect in an easier way that uses only continuous laser fi
to realize the particular collective states called spin squee

states. Spin squeezing refers to the collective spinJW5( iSW i of
a collection of spin 1/2 particles, for which the Heisenbe
inequality assuresDJxDJy>u^Jz&u/2, (\51). A state whose
mean spin is alongz and in which the width of the distribu
tion of Jx is reduced so thatDJx,Au^Jz&u/2 is called spin
squeezed. The spin notation represents the state of an
semble of two-level atoms, where the two states are re
sented as theSz561/2 eigenstates of a spin 1/2 particl
Spin squeezing is a useful property since reduced spin fl
tuations imply an improvement of the counting statistics
the number of atoms in specific states, i.e., improved res
tion in spectroscopy and in atomic clocks@3,4#.

Recently, a number of proposals for spin squeezing
atomic noise reduction has been made involving absorp
of broadband squeezed light@5,6#, collisional interactions in
two-component condensates@7,8#, and quantum nondemoli
tion detection of atomic populations@9–11#. In the work pre-
sented here, an atomic gas is illuminated with lasers
couple long-lived statesua& and ub& to a Rydberg stateur &.
The lasers are far detuned so that the population in the R
berg state is small and their effect is described by an ef
tive HamiltonianH acting on the statesua& andub&. We first
show how nonlinearities appear in the simple case of
lightshift produced by a single laser. The HamiltonianJz

2 is
realized and squeezing will occur. This Hamiltonian, ho
ever, has the drawback that the squeezing axis depend
the interaction time and on the total number of atoms. Th
we propose a way to realize the HamiltonianJx

22Jy
2 that

enables stronger squeezing and which also presents th
vantage that the squeezing axis is stationary@12#.
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Let us consider the situation depicted in Fig. 1, where
ensemble ofN atoms is illuminated by a laser field detune
by D from resonance of the transitionua&→ur &. If the inter-
nal state of the atoms is initially symmetric with respect
exchange of atoms, we can consider only the symetric st
and a basis is formed by the statesuna ,nr&, wherena is the
number of atoms in the stateua&, nr is the number of atoms
in the stateur &, and the remaniningN2na2nr atoms popu-
late the stateub&. The stateuna,0& is coupled with the ampli-
tude AnaV to una21,1& which, in turn, is coupled to the
stateuna22,2& with the amplitudeA2Ana21V. If the laser
is sufficiently weak, the population in the state withnr.0 is
very small, and the only effect of the laser is to shift t
energy of the statesuna,0&. The expression for the light shif
to fourth order in the laser field amplitude is

DEna
52na

V2

D
1na

2 V4

D3
2

1

2D

2na~na21!V4

D2
, ~1!

where the last term is due to a two photon transition to
stateuna22,2&. The terms proportional tona

2 in DEna
cancel

and the light shift is proportional tona as expected for non

FIG. 1. Laser configuration and relevant states for calculation
the light shift to fourth order in the presence of a single laser.~a! the
energy levels of a single atom.~b! the energy levels of a collection
of atoms: the upper part of the figure shows how interaction cau
an upward or downward shiftUint of the state with two Rydberg
excited atoms.
©2002 The American Physical Society03-1
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interacting atoms. Indeed, the energy of the stateua& of each
atom does not depend on the state of the other atoms. In
picture suggested by Fig. 1~b!, the absence of nonlinearitie
for noninteracting atoms is due to destructive interfere
between processes involving states with at most one ato
the Rydberg state and processes involving states with se
atoms in the Rydberg state.

Let us now assume that atoms in the Rydberg state in
act so that the energy of the statesuna22,2& is shifted by
6Uint@D. Then, the two photon contribution to the ligh
shift is negligible and the light shift ofuna,0& is given by the
two first terms of Eq.~1!,

DEna
52na

V2

D
1na

2 V4

D3
. ~2!

By removing the interference path with more than one at
in the Rydberg state, the‘‘Rydberg Blockade’’ leads to a no
linear interaction. Note that the light shift~2! is independent
of the precise interaction strength between Rydberg exc
atoms. This implies that as long as the interaction is str
enough to substantially increase the detuning, i.e., for at
with a wide range of spatial separations, the light shift
given by Eq.~2!. Writing na5Jz1N/2, we see that the qua
dratic light shift in na results in an effective Hamiltonian
containing a term inJz

2 . Such a Hamiltonian, applied to a
initial coherent spin state directed in the (x,y) plane, gives
squeezing@12#. The terms linear inJz in the Hamiltonian are
responsible for a rotation of the spin. The addition of a s
ond laser, affecting the atomic stateub&, enables us to realize
a rotation independent of the number of atoms.

A better Hamiltonian to produce squeezing is

H52Veff~Jx
22Jy

2!5Veff~a2b121b2a12!. ~3!

H corresponds to the transfer of atoms toub& in pairs, and it
is thus analogous to the Hamiltonian for production
squeezed light that creates and annihilates pho
in pairs. If this Hamiltonian is applied to an ensemb
of atoms initially in ua&, the spin variance^J2p/4

2 &
5^(eip/4a1b1e2 ip/4b1a)2& is reduced. We propose to rea
ize the Hamiltonian~3! in the following way.

As shown in Fig. 2~a!, Raman couplings betweenua& and
ub& are introduced by three laser fields with two Stoke fiel
V1 andV2, detuned symmetrically around the Raman re
nance by the amount6D8. The idea is now that a singl
atom will not make the transition between statesua& andub&
because it is not resonant, buttwo atoms can simultaneousl
make the transitionuaa&↔ubb& since this process occur
resonantly if one atom emits a Stokes photon stimulated
V1 and the other emits a photon stimulated byV2.

Consider two atoms initially in the product stateuaa& il-
luminated by lasers with equal couplings for both atoms
depicted in Fig. 2~b!. If the atoms do not interact, there is n
way they can exchange the energy mismatch of the sti
lated emissions in the fieldsV1 and V2 and the effective
coupling toubb& vanishes. As in the previous proposal, th
can be understood in terms of the destructive interferen
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between paths involving the stateurr & and the other paths
Figure 2~b! only shows the paths for which stimulated em
sion in the fieldV1 occurs first.

By contrast, if the interaction between the atoms shifts
energy of the stateurr & by 6Uint@D, the amplitude of the
paths involving the intermediate stateurr & @dotted line in Fig.
2~b!# is suppressed compared to the paths represented b
solid line in the figure, the destructive interference is su
pressed, and the coupling betweenuaa& and ubb& is now

Vc52
4V0

2V1V2

D~D2D8!~D1D8!
. ~4!

A similar four photon transition has been used to entan
ions in ion traps@13,14#, where the suppression of destru
tive interference arises from the Coulomb interaction t
lifts the degeneracy of collective vibrational modes. We n
that the emergence of a resonant transition due to remov
interfering transition paths also has analogies in spectroc
on gases, where different mechanisms for pressure indu
resonances work by similar mechanism@15,16#.

As U int scales as 1/r 3, the coupling betweenuaa& and
ubb& is given by Eq.~4! as long as the distance between t
atoms is smaller than a given critical distanced0 for which
U int@D. Thus, in an atomic sample with a size smaller th
d0 the transfer of atoms fromua& to ub& is represented by the
squeezing Hamiltonian~3! with Veff5Vc/2. Terms involving
more than two atoms at a time would be of higher order
the Rabi frequencies of the lasers and are neglected.

FIG. 2. ~a! Energy levels in a single atom and transitions i
duced by laser fieldsV i , i 50,1,2 to couple the ‘‘spin’’ statesua&
and ub& via the intermediate Rydberg stateur &. ~b! Transition paths
transfering two atoms from the stateuaa& to the stateubb&. The first
path~solid lines! does not use the stateurr &, the second path~dotted
lines! does. If the atoms interact in the stateurr &, so that this level
is shifted by an amount much larger thanD, the amplitude of the
dotted path becomes negligible, and a net coupling appears
uaa& to ubb&.
3-2
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We now turn to an analysis of the time required to obt
substantial spin squeezing. The coupling between states
nb andnb12 atoms transfered toub& is about the same as th
one between harmonic-oscillator number states introdu
by the squeezing HamiltonianNVeff(b

21b12), as long as
nb is much smaller than the total number of atomsN. Thus,
we expect the squeezing to evolve as

^J2p/4
2 &~ t !5e24NVefft^J2p/4

2 &~0! ~5!

and the mean number of atoms inub& to follow

n̄b5sinh2~2NVefft !. ~6!

For ease of presentation we introduce the amount of squ
ing, S5(N/4)/^J2p/4

2 &. Solving numerically the evolution
produced by the Hamiltonian~3!, we find that these simple
analytical expressions are accurate up to 5% as long an̄b
,0.05N and that the maximum squeezing obtained is ab
S.N/2.

The amplitudes for the excitations of Rydberg states fr
state ua& and stateub& are proportional toAnaV0 and
AnbV1,2, respectively. Therefore, to justify the eliminatio
of the Rydberg state, the coupling amplitudes should obe

ANV0!D,

AS/4V1!D1D8,

AS/4V2!D2D8. ~7!

Here, we used that, for intermediate times so that 1!n̄b

!N, n̄b.S/4. Assuming that these inequalities are all fu
filled by an order of magnitude, and takingD6D8;D, the
time required to obtain the squeezingS is about

T.
1

16

104

D
S ln~S!. ~8!

T is almost linear in the squeezing parameterS, and does not
depend on the total number of atoms. The coherence tim
the ground statesua& andub& may be of the order of second
and the spin squeezing will be limited only by incohere
effects such as spontaneous emission and thermal field
sorption by the small Rydberg state population. To estim
the effect of such incoherent processes, we consider
simple case of loss of atoms, which represents atomic de
to states different fromua& and ub&. If the atom i has been
lost, the spin variance of the remaining atoms is^Jx8

2&
5^(Jx2Sxi

)2& whereSxi
is the spin of the lost particle. Du

the permutation symmetry of the atomic state,^( jSxj
Sxi

&
5(1/N)^Jx

2&, and thus^Jx8
2&5^Jx

2&(122/N)1 1
4 . After the

loss ofnL atoms, we thus have the reduced squeezing

S85
~N2nL!/4

^Jx8
2&

.S
1

11
nLS

N

, ~9!
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whereS is the value of the squeezing before the losses.
have a negligible effect of losses on the squeezing, we
quire nLS/N!1. The sensiblility of squeezing to losses i
creases as the squeezing increases as expected since
squeezing corresponds to strong correlations and entan
ment of the particles@17#. With a population of the Rydberg
state of about 1022, which corresponds to the inequalities~7!
fulfilled by a factor 10, the expression~8! for the squeezing
time implies that the loss rateG should obey

D

G
@

102S2 ln~S!

16N
. ~10!

For Rydberg atoms withn;50, an overestimate for the spon
taneous emission rate and the interaction with the black b
field yieldsG;10 kHz @2#. Thus, to obtain a squeezing of
factor about 10 with 20 atoms, we requireD@6 MHz. For
D550 MHz the interaction energy between the Rydbe
atom is much larger thanD for a distance between atomsr
<d053 mm @2#. To avoid Doppler broadening ofD it is
necessary to use a cold atomic sample. With a density
atoms of 231011 atoms/cm3, realized in atomic ensemble
obtained from a magneto-optical trap, the number of ato
in a volume ofd0

3 is about 20. Thus, squeezing by a fact
about 10 can be obtained.

The coupling introduced by the lasers is well represen
by the Hamiltonian~3!, but as seen in our first proposal fo
spin squeezing, the dipole Blockade effect is accompan
by a nonlinearity in the lightshift of the states and the resu
ing nonlinear terms inhibit the evolution towards states w
significant squeezing. To cancel these lightshifts, we prop
to add three other lasers of the same intensity but with
posite detuning of the laser fields indicated in Fig. 2~a!.
These lasers contribute to both the lighshift and the two-a
Raman coupling. If the two added Stokes fields a
dephased, respectively, by190° and290° with the original
ones, the net effect is a vanishing lightshift but a nonvani
ing Raman coupling. Figure 3 shows the calculated evolut
of 20 atoms illuminated by six lasers with appropriate re
tive phases. Only states withnr,2 have been taken into
account in the calculation since they are the only states
evant in the

FIG. 3. Evolution of the squeezing factorS5(N/4)/^J2p/4
2 & as a

function of time. Thick lines: numerical evolution with six lasers
explained in the text withD550 MHz, D8520 MHz and uV0u
5uV1u5uV2u51.1 MHz. Thin lines: evolution according to th
Hamiltonian~3!. The dashed lines show the evolution of the numb
of atoms in the stateub& ~3!.
3-3
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presence of a strong interaction between Rydberg atoms.
numerical results follow the results of the simple quadra
spin Hamiltonian~3! with a small discrepancy due to eve
higher-order terms in the lightshift. The maximum squeez
factor is approximatly half of the number of interactin
atoms.

It is experimentally relevant to analyze also the case o
macroscopic sample, where the Rydberg blockade is ef
tive only for then nearest neighbors of a given atom. T
Hamiltonian for a large ensemble of atoms can be mode

H52(
iÞ j

v i j ~Sxi
Syj

1Syi
Sxj

!, ~11!

wherev i j 5Veff if the distance between the atomsi and j is
smaller thand0 and vanishes otherwise.~We have introduced
a phase shift of the statesua& and ub& so that the squeezin
occurs alongy.! The time derivative of̂ Jy

2& is

d

dt
^Jy

2&524(
i , j ,k

v i j ^Syk
Szi

Syj
1Szi

Syj
Syk

&. ~12!

Initially, all the atoms are inua&. There is no correlation
between atoms and Eq.~12! gives (d/dt)^Jy

2&(t50)
524nVeff^Jy

2&(t50). Thus, the initial behavior is similar to
that of a small ensemble ofn atoms. For later times, numer
n

04180
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cal simulations in the case of a static ensemble show tha
a good approximation, the squeezing evolves similarly
that in an entire ensemble withn atoms all interacting with
each other and the maximum squeezing is of the orde
n/2. If now the atoms move around sufficiently quick
(v rms@4nVeffd0) so that they are brought constantly in co
tact with new neighbors with whom they are not entangl
stronger squeezing could be expected. Indeed, in each
of Eq. ~12!, the atomsi and j are not correlated, and becau
^Syi

&50 and ^Szi
&.1/2, ^Jy

2& continues to decrease expo

nentially ase24nVefft beyond the minimum obtained forn
atoms.

In summary, we have proposed a mechanism to prod
spin squeezed states of atoms by use of a Rydberg bloc
effect induced by cw laser fields. Our calculations show t
reduction of the collective spin noise by a factor larger th
10 is possible with current experimental parameters. N
that many other interaction mechanisms may produce a s
lar blockade of destructive interference. Due to the interf
ence blockade, bichromatically driven quantum transitio
via intermediate states with enhanced interparticle inter
tions, will in general lead to pairwise transitions and nonl
ear collective dynamics of the ensemble.
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